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1 Introduction1

Central banks operate under uncertainty. The difficulty to understand the sources of shocks,

to gauge the real value of some parameters or to measure some state variables are some

notable examples of uncertainty. Conducting monetary policy in such an environment is

complex since its effects are less predictable and the most appropriate response to shocks

is harder to select. Successful policy making might require to avoid an overly aggressive

monetary policy reaction in some situations, while opting for a firmer response in others.

An extreme form of uncertainty is the ”Knightian” uncertainty, which refers to situations

where the probability distributions of economic outcomes is unknown. As to date, the shock

associated with the pandemic can be seen as an example of Knightian uncertainty.2

In this paper, we consider two types of uncertainty. The central bank does not know

the true model describing the economy and does not observe the level of some important

macroeconomic variables.3 Our objective is twofold. First, we aim at characterizing optimal

robust monetary policy rules. Second, we are interested in deriving the conditions under

which the central bank should be more cautious or more aggressive relative both to the case

with no uncertainty and to the case in which only the parameters of the model are uncertain.

The baseline model is a standard forward-looking New Keynesian model summarized by

an Euler equation and a Phillips curve. In particular, we build on Giannoni (2002), who

studies optimal monetary policy under Knightian uncertainty on the intertemporal elasticity

of substitution (IES) and on the slope of the Phillips curve, and add a misspecified output gap

to his model. This feature reflects the fact that potential output is a very difficult variable

to observe in real time but at the same time it is important for the conduct of monetary

1We are grateful to two referees, Giuseppe Ferrero, Kohei Hasui, Stefano Neri, Mario Pietrunti, Alessandro
Secchi, Peter Tillmann, Andrea Tiseno and Paolo Vitale for useful comments and fruitful discussions. We
also thank Marc Giannoni for sharing with us the codes of his paper. The views and opinions expressed
in this paper are those of the authors and do not necessarily reflect the position of Banca d’Italia or the
Eurosystem.

2As emphasized by Stephen Poloz, former Bank of Canada’s Governor, “The pandemic is an example of
Knightian uncertainty that will also force us to reconsider many fundamental ideas about how our economy
can and should function”.

3Otmar Issing in his speech at the conference on “Monetary policy-making under uncertainty” in 1999
stated “ Among the various forms of uncertainty that central bankers face, the uncertainty about how the
policy instrument affects inflation and economic activity - the monetary transmission mechanism - and the
uncertainty about the current state of the economy - the data - appear to weigh particularly heavily”.
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policy. Because of the joint uncertainty on the IES and the slope of the Phillips curve on

one hand and on potential output on the other hand, the central bank cannot back out the

correct potential output from observing inflation and the natural rate. In this environment,

the central bank aims at avoiding the worst realizations of output gap, IES and slope of the

Phillips curve. Moreover, as in Giannoni (2002), we assume that the central bank faces a

trade-off between the stabilization of inflation and the output gap on one hand, and nominal

interest rate smoothing on the other hand. Because of parameter uncertainty, the trade-off is

difficult to quantify, while uncertainty on potential output induces doubts in the effectiveness

of monetary policy in closing the output gap. We solve the model so that the central bank

formulates a robust policy that limits the central bank loss in the most adverse scenario, i.e.

one which exhacerbates the consequences of the shocks to the natural rate.

Our paper is related to two strands of literature that study the impact that uncertainty

has on monetary policy. The first one is about the consequences of an imperfect estimation of

potential output or an unobservable output gap. Ehrmann and Smets (2003) show that, with

unobservable potential output, the central bank cannot distinguish in real time which shock

hits the economy and this results in policy mistakes. Similarly, Cukierman and Lippi (2005)

model a situation in which the central bank is unable to disentangle how changes in potential

output due to oil shocks transmit to output fluctuations. As a consequence, monetary policy

becomes excessively loose compared to the case of full information. This line of reasoning is

used to explain policy mistakes in the 1970s, as in Orphanides (2001) and Orphanides (2003b).

Lippi and Neri (2007) estimate a small scale new keynesian model for the euro area under

the assumptions of imperfect information and discretionary monetary policy, showing that

the central bank pursues interest-rate smoothing and inflation stabilization much more than

output gap stabilization. More recently, Tillmann (2014) finds that appointing a conservative

central banker limits the cost of uncertainty about potential output.

The second strand of literature to which our paper is related is parameter uncertainty.

The starting point of the theoretical literature is Brainard (1967): the so called ”Brainard

principle” prescribes that central bank must respond more cautiously to shocks in presence

of parameter uncertainty that makes it difficult to assess the monetary policy transmission.

Using a backward-looking model of the economy, Söderström (2002) finds that when there
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is uncertainty about the persistence of inflation, it may be optimal for the central bank to

respond to shocks more aggressively, while uncertainty about other parameters dampens the

policy response. Instead, Ferrero et al. (2019) show that, if the model is forward looking

and uncertainty concerns the slope of the Phillips curve, the optimal monetary policy may

be more cautious or more aggressive than in the case of complete information, depending on

the degree of persistence of the cost-push shock. We extend the analysis in Giannoni (2002)

which, under uncertainty about the slope of the Phillips curve and the Euler equation, finds

the conditions under which the central bank must respond more strongly to inflation than

under certainty.4

We contribute to the literature by deriving analytical results for robust monetary policy

rules under uncertainty both on the parameters and on some variables of the model. To the

best of our knowledge, there are no papers which simultaneously consider these two sources

of uncertainty. In particular, adding uncertainty on potential output is important from a

policy point of view, as estimates of output gap are usually noisy, and particularly in recent

years. In this environment, we evaluate the strength of the monetary policy response relative

to the certainty case and to Giannoni (2002), and discuss the implications of adopting the

robust policy in terms of interest rate setting.

We assume that the policymaker is unable to formulate a probability distribution over

alternative outcomes for potential output and for two unknown structural parameters, the

intertemporal elasticity of substitution and the slope of the Phillips curve.5 As commonly

done in the literature, we implement this type of Knightian uncertainty as a game between the

central bank and a malevolent hypothetical evil agent whose aim is to set the value for output

gap and the unknown parameters that maximize the objective loss function.6 Therefore, the

central bank’s objective is to minimize the impact of the worst-case realization of output

gap, intertemporal elasticity of substitution and slope of the Phillips curve. The only shock

in the model is to the natural rate of interest, and represents all non-monetary disturbances

that affect inflation and output gap.

4Similar results are found by Onatski and Stock (2002) and Onatski and Williams (2003).
5We focus on these two parameters because they are key in the transmission of monetary policy. As to

the slope of the Phillips curve, its uncertainty is mainly due to the mixed evidence about the degree of price
stickiness, as shown in Bils and Klenow (2004) and Nakamura and Steinsson (2013).

6On Knightian uncertainty on potential output see Tillmann (2014).
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In terms of optimal robust policy we find that, as in Giannoni (2002), monetary policy

does not completely offset the shock to the natural rate when the intertemporal elasticity

of substitution and the slope of the Phillips curve are uncertain; this is due to the fact

that the central bank cares about fluctuations in inflation, output gap and the nominal

rate, and adjusting the latter as much as the natural rate would imply that the other two

quantities would be stabilized to a lesser extent. Adding a second layer of uncertainty to

Giannoni (2002), specifically assuming that the output gap is estimated with some error,

yields interesting results. Because of measurement errors in potential output, the policy rate

does not necessarily increase after a positive shock to the natural rate, as it would be with

only parameter uncertainty, but the direction of the adjustment depends on how confident

the central bank is of its estimates. Uncertainty affects not only the size of the response of

the economy to shocks, but also the direction. We show that the presence of two sources of

uncertainty implies that the monetary policy response and the overall stance depend on (i)

the relative persistence of the shock to the natural rate of interest and (ii) the relationship

between how confident the central bank is of its estimate of potential output and the weight

attached to output gap stabilization in the central bank’s loss function. For instance, when

the persistence of the shock to the natural rate is relatively low and the central bank cares

more about stabilizing the output gap, a positive shock to the natural rate does not necessarily

imply an upward revision of the nominal rate, as it would be without uncertain potential

output (this last result is in Giannoni, 2002). Intuitively, we interpret this as follows: when

the shock to the natural rate has low persistence, the central bank believes that this will fade

out soon. Because it focuses more on stabilizing the output gap, whenever there is a high

distortion of potential output, the central bank might misinterpret the source of the shock

and believe it is a shock to potential output, hence reducing the nominal rate.

We then implement the robust non inertial equilibrium in terms of a simple Taylor-

type interest setting rule and evaluate the magnitude of the response of the interest rate

to fluctuations in inflation. That is, we study the sensitivity of the inflation coefficient

to the unknown parameters and to the degree of uncertainty about potential output and

discuss equilibrium determinacy. We again complement what Giannoni (2002) has found,

which is that in general the central bank must respond more aggressively to movement in
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inflation under parameter uncertainty than in absence of uncertainty. Adding uncertainty on

potential output, we show that the monetary policy rule prescribes that in general the policy

rate reacts even more strongly to fluctuations in infllation. This is because this second layer

of uncertainty amplifies the effect that exogenous shocks would have on the economy, so that

the policymaker must respond more strongly to offset them. Overall, the more uncertain

the central bank is about the measure of potential output, the stronger the response of the

interest rate to inflation fluctuations will be.

The paper is organized as follows. In Section 2 we present the model, before describing

optimal robust monetary policy under discretion in Section 3, together with a numerical

illustration of the latter. We then implement the robust optimal policy through a Taylor rule

in Section 4 before concluding.

2 The Model

We consider a simple structural DSGE model derived from first principles. The main equa-

tions are the intertemporal IS equation and the new Keynesian Phillips’ curve respectively:

xt = Etxt+1 −
1

σ
(it − Etπt+1 − rnt ) (1)

πt = κxt + βEtπt+1 (2)

Equation (1) can be viewed as a log-linear approximation to the representative household’s

Euler equation for optimal timing of consumption in the presence of complete financial mar-

kets, while (2) can be interpreted as a log-linear approximation to the first-order condition

for the optimal price-setting decision taken by firms. The endogenous variables of the model

are the output gap xt and the inflation rate πt, while the policy instrument is the nominal

interest rate it. The exogenous disturbance rnt represents Wicksell’s natural rate of inter-

est, that is, the real interest rate that equates output to its natural level or, alternatively,

the interest rate that would prevail in equilibrium under flexible prices. It is modeled as a
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first-order autoregressive process:

rnt = ρrnt−1 + εt 0 ≤ ρ < 1 εt ∼ white noise (3)

Perturbations to the natural rate of interest represent all non-monetary disturbances that

affect output gap and, in turn, inflation. For instance, a temporary increase in rnt could reflect

a temporary exogenous increase in aggregate demand or, alternatively, a temporary decrease

in the natural level of output. Moreover, non-monetary perturbations affect inflation and

output gap only if the interest rate controlled by the central bank – the nominal interest rate

less expected inflation – is higher or lower than the natural rate of interest. The structural

parameters σ, κ > 0 represent the inverse of the intertemporal elasticity of substitution and

the slope of the short-run aggregate supply curve respectively. Finally, β is the time discount

factor.

The information structure is asymmetric with only the private sector having full informa-

tion. This feature reflects the fact that the model equations are structural, hence invariant to

the policy chosen by the central bank, and all members of the private sector have a common

information set. As a consequence, private agents have full information about the relevant

variables and perfectly know the structure of the economy.7 Central bank’s uncertainty lies in

Knightian uncertainty about σ, κ and misspecification of the output gap xt in (2). We assume

that the central bank is unable to formulate a probability distribution over σ, κ and xt: it

considers many probability measures and is averse to uncertainty.8 Under these hypotheses,

the policymaker’s problem is to minimize the loss in the worst-case realization of unknown

parameters and misspecified output gap.9 Uncertainty is then twofold, in parameters and

observables. As for parameter uncertainty, the central bank has to formulate optimal policy

knowing that the true values of σ and κ lie in the following intervals:

σ ∈ [σl, σh] κ ∈ [κl, κh] (4)

7This argument is found also in Svensson and Woodford (2004).
8We follow the approach in Gilboa and Schmeidler (1989).
9An alternative is the Bayesian approach where it is possible to formulate a probability distribution for

unknown parameters.
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Furthermore, the central bank also fears distortions to its estimate of the output gap, due

to the fact that potential output is unobservable in real time without a sizable measurement

error. This feature is modeled by defining the measure of potential output, x̂nt , equal to the

true target xn (which we assume to be zero without loss of generality) plus a misspecification

yt, which we assume to be serially uncorrelated to facilitate an analytical solution

x̂nt = xn + yt (5)

As we said before, importantly, in contrast to the central bank, the private sector is assumed

to know the true output gap, hence the distortion yt does not enter the structural equations

(1) and (2), but it will affect monetary policy. To solve the model, we proceed as in Giannoni

(2002) and look for the Nash Equilibrium (NE) of a game between the policymaker and a

fictitious evil agent that sets σ, κ and yt with the aim of maximizing the central bank’s loss

function under the constraint that (4) holds and that there exists a finite budget of potential

misspecification ω for yt
10

y2t ≤ ω (6)

We assume that the central bank minimizes the following loss function:

π2
t + λx (xt − yt)2 + λii

2
t λx, λi > 0 (7)

where λx and λi are the weights that the central bank gives to output gap and interest rate

stabilization, respectively. This loss function suggests that the central bank is interested in

minimizing the variability of inflation, the output gap and the nominal interest rate.11 A

central bank which does not include the interest rate in its objective function can perfectly

10See Hansen and Sargent (2008) for a thorough explanation of the methodology.
11We include the interest rate in the objective function of the central bank to follow Giannoni (2002) as

closely as possible. This feature captures the observed tendency of policymakers to smooth interest rates.
Some explanations for interest rate smoothing include the central bank’s tradeoff between its concern for
stability of the financial system and for price stability (Cukierman, 1991); interest rate smoothing in forward-
looking models as an anchor for expectations results in lower volatilities of inflation and output (gap) as well
as of the interest rate (Levin et al., 1999, Woodford, 1999); and also reflects uncertainty regarding data due
to revisions (Orphanides, 2003a). A gradual response may also be in order given uncertainty regarding the
parameters of the economy (Sack, 2000), the striving for consensus about interest rate decisions (Sack and
Wieland, 2000), or avoiding the (zero) lower bound (Woodford, 2011).
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stabilize inflation and the output gap by setting it = rnt ; this may generate a marked volatility

in the interest rate. In our setting, the central bank still aims at stabilizing inflation and

output gap, but it does not like to move the nominal interest rate as much as the natural

rate of interest. As a consequence, the desire to smooth the nominal interest rate creates a

tension between the stabilization of inflation and output gap on one hand, and of the nominal

interest rate on the other. Note that, due to the misspecification of potential output, the

central bank evaluates output in (7) in deviations from a biased target.

Here we briefly specify the steps that we follow to solve the model. Let L be the policy-

maker’s loss function, E ⊂ Rm a given (known) compact set of possible structural parameters,

Ψ a set of policy rules such that there is a unique bounded equilibrium process q(ψ, η) for

all ψ ∈ Ψ, η ∈ E. We assume that the policymaker chooses the policy rule ψ∗ ∈ Ψ to

minimize his loss, L(ψ, η), knowing that a malevolent agent tries to hurt him as much as

possible. The other player chooses the vector of structural parameters η∗ ∈ E to maximize

the policymaker’s loss, knowing that the policymaker is going to minimize it. The solution

strategy proposed by Giannoni (2002) involves the four following steps.

1. Optimal equilibrium for given set of parameters η. We determine the parameterization

f ∗(η) of the equilibrium process that solves the policymaker’s problem, minimizing the

loss function for any given η ∈ E.

2. Candidate minmax equilibrium. We partially differentiate the policymaker’s Lagrangian

with respect to η, and use Lemma 3 in Giannoni (2002) to determine a candidate worst-

case parameter vector η∗. Using the results of step 1, we determine the vector f ∗(η∗)

parameterizing the candidate minmax equilibrium q(f ∗(η∗)).

3. Robust optimal policy rule. We look for a policy rule ψ∗ that implements the candidate

minmax equilibrium and we verify that ψ∗ ∈ Ψ, i.e., that the policy rule results in a

unique bounded equilibrium process q(ψ∗, η) for all η ∈ E.

4. Existence of global Nash Equilibrium (NE). We verify that (ψ∗, η∗) is a global NE by

checking that the candidate worst-case parameter vector η∗ maximizes the loss L on

the whole constraint set E given the policy rule ψ∗.
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3 Optimal Monetary Policy Under Discretion

In this section we derive optimal robust monetary policy under discretion. In other words,

we assume that a commitment is not feasible for the central bank, which optimizes the loss

function (7) every period under the constraints represented by the IS and the Phillips curve,

and taking into account the uncertainty surrounding the Phillips curve slope, output gap

elasticity to the interest rate and the measurement of output gap.

The solution strategy involves using a min-max approach through which the central bank

tries to minimize the impact of the worst-case realization of both parameters and potential

output.12 In setting the policy rate, the central bank acts as if a malevolent hypothetical evil

agent sets σ, κ and the distortion to potential output yt with the objective to maximize the

central bank’s loss. Formally, the objective function becomes

min
πt,xt,it

max
σ,κ,yt

π2
t + λx (xt − yt)2 + λii

2
t (8)

Notice that the distortion on potential output in the loss function does not show up in the

structural equations because of the asymmetric information set between the central bank,

who has uncertainty on two parameters and potential output, and the private sector who has

full knowledge.

We solve the model by conjecturing that the equilibrium values of πt, it, xt and yt depend

only on the natural interest rate:13

πt = fπr
n
t xt = fxr

n
t yt = fyr

n
t it = fir

n
t (9)

where the equilibrium response coefficients fπ, fx, fy and fi must be determined by mini-

mizing the loss function. Accordingly, we can take into account (9) in (1) and (2), obtaining

the following feasibility constraints:

(1− ρ)fx +
1

σ
(fi − ρfπ − 1) = 0 (10)

12We use the method proposed in Giannoni (2002), which expresses the problem of deriving robust optimal
monetary policy rules when the true model is unknown as a zero-sum two-player game.

13Because the objective is quadratic and the constraints are linear in all variables, we may, without loss
of generality, restrict our attention to linear solutions.
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(1− βρ)fπ − κfx = 0 (11)

As we are considering non inertial plans, the previous problem can be reformulated

through the minimization of the following policymaker’s Lagrangian14

Lt = f 2
π+λx (fx − fy)2+λif

2
i −θf 2

y +φ1

[
(1− ρ)fx +

1

σ
(fi − ρfπ − 1)

]
+φ2 [(1− βρ)fπ − κfx]

(12)

where φ1 and φ2 are the Lagrange multipliers. The parameter θ > 0 is inversely related to the

budget of potential misspecification of the evil agent ω and measures the level of confidence

the central bank has in its estimate of potential output. Put differently, θ determines the set

of models available to the evil agent against which the policymaker wants to be robust (see

Leitemo and Söderström, 2008). When θ → ∞ the central bank has no uncertainty about

potential output and estimates it correctly.15 The first-order conditions of the problem are:

2fπ −
φ1ρ

σ
+ φ2(1− βρ) = 0 (13)

2λx (fx − fy) + φ1(1− ρ)− κφ2 = 0 (14)

− 2λx (fx − fy)− 2θfy = 0 (15)

2λifi +
φ1

σ
= 0 (16)

From (15), fy can be expressed as a function of fx:

fy = − λx
θ − λx

fx

showing that in the limit case of certainty about potential output, the optimal response to

the misspecified output gap is zero, i.e. the evil agent knows that the central bank has

perfect information about potential output and so her best response is to do nothing to the

measurement error. Notice that evil agent’s best response does not necessarily imply that yt

14The solution procedure shown below is equivalent to solve for the discretionary equilibrium and then
show how each endogenous variable is related to the natural rate of interest.

15In other words, the evil agent chooses a value of yt = 0. As a general guide to interpret θ, Hansen and
Sargent (2008) base it on a detection error probability approach.
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is at one corner of the budget of potential misspecifications ω. Not only the response depends

on the degree of confidence on the estimates of potential output, but also on the weight that

the central bank puts on output gap stabilization, λx, and on the optimal response to output

gap of the central bank.

Combining all the first-order conditions to eliminate φ1 and φ2, the following imple-

mentability condition must hold

fπ + ρλifi +
θλxfx(1− βρ)

κ (θ − λx)
− σλifi(1− ρ)(1− βρ)

κ
= 0 (17)

which, together with (10) and (11), determines the equilibrium response coefficients fπ, fx,

fy and fi:

fπ =
λiκ (θ − λx) [σ(1− ρ)(1− βρ)− ρκ]

(θ − λx)
{
κ2 + λi [σ(1− ρ)(1− βρ)− ρκ]2

}
+ θλx (1− βρ)2

(18)

fx =
λi(1− βρ) (θ − λx) [σ(1− ρ)(1− βρ)− ρκ]

(θ − λx)
{
κ2 + λi [σ(1− ρ)(1− βρ)− ρκ]2

}
+ θλx (1− βρ)2

(19)

fy = − λiλx(1− βρ) [σ(1− ρ)(1− βρ)− ρκ]

(θ − λx)
{
κ2 + λi [σ(1− ρ)(1− βρ)− ρκ]2

}
+ θλx (1− βρ)2

(20)

fi =
θλx (1− βρ)2 + (θ − λx)κ2

(θ − λx)
{
κ2 + λi [σ(1− ρ)(1− βρ)− ρκ]2

}
+ θλx (1− βρ)2

(21)

Notice that these equilibrium conditions generalize the optimal noninertial plan in Gian-

noni (2002) and collapse to it when θ →∞. In the latter case output gap is observed without

error and fy = 0. If the output gap measurement is very noisy – consider for example the

case of θ → 0 – the evil agent will set the distortion fy exactly equal to the opposite of the

central bank’s response to output gap. Now we study the sign of the equilibrium response

coefficients, evaluating how it is affected by parameter uncertainty coupled with output gap

misspecification. The transmission of a shock to the natural rate is deeply related to its

persistence ρ. Before considering the general case, for the sake of clarity, we will discuss the

case of a temporary shock to the natural rate (with ρ = 0) and we will compare the results

in the uncertainty case with those in Giannoni (2002) and under certainty.
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Optimal discretionary policy for a temporary shock. Here we evaluate the optimal

robust policy when the shock to the natural rate of interest produces no persistent effects

in the economy. In this case, the optimal response of the endogenous variables (18) – (21)

simplify in the following expressions:

fπ =
λiκσ (θ − λx)

(θ − λx) (κ2 + λiσ2) + θλx
(22)

fx =
λiσ (θ − λx)

(θ − λx) (κ2 + λiσ2) + θλx
(23)

fy = − λiλxσ

(θ − λx) (κ2 + λiσ2) + θλx
(24)

fi =
θλx + (θ − λx)κ2

(θ − λx) (κ2 + λiσ2) + θλx
(25)

It can be easily shown that the optimal response of the nominal interest rate, inflation

and output gap to a positive shock is positive whenever the degree of uncertainty in the

measurement of potential output is larger than the weight attached to the stabilization of

the output gap (θ > λx); in this case the central bank correctly gauges a positive shock,

understanding that it will increase the output gap and, in turn, raise inflation. The central

bank will react by increasing the interest rate less than proportionally than the natural rate.

Notice that monetary policy here is accommodative as the real interest rate (it − Etπt+1) is

smaller than the natural rate rnt .16

The same will happen when the central bank is very uncertain of its measurement of

potential output (namely for θ < λxκ2

κ2+λx
) although, in this case, the interest rate response

will be weaker than before. The smaller fluctuactions in the interest rate are in turn coupled

with the stronger movements for inflation and output gap.

On the other hand, when the confidence in the measurement of potential output is smaller

than the weight attached to output gap stabilization, there are cases in which the policymaker

erroneously interprets the shock to the natural rate as deflationary instead of inflationary.

The wrong interpretation implies that the relationship of endogenous variables with the

natural rate in equilibrium can be distorted because fluctuations are not too persistent and

16In order to prove this finding, use the definition of real interest rate it − Etπt+1 and equation (10).
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real-time output gap measurement is noisy17. The central bank can observe the natural

rate and inflation but it cannot back out potential output because of parameter uncertainty.

Whenever the persistence in the shock to the natural rate is low, uncertainty on potential

output is sizable and the central bank wants to stabilize the output gap, it can wrongly

interpret the source of the shock, thinking it is not to the natural rate but to the output

gap. This then induces the policymakers to cut interest rates and inflation goes up. So

after a positive shock to the natural rate, the nominal interest rate, inflation and output gap

move in different directions, namely whenever the former increases the latter decrease and

viceversa.18

3.1 The General Case

We now look at the general case. First, we consider the response of the nominal interest rate

to shocks hitting the natural rate. The latter depends on the relative values of parameters

in (21). In particular, it can be shown that given two coefficients χ and Γ defined below:

fi ≥ 0 ⇐⇒ θ ≤ χλx, θ > Γλx 0 < Γ ≡ κ2 + λi [σ(1− ρ)(1− βρ)− ρκ]2

κ2 + λi [σ(1− ρ)(1− βρ)− ρκ]2 + λx (1− βρ)2
≤ 1

fi ≤ 0 ⇐⇒ χλx ≤ θ ≤ Γλx 0 < χ ≡ κ2

λx(1− βρ)2 + κ2
< 1, χ < Γ

(26)

We can observe that the optimal nominal interest rate does not necessarily increase after

a positive shock to the natural rate, but its response depends on the degree of confidence

the central bank has in the measurement of potential output. This extends the result in

Giannoni (2002), in which the optimal response coefficient for the nominal interest rate is

always positively correlated with the shock. The author also finds that the latter is lower than

1, i.e. the nominal rate adjusts less than the natural rate, a characteristic that is preserved

in our case, even with an additional layer of uncertainty. Finally, the sign of fi does not

depend on the persistence of the shock, as we could already gauge by the discussion in the

17This occurs when θ ∈ ( λxκ
2

κ2+λx
, λx) in the case of a purely temporary shock.

18These findings also hold in the general version of the model, where the shock to the natural rate is
persistent over time. In the latter case, however, it will be harder to present simple analytical results and we
will use simulations.
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previous section.

Instead, we saw that the persistence of the shock matters for the other coefficients. Below,

we study how the sign of fπ and fx changes as function of ρ and θ, and what this implies for

monetary policy. We start by analyzing the case in which the fluctuations in the natural rate

are not too persistent relative to the ratio σ/κ. Absent the uncertanty on the measurement

of potential output, Giannoni (2002) shows that the response coefficients to inflation and

output gap are positive. In our case, however, this condition is not sufficient to determine

the sign, as we have to take into account the uncertainty coming from the misspecification

of potential output. In fact, we can prove that for both coefficients to be positive the desire

for robustness θ must also be larger than the weight attached to output gap stabilization

λx in the loss function. This second constraint arises because there is not only parameter

uncertainty, but there is also uncertainty about the true value of the potential output. More

in detail, when θ > λx, then fi > 019 and there is a positive correlation of inflation and

output gap response with the shock.

If instead θ < λx, fπ and fx are positive if θ < Γλx and negative if Γλx < θ < λx,

where Γ is defined as in equation (26).20 In these cases the estimate of potential output

is very noisy and the central bank’s desire to stabilize the output gap is greater than her

confidence in that estimate. She may believe that the shock is on potential output and not

on the natural rate, and decide to decrease the interest rate. This result extends what we

already described in the case of a temporary shock, i.e. that whenever the confidence in the

measurement of potential output is smaller than the weight attached to the stabilization of

the output gap, there are cases in which the policymaker erroneously interprets the shock to

the natural rate as deflationary instead of inflationary and reacts by lifting the interest rate

while inflation and output gap decrease. Whenever fπ is negative, as we pointed out in the

previous section, even though the nominal rate increases less than the natural rate, monetary

policy is restrictive.

The stance is often restrictive in the case of more persistent shocks relative to the ratio

σ/κ; this is true whenever θ > λx for example, i.e. whenever the bank is relatively confident

19fi is positive because Γ < 1, see equation (26).
20If σ

κ >
ρ

(1−ρ)(1−βρ) and θ < λx, then the numerator of fπ is negative, while the denominator is positive

if θ > Γλx. For fx we use the relation fx = 1−βρ
κ fπ.
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in its estimate on potential output. In this case the central bank reacts to a positive shock

to the natural rate by increasing the nominal interest rate, reducing inflation and output

gap. Whenever the desire to stabilize output prevails (θ < λx), the coefficients fπ and fx are

negative if θ < Γλx and positive if Γλx < θ < λx.

3.2 Determining the Equilibrium Structural Parameters

In the previous sections we have determined the equilibrium processes for the endogenous

variables (inflation, output, and the interest rate) that achieve the lowest value of the loss

criterion given a generic σ and κ. Following the solution method in Giannoni (2002), we now

determine the structural parameters that characterize the candidate minmax equilibrium.

The author proves that in order to choose the candidate equilibrium values of σ and κ

in the intervals [σl, σh] and [κl, κh] respectively, one has to differentiate the policymaker

Lagrangian with respect to the parameters. Depending on the sign of the derivatives, the

optimal response of the evil agent will be to set the uncertain parameters at one of the

boundaries of its interval.21

By differentiating (12) with respect to σ, considering (16), we have

∂Lt
∂σ

= −φ1

σ2
[fi − ρfπ − 1] =

2λifi
σ

[fi − ρfπ − 1] (27)

This, together with (11), implies that

∂Lt
∂σ

= −Θ(1− ρ) {λi(1− βρ) (θ − λx) [σ(1− ρ)(1− βρ)− ρκ]}

Θ ≡
2λi

[
θλx (1− βρ)2 + (θ − λx)κ2

][
(θ − λx)

{
κ2 + λi [σ(1− ρ)(1− βρ)− ρκ]2

}
+ θλx (1− βρ)2

]2 (28)

The derivative of the Lagrangian with respect to κ is

∂Lt
∂κ

= −φ2fx

21Giannoni (2002) proves that the derivatives corresponds to the slopes of the Lagragian with respect to
σ and κ evaluated at the candidate equilibrium.
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where, considering (13)–(14) it is possible to write

∂Lt
∂κ

= 2f 2
x

θλxρ(1− βρ) + σκ (θ − λx) (1− ρ)

[σ(1− ρ)(1− βρ)− ρκ] (θ − λx) (1− βρ)
(29)

Once again, the sign of the derivatives, and therefore the equilibrium values for the

structural parameters, depend on both the persistence of the shock and the confidence of

the central bank in its estimate of potential output. For a wide range of values of potential

output misspecification22 and whenever the fluctuations in the natural rate are relatively less

persistent than the ratio σ/κ, the worst situation for the policymaker occurs for large κ and

small σ. This because we have stronger effects on output gap and inflation after shocks to the

natural rate, as shown in the IS and the Phillips curve, when σ = σl and κ = κh. If the shock

is relatively more persistent, then the optimal robust equilibrium implies the lowest value for

κ and the highest for σ. Notice that analytically there are four possible combinations of the

ratio σ/κ but we only take the boundaries as candidates for equilibrium.

Summarizing, first we have determined the parameterization f(·) of the equilibrium pro-

cesses for the endogenous variables that solve the policymaker’s problem given a generic σ

and κ. Second, we have found a candidate worst-case parameter vector (σ∗, κ∗) . These

two steps together provide us with a candidate minmax equilibrium. The solution method

proceeds by specifying a policy rule that implements the candidate equilibrium and to verify

that this results is a unique bounded equilibrium. Before this last step described in Section

4, we present a numerical exercise to better understand our previous analytical results.

3.3 A Numerical Illustration

Table 1 provides the calibrated parameters of the model, which are taken from Giannoni

(2002); in particular, we follow his calibration about the lower bound and the upper bound

for σ and κ. The positive coefficient θ, which measures the level of confidence that the central

bank has in its estimate of the potential output, varies according to how informed the central

bank is. The certainty case corresponds to θ → ∞, while in case of very low confidence in

the estimation of potential output, θ → 0.

22For example when θ > λx. See Appendix A for the details.
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Certainty case: baseline model Parameter and potential output uncertainty
Parameters Value Standard Error Parameter Lower Bound Upper Bound
Structural σ 0.0915 0.2227

β 0.99 κ 0.0168 0.0308
σ 0.1571 (0.0328) θ 0 ∞
κ 0.0238 (0.0035)

Shock process
ρ 0.35

sd(rn) 3.718
Loss function

λx 0.0483
λi 0.2364

Table 1: Structural parameters of the model

Figure 1 shows the value of the coefficients fi, fπ, fx when we vary the degree of un-

certainty in the measurement of potential output and we choose the candidate equilibrium

values of σ and κ in the respective intervals as in Section 3.2. The calibration we are using is

such that perturbations to the natural rate are sufficiently transitory and we consider values

of θ for which the three coefficients are positive.23 The figure shows that, for the degree of

uncertainty on potential output shown in the graph, the interest rate setting is more aggres-

sive when the level of confidence is smaller compared to the case in which potential output

is not misspecified and the difference between the two scenarios attenuates when the level

of confidence increase. The more aggressive monetary policy stance dampens the on-impact

response of inflation and output gap to disturbances in the natural rate of interest.

We interpret this finding with the idea that, in the case analyzed by Giannoni (2002),

the policymaker can quantify the range in which output and inflation can vary, while this

does not occur when potential output is misspecified; for the current parameterization (in

particular whenever shocks are not so persistent) the central bank ”overreacts” to the shock

as compared to the case with only parameter uncertainty.

Consider now a set of lower values for the confidence in the measurement of potential

output, as shown in Figure 2, compared to those in Figure 1.24 As shown above in the

derivation about the optimal value of fx and fπ, when the persistence of the shock is relatively

23Remember that what matters is the difference between θ and λx.
24In particular, we consider values such that θ < λx
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Figure 1: Optimal response of interest rate, inflation and output gap as function of the level of confidence
in the measurement of potential output θ. The calibration is such that θ > λx and fluctuations in the natural
rate have a relatively low persistence. The red dashed line shows the optimal coefficients in Giannoni (2002),
where the output gap is observed without measurement error.
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Figure 2: Optimal response of interest rate, inflation and output gap varying the level of confidence in the
measurement of output gap θ. The calibration is such that fluctuations in the natural rate have a relatively
low persistence. The vertical line indicates the value of λx. The coefficient in Giannoni (2002) are as in
Figure 1 and are fi = 0.9231, fπ = 0.0844 and fx = 0.4475.
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low and the uncertainty on the measurement of the output gap is high, the correlation of

inflation and the output gap with shocks to the natural interest rate is not necessarily positive

as in the previous case. Compared to the case of perfect information about the output gap,

an increase in rnt could be misinterpreted and the policymaker may believe that the positive

shock reduces potential output. This (wrong) assessment changes the candidate values of σ

and κ in the optimal minmax equilibrium and, for the calibration we are considering, may

suggest implausibly high (low) values for the response coefficients f . Indeed, the graph shows

that there is a range of values for θ such that the policymaker lowers the interest rate after

an increase in the natural rate.

4 Robust Optimal Taylor Rules

Motivated by the fact that central banks usually operate through interest rate rules, our

aim is now to implement the candidate equilibrium with an interest rate rule that takes into

account the uncertainty about model parameters and variables. We assume that monetary

policy is characterized by the following Taylor rule

it = ψππt + ψxxt (30)

The optimal robust coefficients ψπ and ψx are computed under the assumption that the

central bank only knows that the parameters σ and κ lie in given intervals (4) and that

potential output is misspecified as in (5). After substituting the interest rate rule (30) into

the structural equations (1) and (2), the model can be written in matrix form as follows:

Etzt+1 = Azt + αrnt (31)

where zt ≡ [πt, xt]
′. The latter representation is obtained for any policy coefficients ψπ, ψx

and admits a unique solution if both the eigenvalues of A lie outside the unit circle, as in the

Blanchard-Khan condition. Following Woodford (2011), it can be shown that the condition
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ensuring determinacy in a min–max approach is

ψπ > 1− 1− β
κ∗

ψx (32)

where κ∗ is the worst-case scenario value for κ. As (32) shows, for a given value of ψx, the

worst-case value for κ affects the value of ψπ, which dictates how much the interest rate has to

respond to movements in inflation; when the robust policy prescribes a value κ∗ = κh larger

than the true value of the parameter, then monetary policy must respond more aggressively

to inflation compared to the full information case. An interest rate rule like (30) can be used

to implement the optimal robust equilibrium under discretion; substituting the equilibrium

responses of inflation, output, and the interest rate to the shock from (18) – (21) into the

Taylor rule gives the feasibility constraint

fi = ψπfπ + ψxfx (33)

By working out this condition, we can derive the optimal Taylor rule response coefficient to

inflation as a function of ψx, the parameters (those distorted and those known with certainty)

and the degree of confidence in the observation of potential output:

ψπ =
θλx (1− βρ)2 + (θ − λx)κ2

λiκ (θ − λx) [σ(1− ρ)(1− βρ)− ρκ]
− ψx(1− βρ)

κ
(34)

Any pair ψπ, ψx satysfying (34) implements the candidate optimal discretionary minmax

equilibrium, under the condition that it implies a unique bounded equlibrium, i.e. satisfies

(32).

Finally, we verify that the policymaker’s equilibrium responses and the equilibrium pa-

rameter vector (σ∗, κ∗) determine a global equilibrium, and hence that the corresponding

rule (ψ∗π, ψ
∗
x) is a robust optimal Taylor rule. In order to do that, we need to check that the

structural parameters (σ∗, κ∗) are the evil agent’s best responses to (ψ∗π, ψ
∗
x) on the whole set

of constraints (4), i.e. maximize the central bank’s loss function on the whole set given the

interest rate rule. Table 2 shows, for various levels of θ, both the maximum attained by the

loss function over the whole constraint set and the value that the structural parameters take
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at that maximum. Note that in this case the confidence of the central bank in its estimate

of potential output is always greater than the desire to stabilize the output gap (θ > λx) and

our candidates for equilibrium were (σl, κh), which is also a global equilibrium.

θ Max(Loss) Optimal Robust σ Optimal Robust κ

0.004 3.11 0.0915 0.0308
0.005 3.07 0.0915 0.0308
0.006 3.05 0.0915 0.0308
0.008 3.03 0.0915 0.0308
0.010 3.03 0.0915 0.0308
0.040 3.02 0.0915 0.0308
0.400 3.02 0.0915 0.0308
4.000 3.02 0.0915 0.0308
40.000 3.02 0.0915 0.0308
100.000 3.02 0.0915 0.0308

Table 2: Maximum of loss function over the sets σ ∈ [0.0915, 0.2227] and κ ∈ [0.0168, 0.0308], and optimal
values (σ∗, κ∗) in equilibrium for several levels of θ > λx.

We now evaluate the interest rate response to a given shock by implementing the optimal

robust equilibrium by means of the Taylor rule that we have constructed. In particular, for a

given ψx, we study the sensitivity of the inflation coefficient to the unknown parameters σ and

κ, and to the degree of uncertainty about potential output.25 Next, we offer a comparison

of the optimal Taylor rules under various scenarios of uncertainty, which will serve us to

highlight whether the equilibrium is determinate or not.

Figure 3 shows the magnitude of ψπ for different values of the two structural parameters σ

and κ, when the central bank has no uncertainty about the potential output. The coefficient

for output gap in the Taylor rule ψx is equal to 0.5. We can see that the response of the

nominal rate to inflation is positive for all the values of σ and κ. In the certainty case, the

higher σ and κ, the higher will be their impact on inflation, so the central bank reacts more

aggressively the wider the set of possible models.

Instead, Figure 4 graphs the inflation coefficient for a lower value of θ compared to

Figure 3: here θ is just slightly above λx, meaning that the correlation between the shock

25Note that this is equivalent to change the set of possible model misspecifications.
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and inflation and output gap is still positive, but the central bank is less confident of its

estimation of potential output than it was before. The figure shows that, all else equal,

the presence of uncertainty about potential output measurement amplifies monetary policy

response to inflation. A stronger reaction is needed to make the interest rate move more

closely to the natural rate of interest. Note that in this case the optimal response to inflation

is maximised for (σl, κh), which is also our equilibrium parameter vector.
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Figure 3: Optimal Taylor rule coefficient ψπ as a function of σ and κ (ψx = 0.5 and full observation of the
output gap).

In figure 5 we represent policies that implement the optimal noninertial plan for the

baseline parameterization of the model and several levels of uncertainty about potential

output. The solid blue line represents the optimal Taylor rules in the baseline case, that

is, when the coefficients ψπ, ψx are chosen in a setup where all parameters and output gap

are known with certainty. The dashed-dotted brown line represents the case in which the
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Figure 4: Optimal Taylor rule coefficient ψπ as a function of σ and κ (for ψx = 0.5 and θ slightly above
λx).
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central bank has Knightian uncertainty about σ and κ, but output gap is observed without

uncertainty. This case has been analyzed in Giannoni (2002), who shows that optimal robust

policy under our calibration prescribes that the central bank reacts more strongly to shocks

than under certainty. The other cases represented in the graph consider uncertainty in both

parameters and potential output: each time, we reoptimise to find the optimal values of σ

and κ depending on the value of θ. The white region indicates the set of policy rules that

result in a determinate equilibrium for any value of uncertain parameters σ and κ, while the

gray region indicates combinations of (ψπ, ψx) that result in indeterminacy of the equilibrium

for at least one value of the parameters.26
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Figure 5: Robust optimal Taylor rules. The white (grey) region indicates the set of policy rules that result in
a determinate (indeterminate) equilibrium for any value of uncertain parameters σ and κ. The dashed-dotted
brown line is the case in Giannoni (2002).

26We know that, whenever θ > λx, the determinacy (indeterminacy) region is the same with and without
uncertainty about output gap measurement, see equation 32.
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The graph shows once again that adding measurement errors in potential output to pa-

rameter uncertainty produces significant effects in terms of monetary policy response. Before

discussing this, we focus on the only curve in the gray area (the dashed black line); this is

the set of policy rules that obtain for the largest level of uncertainty about potential output

that we pictured, which is θ = 0.001. We can observe that in the range of values for ψπ,

ψx considered in our simulation, the equilibrium is indeterminate, even in presence of a very

large response to inflation. We obtain similar results for values of θ < λx, for which there

is indeterminacy for at least one value of σ and κ. Therefore, for the other cases we focus

on levels of uncertainty such that θ > λx. Optimal robust Taylor rules with only parameter

uncertainty (dashed-dotted brown line) are more aggressive than under the baseline scenario,

and even more so in case of uncertainty about the potential output. In fact, the solid-circle

light blue line and the solid-diamond pink line, which consider the latter dimension of un-

certainty, have a higher intercept than the one with no uncertainty about potential output.

Notice however that, as θ gets larger, the set of robust optimal policies tends to move closer

to the dashed-dotted brown line; this squares with the evidence presented in Figure 1, which

showed that, as the central bank gets more confident, the optimal robust coefficients tend

to flatten towards the case with no uncertainty in potential output. In turn, the higher the

latter uncertainty, the stronger the monetary policy response.

5 Concluding Remarks

Uncertainty is pervasive feature of the environment in which central banks operate. This

paper analyzes the conduct of optimal discretionary robust monetary policy with two sources

of uncertainty that jointly affect central bank’s policymaking. The first source is a Knightian

uncertainty about the intertemporal elasticity of substitution and the slope of the short-run

aggregate supply curve. The second cause of uncertainty concerns the level of potential

output. We show that this double dimension of uncertainty affects not only the magnitude

of the response of the central bank to shocks, but also the transmission of the latter in terms

of inflation, output and policy rate. We characterize robust monetary policy analytically

under the two types of uncertainty and show that they call for a more aggressive reaction of
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monetary policy compared with the certainty case.

In our analysis, we exclude that the central bank could learn over time the true value of

both the model parameters and of potential output. Moreover, to retain analytical tractabil-

ity, we do not explore how results would change adding a cost-push shock. We leave these

issues for future research.

A More on the Determination of the Structural Pa-

rameters

To determine the equilibrium value of σ and κ we differentiate the policymaker Lagrangian

with respect to both parameter. Giannoni (2002) proves that, if the derivative is negative

(positive), the candidate equilibrium value of the parameter is the lower (upper) bound of

the interval in which it lies.

Let’s start from (28). For simplicity we report it below

∂Lt
∂σ

= −Θ(1− ρ) {λi(1− βρ) (θ − λx) [σ(1− ρ)(1− βρ)− ρκ]}

Θ ≡
2λi

[
θλx (1− βρ)2 + (θ − λx)κ2

][
(θ − λx)

{
κ2 + λi [σ(1− ρ)(1− βρ)− ρκ]2

}
+ θλx (1− βρ)2

]2
As for the equilibrium processes for the endogenous variables, we must consider different

parametrizations. The derivative will be negative if

1. σ
κ
> ρ

(1−ρ)(1−βρ) and θ < χλx or θ > λx;

2. σ
κ
< ρ

(1−ρ)(1−βρ) and χλx < θ < λx (notice that the derivative is not defined for θ = Γλx);

where χ and Γ are defined as in (26). Similarly, the derivative will be positive if

1. σ
κ
> ρ

(1−ρ)(1−βρ) and χλx ≤ θ ≤ λx;

2. σ
κ
< ρ

(1−ρ)(1−βρ) and θ ≤ χλx or θ ≥ λx.

In our case, differently from Giannoni (2002), the condition σ
κ
> ρ

(1−ρ)(1−βρ) is not sufficient

to determine a value of σ in the optimal robust equilibrium because the policymaker takes

into account the effect of the misspecified output gap in the conduct of monetary policy.
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By computing the derivative of the loss function with respect to κ, and considering (13)–

(14) we find equation (29, which is

∂Lt
∂κ

=
2f 2

x

σ(1− ρ)(1− βρ)− ρκ

[
λxθρ

θ − λx
+
σκ(1− ρ)

1− βρ

]
= 2f 2

x

θλxρ(1− βρ) + σκ (θ − λx) (1− ρ)

[σ(1− ρ)(1− βρ)− ρκ] (θ − λx) (1− βρ)

The sign of this derivative will be determined by the following conditions:

1. if σ
κ
> ρ

(1−ρ)(1−βρ) and θ > λx or θ < δ1λx, the derivative is positive, where we have that

δ1 ≡ σκ(1−ρ)
λx(1−βρ)+σκ(1−ρ) < 1.

2. if σ
κ
< ρ

(1−ρ)(1−βρ) and δ1λx < θ < λx the derivative will be positive again.

3. If σ
κ
> ρ

(1−ρ)(1−βρ) and δ1λx < θ < λx the derivative is negative.

4. If σ
κ
< ρ

(1−ρ)(1−βρ) and θ > λx or θ < δ1λx, the loss function will be decreasing in κ.
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