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by Matthias S. Hertweck’, Vivien Lewis™ and Stefania Villa™~

Abstract

We introduce two types of effort into an otherwise standard labor search model to

examine equilibrium determinacy. Indeterminacy occurs when wages rise sharply in response
to a labor market tightening. Variable labor effort gives rise to short-run increasing returns to
hours in production. This raises workers’ marginal product and wages, expanding the region
of indeterminacy. Variable search effort makes workers search more intensively in a tighter
labor market, which limits the rise in wages and shrinks the region of indeterminacy.
Indeterminacy disappears completely when vacancy posting costs are replaced with hiring
costs.
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1 Introduction!

We investigate how two types of effort, namely labor effort by the employed and search effort
by the unemployed, affect existence and uniqueness of the equilibrium dynamics in an other-
wise standard labor search-and-matching model a la Diamond-Mortensen-Pissarides, hence-
forth DMP (Pissarides, 2000). Why is introducing these two specific features in a search-
and-matching model worthy of investigation? Variable search effort is well-documented and
helps to replicate the sharp fall of the hiring rate during the Great Recession and its slow re-
covery thereafter (Leduc and Liu, 2020).2 Variable labor effort is supported by evidence from
time use surveys (Burda et al., 2019) and can explain the procyclicality of labor productivity
observed across many countries and time periods.3

Krause and Lubik (2010) show that the standard search-and-matching model is indeter-
minate if the workers’ share of the match surplus far exceeds their contribution to match
success. In this paper, we elucidate the mechanism through which indeterminacy comes
about in labor search models. It works as follows. A rise in labor market tightness has a
positive effect on wages (‘wage channel’), which reduces the returns to hiring. If this effect is
very large relative to the rise in effective hiring costs (‘hiring cost channel’), it can overturn
the initial incentive to hire, leading to non-stationarity in vacancy posting and thereby to
equilibrium indeterminacy. In response to a labor market tightening, the Nash wage rises
strongly if the bargaining share of workers is high. This leads to indeterminacy if, at the
same time, matches are very elastic to vacancies, such that effective hiring costs per worker
become relatively unresponsive to changes in labor market tightness.

For a number of model variants, we examine equilibrium determinacy in the unit square
spanned by the match elasticity to unemployment and the workers’ bargaining share. The
indeterminacy region is a triangle in the top left corner which is far away from the Hosios
condition. First, we show that in the standard search model, indeterminacy regions are
larger if labor markets are more fluid or if the value of leisure is close to that of working,
as suggested in Hagedorn and Manovskii (2008). We also show how labor market policies

affect equilibrium determinacy. Second, in an extended model where variable labor effort

IThanks to Sebastian Giesen, Tom Holden, Leo Kaas, Masanori Kashiwagi, Matija Lozej, Thomas Lubik,
Jochen Mankart, Stéphane Moyen, Nicolas Petrosky-Nadeau, Mathias Trabandt, Francesco Zanetti, as well
as seminar participants at the Bundesbank, the University of Copenhagen, the 2019 ESCB Research Cluster
IT workshop, and the VS macroeconomics committee for useful suggestions. The views expressed in this
paper are solely the authors’ and do not necessarily reflect the views of the Bundesbank, the Bank of Italy
or the Eurosystem. Any errors are ours.

2See also the empirical evidence in Shimer (2004), Krueger and Mueller (2010), Faberman et al. (2017),
Mukoyama et al. (2018), Pan (2019).

3See Lewis et al. (2019) for the euro area. Additional related works using variable labor effort include
Bils and Cho (1994), Barnichon (2010), and Gali and van Rens (2014), among others.



leads to short-run increasing returns to hours, the wage becomes more volatile — relative to
future hiring costs — expanding the region of indeterminacy, albeit to a small extent. Third,
in an extended model with search effort, fluctuations in tightness are dampened as workers
react to a tighter labor market by driving up their search intensity. The cost of searching
reduces the worker’s outside option and hence the Nash wage. This shrinks the region of
indeterminacy. Our key insight is thus that introducing effort by workers and job-seekers
has opposing effects on equilibrium uniqueness.

While the search-and-matching model of the labor market is undoubtedly the most pop-
ular model of labor market frictions, it does suffer from certain deficiencies (see Shimer,
2005). In a competing approach vacancy posting costs are replaced with hiring costs (see,
for example, Gertler and Trigari, 2009; Pissarides, 2009; Hertweck, 2013; Gali and van Rens,
2014; Christiano et al., 2016). This leads to more sluggish vacancy dynamics in response to
technology shocks. We show that indeterminacy completely disappears in this alternative
model.

Our exercise is useful for the development and calibration of empirically sound business
cycle models with labor search, and for understanding the role of beliefs in business cycles.
Business cycles driven by fundamental shocks, i.e. to technology or preferences, are not gen-
erally inefficient and as such do not warrant any policy response. Instead, under equilibrium
indeterminacy and multiple equilibria, self-fulfilling beliefs can lead to inefficient fluctuations
and macroeconomic volatility. In that case, there is room for policy to stabilize the economy

and raise economic welfare (Farmer and Guo, 1994).

Related literature and contribution. The paper speaks to two strands of the literature,
labor search-and-matching models, and models with equilibrium indeterminacy. Regarding
the former, it is now well established that labor markets are not perfectly flexible, but are
instead characterized by considerable frictions as workers do not seamlessly move from one
job to another. The search-and-matching framework presented by Diamond, Mortensen
and Pissarides (Pissarides, 2000) has emerged as a consensus model to characterize the labor
market, with Merz (1995) and Andolfatto (1996) integrating it into real business cycle theory.

The second strand of the literature is on indeterminacy in macroeconomics.* Farmer and
Guo (1994) argue that sunspot shocks should be taken seriously as a potential source of
business cycle fluctuations — rather than being a mere intellectual curiosity. As shown by
Benhabib and Farmer (1994), increasing returns in the production function can be a source
of indeterminacy, leading to multiple equilibria. Wen (1998) demonstrates that, in a real

business cycle model with capacity utilization, indeterminacy can arise under an empirically

4For surveys of this literature, see Benhabib and Farmer (1999) and Farmer (2019).



plausible calibration in the case of (mildly) increasing returns. Our work is related in that
variable labor effort generates increasing returns to hours in production, providing a potential
source of indeterminacy.

Krause and Lubik (2010) and Lazaryan and Lubik (2019) bring the two strands of the
literature together.® Our contribution is to elucidate and to extend their results. We char-
acterize two channels through which vacancy posting affects the asset value of a worker, the
wage channel and the hiring cost channel. If the first channel is comparatively strong, the
equilibrium solution is indeterminate. First, we consider different calibration strategies of the
baseline model without effort. Then, we analyze determinacy when the model is extended
to include variable labor effort and variable search effort.

The remainder of the paper is structured as follows. Section 2 presents our model with
two types of effort. In the linearized model written as a two-equation system, the transition
matrix is derived and its roots determine whether a stable model solution exists and is
unique. Then Section 3 derives the condition for indeterminacy in the standard labor search
model and discusses how equilibrium uniqueness is related to search externalities. This is
done analytically in the case of risk neutrality. For the more general case with risk aversion,
it conducts a numerical exercise showing how determinacy depends on a set of parameter
values. Section 4 shows first how variable labor effort affects the determinacy results. It then
presents a similar analysis for variable search effort. Section 5 derives an alternative model

with hiring costs, and discusses its determinacy properties. Finally, Section 6 concludes.

2 Model

In the following, we outline our search-and-matching model featuring two additional labor
margins, hours and effort, as well as variable search intensity by job-seekers.®

Abstracting from a participation margin, we normalize the labor force to unity, such that
Ny + U = 1, (1)

where n; denotes employment and wu; is the unemployment rate. The law of motion for
employment is
nepr = (1= p)(ny +my), (2)

SZanetti (2006) studies a New Keynesian model with search-and-matching frictions where the monetary
policy rule generates indeterminacy. Farmer (2019) argues that a meaningful theory of involuntary unem-
ployment and large welfare losses must allow for steady state indeterminacy. The present paper focuses on
dynamic equilibrium determinacy.

6We build on the analysis in Krause and Lubik (2010). Unlike Hashimzade and Ortigueira (2005), we
abstract from physical capital.



with initial employment ng given. The parameter p € (0, 1) captures the job separation rate
and my; is the number of new job matches. A constant separation rate is justified by the
observation that — in comparison with the job creation margin — the empirical counterpart
of p is fairly stable over the US business cycle (for evidence on this, see Hall, 2005; Fujita and
Ramey, 2009; Shimer, 2012). The matching technology is a function of unemployed workers,

their search intensity s;, and vacancies vy,
1—
my = X(Stut)gvt 5: (3)

where £ € (0,1) is the match elasticity to ‘total search effort’ (Merz, 1995) and x > 0
captures the efficiency of the matching process. Petrongolo and Pissarides (2001) argue
that the Cobb-Douglas form for the matching function is a stylized fact compatible with a
large number of empirical studies. By spending more time and resources searching for jobs,
unemployed workers can raise the probability of match success. Search intensity entering
the matching function multiplicatively with unemployment can be thought of as ‘input-
augmenting’ (Pissarides, 2000), similar to technological progress in the production function
for goods.

The representative household is composed of n; workers whose wage income is w;h; each,
and u; unemployed members who receive unemployment benefits b and spend resources G(s;)
on searching for a job. Households choose a path for consumption {C;},°, to maximize

expected lifetime utility,

e -0
Ey Z 5t [M - ntg(ht, €t) ) (4)

l1—0
t=0

subject to the budget constraint Cy + T; = nyw;hy + (1 — ng)(b — G(s¢)), where T} are lump-
sum taxes, 5 € (0,1) is the subjective discount rate, o > 0 is the parameter of relative risk
aversion and g(hy, e;) measures individual disutility of providing hours of work h; and effort
per hour e;. Unemployment benefits are financed through lump-sum taxes. For simplicity, we
abstract from public debt and stipulate that the government budget constraint is balanced
in each period, i.e. T; = u;b for all ¢.

In period ¢, an employed worker receives the wage income w;h;. In the next period, he
is either still employed with probability (1 — p), in which case he has an expected value of
E{B:++1Wii1}, or the employment relation is dissolved with probability p, then his expected

value is Ei{f;141Uis1}. The worker’s asset value therefore is

Wy = wihy + E{ Bra1[(1 — p)Wigs + pUpsa] }, (5)



where ;1 = SAt/Ai—1 is the household’s stochastic discount factor and A\, = C; 7 is the

marginal utility of consumption. The value of being unemployed U, is in turn given by

Up=b—G(s:) + E{Brir1[pe(1 — p)Wisr + (1 = pe(1 — p))Uppa] }- (6)

The term b — G(s;) can be thought of as the (net) value of leisure or non-market activity,
measured in terms of consumption goods. In the next period, the unemployed person faces
a probability p; of finding a new job, which has an expected value of E{f;++1Wi11}, and a
probability 1 — p; of remaining unemployed, which has an expected value of Ex{f;+4+1Us41}-
The job finding rate is defined as the number of matches over unemployment, p; = my/u;.
Defining the worker’s surplus as W, = W; — U,, we can subtract (6) from (5) to write the

match surplus going to the household as

W, = wihy — g(ht, €t)/)\t - (b - g<3t)) + (1 - P)Et {ﬁt,tﬂ(l - pt)Wt+1} . (7)

One-worker firms produce consumption goods y;. Let J; denote the firm’s match surplus,
i.e. the value to the firm of hiring a worker. It is the sum of current profits, i.e. output
minus the wage bill wsh;, and the firm’s continuation value. The latter is the expected
future match surplus in case the employment relationship continues, which happens with
probability (1 — p). The firm’s value is zero in case the worker and the firm separate, which

happens with probability p. Thus,

T =y —wihy + (1 = p) E{fras1 i1} (8)

The value of posting a vacancy is given by the negative of the vacancy posting cost ¢, plus the
expected future value of the vacancy. The latter is a weighted average of the value of filling
the vacancy, i.e. the firm’s match value in the next period, which has probability ¢;(1 — p),
and the future value of the unfilled vacancy, V., which has probability (1—¢,(1—p)), where

q: = my/v; is the vacancy filling rate. Therefore,

Vi = —c+ E{Brir1a:(1 — p)Trr1 + (1 — q:(1 = p))Via] }- (9)

Free entry drives the value of a vacancy to zero at each point in time, such that V; = 0 for
all t and thus (9) becomes

c/a = (1 = p) E{ Brer1Te41}- (10)

Combining the firm’s asset value (8) and the free entry condition (10), we get the following

expression for the firm’s match surplus: J; = y; — wihy + (1 — p)c/q. Finally, using this to



substitute out J;41 in the free entry condition (10), we obtain the vacancy posting condition,

c/q = (1= p)E{Brir1 Wer1 — Weprhepr +¢/qi1) } - (11)

Hiring is an investment decision where the intertemporal dimension, more specifically the
expected value of a marginal worker, is key. Equation (11) states that the current cost of
posting a vacancy, ¢/q;, must equal the expected benefit of posting a vacancy, which consists
of three terms: (1) the output produced vy, (2) wage payments w;h;, and (3) the savings on

future vacancy posting costs due to a successful match. The transversality condition is

lim E{B,rJrnr} =0, (12)
T—o00

see also Mortensen (2009). Under Nash bargaining, the real wage maximizes the joint match
surplus W/ .7,517", where 7 € (0,1) is the worker’s bargaining share. The surplus sharing rule

s (1 =W, = nJ,, and the bargaining wage satisfies

wehy = (Y + i) + (1 =n)g(he, e) /M + (b= G(s0))]; (13)

where 6; = vy /u; is labor market tightness. Equation (13) shows the direct effects of variable
labor effort and search effort on the bargaining wage. The former increases output, y;, and
labor disutility, g(h,e;), while the latter increases search costs, G(s;), which reduces the
worker’s outside option. The two types of effort have opposite effects on the bargaining
wage.

Finally, goods market clearing requires that consumption equals net aggregate output,
C; = Y;. In a symmetric equilibrium, the latter is total output produced by all firms, less

the resources used up in vacancy posting and search activities, Y; = y,my — cvy — uG(sy).

Labor effort. The firm’s production function is given by the product of hours of work and
effort per hour, as follows:
Y = ey (14)

Worker effort is modeled as in Bils and Cho (1994), who assume that labor disutility is given
by

Anhy T Aot T
1+ o0y, "1+o,°

The parameters o, > 0 and 0. > 0 measure, respectively, the curvature of the labor disutility

g(htaet) - (15)

function in hours and effort, while A, > 0 and A, > 0 are the weights on hours and effort in

labor disutility.

10



Every period, workers choose their supply of hours and effort in order to maximize ex-
pected lifetime utility (6), with labor disutility given by (15), subject to the firm’s production
technology. In other words, the firm requires a certain number of effective labor hours to
meet its production target. However, the worker has discretion over the combination of
hours and effort per hour that gets the job done while minimizing disutility. The firm pays
the worker by the hour and does not monitor effort.

Equilibrium effort is an increasing and convex function of hours per worker,

e = eohfh/(HUe), (16)

where ey = (H;—:’;—’ﬁ” (I+oe)  Using the optimal effort choice, we can rewrite labor disutility

€

as a function of hours only,

h)) =\ ——"CSh,Ton 17
g( t) h<1+o_h)o_e t ) ( )
and the production function becomes
Y = 60h¢ (18)
t

with ¢ = 14 03,/(1+ 0.) measuring the returns to hours in production. For a given elasticity
of labor disutility to hours oy, a finite value for o, implies that there are increasing returns
to hours in production (¢ > 1), i.e. a one percent increase in hours worked increases output
by more than one percent. The constant-effort model is recovered as the limiting case where
0. — 00; any incremental rise in effort would lead to an overwhelmingly large utility loss,
such that in equilibrium effort does not change.

Hours worked are determined jointly by the firm and the worker to maximize the sum of

the firm’s and worker’s surpluses, respectively J; and W,. Hours per worker thus satisfy

peohy ™" = g'(he) /M, (19)

where ¢'(h;) denotes the worker’s disutility from working an additional hour. By (19), the
marginal product of hours must equal the marginal rate of substitution between hours and

consumption.

Search effort. Suppose that the search cost function is given by

G(se) = 5.7/ (1+). (20)

11



The household chooses the optimal amount of search intensity up to the point where the
marginal search costs and the benefits from searching just balance out. As explained in
chapter 5 of Pissarides (2000), worker ¢ chooses s;, taking the aggregate job finding rate p;
and labor market tightness 6, as given. His personal job finding rate does, however, depend
upon his search intensity, p; = p(sit; 8¢, 0;). For each efficiency unit supplied in the search
process, workers transition from unemployment to employment at rate % Therefore, the
transition probability of worker ¢ per period is given by py = s, and the derivative is

Opit

i ’S’—:. In equilibrium, search intensity is positively related to labor market tightness,

35 = [n/(1 —n)]ct:/s:. (21)

The left hand side of (21) is the marginal cost of exerting search effort. The right hand

side is the contribution of one efficiency unit of search to expected value of employment,

Opit
8Sit

entry condition for vacancies (10), to obtain (21). Table 1 reports the equilibrium conditions.

(1 — p)E{ Bt ++1Wis1}, which we can combine with the surplus sharing rule and the free

To summarize, equation (a) represents the definition of the unemployment rate; equation (b)
the definition of the labor market tightness; equation (c) the definition of the job finding rate;
equation (d) the definition of the probability of a vacancy being filled; equation (e) the law
of motion for employment; equation (f) the matching function; equation (g) the optimality
condition for hours; equation (h) the production function; equation (i) the aggregate resource
constraint; equation (j) the vacancy posting condition; equation (k) the optimality condition
for the bargaining wage; equation (1) the equilibrium search intensity; equation (m) the
definition of labor disutility given the optimal effort choice; and equation (n) the definition

of the search cost function.

Definition 1. A decentralized equilibrium in the labor search model with two types of effort
is a set of infinite sequences for quantities {ug, O, ney1, My, hey Yty Y, Ve, S:122, matching rates

{a, pe}320 and wages {w; }52,, satisfying the transversality condition (12), such that:
1. given matching rates and wages, the quantities solve the household’s problem,
2. giwen matching rates and wages, the quantities solve the firm’s problem,
3. employment is determined by the law of motion (2),
4. matching rates are determined by the matching function (3),
5. wages solve the Nash bargaining problem,

6. goods markets clear.

12



Table 1: Model equilibrium conditions

Unemployment, u;
Tightness, 0;

Job finding rate, p;
Vacancy filling rate, vy

Employment, n;

Matches, m; yme = x(seug)sv; ¢

Hours, hy 9) eod)hf_l =(1+4+op+ 0 ) \h{"Y Jo.
Production, ; )y = eohy

GDP, Y, )Y =y — cop — G(s¢)uy

Vacancies, ¢; g)e/a = (1= p)BEA(Ye/ Y1) (Ye41 — wesrhegr + ¢/qe41)}
Jwehe = n(ye + cby) + (1= n)[g(he) Y + (b= G(st))]

D) (1= n)s; ™ = neb;

m)oe(1+0p)g(he) = (1 + oy + o) Aphy ™"

n) (L+¢)G(s0) = 57

Wages, wy

Search intensity, s;
Labor disutility, g(h¢)
Search cost, G(s¢)

We linearize the equilibrium conditions around their non-stochastic steady state. Letting
a hat above a variable denote that variable’s linear approximation, the system can be con-
densed into two equilibrium conditions determining one control variable, 6,, and one state

variable, 1.1,

alEt{ét—f—l} = {5-%0511 (% + g(;)u) + ooy (1 — &+ ﬁ) P} ét—UCYQ <B - % — 1) g,

ﬁt—i—l = (1 - § + %) pét + ¢ U p’flt (23)

In (22), oy and « are defined as follows,

_ ¢ n b (v G(s)u
Oél—ﬁ(l_l))mé(l—gp)‘i‘aé—l(?‘i‘ v )’

b cd  G(s)
OQ_UE <1+?+7),

and we introduce the composite parameters o; > 1 and 95 > 1,

_ t , G(s) ¢
(51—1+U(1+?+ % )(1+0h)_¢7

13



¢ eoh?
140 ¢/q

0y =14 5(1=p)(1—n)
We can write the two-equation system (22) and (23) in a more compact way:

A 13 o cv G(s)u o 13 o do—1 ~
Et{9t+1}]: {a+m<?+ Y >+%—3<1—5+m>p} _Oa_f<§_26_2> [915
(1-¢+%)r 12

i1 T
(24)
The model has a (locally) unique stable solution if and only if the transition matrix in (24)
has one stable root (i.e. smaller than 1) and one unstable root (i.e. greater than 1). Then
0; can be solved forward in terms of the state variable n; and the model is characterized by
saddle-path stability. If, instead, both roots are unstable, the model solution is non-existent.
Finally, if both roots are stable, the solution is indeterminate and multiple equilibria exist.

This means that any initial value of € is consistent with the model’s equilibrium condition
in Table 1.7

3 Determinacy in the standard labor search model

Having derived the model and its linearized representation, we now analyze its determinacy
properties. We proceed as follows. First, we characterize determinacy in the standard labor
search model with constant (labor and search) effort. We do so analytically for the case of risk
neutral households. Second, we discuss how search externalities may lead to indeterminacy
in this framework. Third, to analyze the more general case with risk aversion, we resort to

numerical methods.

3.1 Analytical results under risk neutrality

It is instructive to study the case of risk neutrality where o = 0, also shown by Krause and
Lubik (2010). In that case, ay = d, = 0, 0; = 1, and a; = B(1 — p)ﬁgu — p). The

dynamic system simplifies to

Et{ét-H} ] _ [ (W(l—ép) 0 ] [ ?t ] . (25)

g1 1—£—|—C)p 1—-2

"A more general condition for a determinate solution is that there are as many non-predetermined
variables as non-explosive roots of ® in the system z; = ®z;41 +'e;y1, where z are the endogenous variables
and e are the exogenous shocks (see Benhabib and Farmer, 1999).

14
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Since the transition matrix in (25) is lower triangular, its roots are given by its diagonal

elements. Thus,
1. the model solution is unique if and only

(a) either |m| < land |1 — £ > 1], that is if [5(1 — p)(1 — ¢p)[ > 1 and

2u < p.

2. the model solution is indeterminate if [5(1 — p)(1 — p)| > 1 and p < 2u.
3. the model solution is non-existent if [3(1 — p)(1 — ¢p)[ < 1 and 2u < p.

Regardless of parameter choices, the model itself provides further restrictions that influence

equilibrium existence and uniqueness.

Proposition 1. Under risk neutrality, the labor search model has at least one stable solution
for all admissable values of the steady state unemployment rate and the job separation rate,

i.e. those that lie on the unit interval.

Proof. Combining the law of motion for employment (2) and the constant labor force as-
sumption (1) at the steady state, the job finding rate can be expressed as p = ﬁFT“. For
the job finding rate to be strictly lower than unity at the steady state, the separation rate
must not exceed the steady state unemployment rate, p < u. Therefore, under our calibra-
tion strategy that fixes u, and given the above cross-parameter restriction, the second root
of the transition matrix is stable. This rules out equilibrium non-existence, Case 3, as well

as Case 1(a). O

Proposition 2. Under risk neutrality, the labor search model is characterized by equilibrium
indeterminacy if the worker’s bargaining weight exceeds the match elasticity to unemploy-

ment, thereby violating the Hosios (1990) condition, to a sufficiently large degree.®

Proof. Consider the root 1/[3(1 — p)(1 — Zp)]. Notice that, since 3, (1 — p) and p all lie
between 0 and 1, it is clear that under the so-called ‘Hosios condition’, n = £, we have that
|B(1 = p)(1 —p)| <1 and thus the first root of the transition matrix is unstable. Therefore,
the Hosios condition ensures equilibrium uniqueness.’ Indeterminacy arises if the first root

is stable, which occurs if the Hosios condition is violated to a sufficiently large degree.

8The indeterminacy frontier derived below can also be found in Lazaryan and Lubik (2019) for the global
solution to the simple search model.

9This result has been noted in Bhattacharya and Bunzel (2003), Krause and Lubik (2010), Lazaryan and
Lubik (2019).
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More specifically, we need that |5(1 — p)(1 — p)| > 1, which requires that the workers’
bargaining power, which measures the share of the match surplus going to workers, exceeds
by a sufficiently large amount the workers’ contribution to match success, which is captured
by the match elasticity to unemployment, i.e. when n >> £. Rearranging the indeterminacy

condition, we find that indeterminacy arises if and only if

1+ (1 —p)

B & (26)

n >
Condition (26) shows that, on the (£, n)-plane, the indeterminacy frontier is a straight line
with slope greater than 1, where we again assume that p < u. All (£, n)-pairs above this line

are associated with an indeterminate model solution. O

The slope of the indeterminacy frontier depends positively on the separation rate and
negatively on the steady state job finding rate. This means that the indeterminacy region is

larger, the lower is the separation rate and the higher is the steady state job finding rate.°

1. In labor markets characterized by frequent outflows from unemployment, indetermi-
nacy is more prevalent than otherwise. To see this, consider that the slope of the
indeterminacy frontier (26) is approximately 2/p, since 5(1 — p) is close to 1. Thus, a

higher p reduces the slope, making it more likely for the inequality to be satisfied.

2. Labor markets characterized by infrequent inflows into unemployment are more prone
to indeterminacy. Recall that in this framework, hiring is an investment activity with
a stream of future benefits in the form of profits and vacancy posting costs saved.
Discounting takes into account both impatience, captured by (3, and separations, cap-
tured by p. Lower discounting — either due to a higher 5 or a lower p — makes the
future benefits from hiring more elastic; this raises the probability of an indeterminate

equilibrium.

Proposition 3. Under risk neutrality, neither variable labor effort nor variable search effort

has any bearing on equilibrium determinacy.

Proof. The proof is straightforward from the fact that the two roots of the transition matrix

are independent of (, as well as o, and o.. O

ONote that, in the steady state, unemployment outflows equal unemployment inflows. Hence, the two
rates are not independent of each other, but related as follows: p = [p/(1 — p)][u/(1 — u)].
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3.2 Search externalities and indeterminacy

The search-and-matching model has inherent externalities. The probability of a vacancy
being filled ¢(#) and the job finding rate p(f) both depend on labor market tightness. The
vacancy filling rate decreases with the number of vacancies. As a firm posts more vacancies,
it becomes more difficult for other firms to fill their open positions. This constitutes an
externality, because a firm does not take into account that an additional vacancy increases
the hiring costs to other firms. Similarly, the job finding rate decreases with the size of the
unemployment pool. When an additional unemployed worker searches for a job, or when
an unemployed worker exerts additional search effort, this reduces the chances of other job-
hunters getting hired. This phenomenon of more agents searching on the same side of the
market thus gives rise to a negative congestion externality. The probability of a vacancy
being filled, instead, increases with the number of unemployed workers and the job finding
rate increases with the number of vacancies. More agents searching on the other side of the
market causes a positive trading externality (Yashiv, 2007) or thick-market effect (Petrongolo
and Pissarides, 2001).

As explained by Petrongolo and Pissarides (2001), the elasticity of matches to the number
of unemployed workers, parameter ¢ in the matching function, governs the size of the search
externalities. Given the Cobb-Douglas form of the matching function, a lower elasticity, i.e.

a higher value of 1 — ¢, implies

1. less congestion of firms on each other. If (1 — &) is close to 1, the matching function is
almost linear in vacancies. A variation in v thus leads to an almost one-to-one change
in m. Consequently, the vacancy filling rate ¢ = m/v moves only little, which implies

that also effective hiring costs are inelastic to variations in 6.

2. a greater positive trading externality (thick-market effect) caused by firms on searching
workers. If (1 — &) is close to 1, the matching function responds very little to changes
in u. Hence, the following negative feedback effect is very weak: Consider a rise in v,
which induces a rise in m. This leads to a fall in u, which in turn dampens the rise in

m. For this reason, fluctuations in the job finding rate p = m/u are amplified.

In the following, we abstract from hours, labor effort, search effort, and risk aversion and
thus consider the baseline DMP model with exogenous output, y; = y. We can rewrite the

vacancy posting condition (11) in terms of labor market tightness,

(c/X)0; = (1 — p)BEA(L —n)(y —b) —ncbers  +(c/X)05,1 }. (27)
—— ——

wage channel hiring cost channel
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In (27), the current ‘asset price’ of a worker, represented by 6;, depends on the expected
future price. As explained in Blanchard (1979), uniqueness of the solution depends on
whether the elasticity of the current price to next period’s expected price is greater or less
than 1 in absolute value.

When firms post more vacancies, this leads to a tightening of the labor market. In turn,
this affects the returns to hiring — the right hand side of (27) — in two opposite ways. On
the one hand, the congestion effect increases the returns to hiring through the hiring cost
channel. By lowering the vacancy filling rate ¢, a labor market tightening increases vacancy
duration 1/¢ and thus effective hiring costs ¢/q. This encourages vacancy posting today,
since a successful hire today implies savings on future vacancy posting. On the other hand,
a tighter labor market increases the workers” outside option of labor market search and thus
the Nash wage. This reduces the returns to hiring through the wage channel.

The vacancy posting condition (27) balances out these two effects on profits under a
standard calibration, leading to a unique equilibrium. However, if the strength of the wage
channel far exceeds the strength of the hiring cost channel, such that the consolidated co-
efficient on Ei{f;;1} in (27) is smaller than —1, the model solution becomes indeterminate.

This can happen when:

1. effective future hiring costs are inelastic with respect to 6, which is the case when ¢ is

small so that there is little congestion, and

2. the wage is very responsive to labor market conditions, which is the case when the

workers’ bargaining share 7 is high.

To sum up, indeterminacy in the standard DMP model with risk neutrality arises when firms
exert a large thick-market externality on unemployed workers without being appropriately
compensated; n is far in excess of £&. Then the hiring cost channel of vacancy posting on the

worker’s asset value is weak and the wage channel is strong.

3.3 Numerical results under risk aversion

We calibrate and examine a two-dimensional continuum of models on the (£,1)-plane, where
&,nm € (0,1). To maintain comparability, steady state unemployment should remain constant
across all calibrated models. Hence, we adjust the leisure value b simultaneously whenever
a change in the match elasticity £ or the bargaining parameter 7 is examined.

Additionally, we present indeterminacy regions for two alternative calibration strategies.
First, we pin down the replacement rate, i.e. the value of leisure relative to productivity,
and let the vacancy posting cost be determined endogenously. Second, we normalize steady

state labor market tightness and treat the leisure value as a residual.
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Baseline calibration. We calibrate the model to a monthly frequency and set the discount
factor to B = 0.99Y/3. A risk aversion parameter of ¢ = 1 yields logarithmic consumption
utility and implies balanced growth. The steady state unemployment rate is calibrated to
6% in line with US post-war data. The cost of posting a vacancy is set to ¢ = 0.1 as in
Krause and Lubik (2010). This value is consistent with Hagedorn and Manovskii (2008),
who propose a non-capital cost of posting a vacancy equal to 11% of labor productivity. We
also note that our choice for ¢ implies a share of vacancy posting costs over GDP close to
1%, which is in line with Andolfatto (1996) and Blanchard and Gali (2010) among others.

Our calibration for the separation rate is based on Shimer’s (2012) estimate using US
labor market micro data. His value p = 0.034 for the average monthly separation rate implies
that jobs last for around two and a half years. Hobijn and Sahin (2009) present estimates of
monthly separation rates, defined as the fraction of workers who leave their jobs, in different
OECD countries ranging from 0.7% to 2%. Our calibration for the steady state vacancy
filling rate, ¢ = 0.33, follows den Haan et al. (2000). Christoffel et al. (2009) also propose
this value based on European data.

The parameter governing the disutility of hours, oy, is calibrated to 2, which is in the
middle of the range proposed by Keane and Rogerson (2012). The disutility of effort param-
eter, o,, is calibrated to target ¢ = 1.5. This calibration of increasing returns in aggregate
production follows Barnichon (2010) and is consistent with Bils and Cho (1994)’s work. In
addition, Lewis et al. (2019) estimate the parameter ¢ in a New Keynesian model with
variable capital and labor utilization and find a value greater than 1.5.

From this calibration, we derive several other steady state variables and parameters
recursively. At the steady state, employment is n = 1 — u. The number of matches is
derived from the law of motion for employment, m = ITppn. Given that we pin down the
vacancy filling rate ¢, vacancies are given by v = m/q. Labor market tightness is § = v/u.
Without loss of generality, we normalize search intensity to unity, s = 1. Matching efficiency
is computed as y = ¢(6/s)¢. We set hours h to unity and find the value of \;, which achieves
this normalization. Similarly, we calibrate A\, to obtain ey = 1, which yields A\, = li—:’i)\h.
Firm output y is equal to egh?, see the production function. GDP is aggregate production
minus vacancy posting costs and job search costs, Y = yn — cv — G(s)u. Finally, we solve

the steady state job creation condition for the value of leisure b.

Risk aversion. Under the assumption of risk averse households (o > 0), we can no longer
characterize the determinacy properties analytically and need to use numerical techniques
instead. In our model, we set ¢, = s; = 1 and we assume constant hours as well, h;, = 1.

Constant hours and effort can be achieved with a calibration that sets the elasticity of
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Figure 1: Standard search model: risk neutrality (¢ = 0) vs. risk aversion (o = 1)
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Note: Indeterminacy regions are shaded black, uniqueness regions with a negative stable root in
vacancy posting condition are shaded gray, uniqueness regions with a positive stable root are white.
The red line depicts the indeterminacy frontier (26). Below the dotted line, the implied leisure value
b is negative.

disutility of hours and effort, as well as the elasticity of search costs, to a very high number.

Comparing the two panels in Figure 1, we see that indeterminacy is somewhat less likely
under risk aversion. Why is this? Risk aversion implies greater intertemporal substitution,
which leads to greater discounting, i.e. it lowers the effective discount factor. There is a
negative relationship between the effective discount factor and the slope of the indeterminacy
frontier in (26). Therefore, under risk aversion, the indeterminacy region lies further away
from the Hosios condition.

An additional model-implied restriction, which we have neglected so far, is that the leisure
value b needs to be positive. Realistically, the unemployed receive welfare benefits rather
than being taxed. We investigated under which parameter combinations b turns out to be
negative. This happens if the worker’s bargaining weight is rather low. The match elasticity
has no effect on the implied leisure value. In Figure 1, the parameter combinations beneath
the dashed line lead to a negative leisure value and are therefore not admissible. In the
euro area, the implied leisure value is negative only for extremely low values of the worker’s

bargaining weight.

3.4 Labor market policies

How do government policies influence equilibrium indeterminacy? This is the question we

turn to next. We consider unemployment benefits and labor taxes.
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Unemployment benefits. In the labor search model, unemployment benefits are rep-
resented by the leisure value b, which amounts to the size of the worker’s outside option
in the wage bargaining process. The preceding discussion showed that, for a given (§,n)-
pair, a higher responsiveness in labor market tightness boosts the wage channel and thereby
increases the incidence of indeterminacy. This insight led us to the following thought experi-
ment. Setting b/y close to 1, as in Hagedorn and Manovskii (2008), should make profits and
hence tightness more volatile. Will this alternative calibration then lead to a larger region
of indeterminacy? To answer this question, we change our calibration strategy; we fix the
leisure value b and let the vacancy posting cost ¢ be determined residually. Figure 2 shows

the result of this exercise.

Figure 2: Standard search model: low vs. high leisure value b
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Note: Indeterminacy regions are shaded black, uniqueness regions with a negative stable root in
vacancy posting condition are shaded gray, uniqueness regions with a positive stable root are white.
Below the dotted line, the implied vacancy posting cost exceeds firm output, ¢ > y.

In the panel on the left, b = 0.4 as proposed by Shimer (2005); in the panel on the right,
we follow Hagedorn and Manovskii (2008) and set b = 0.955. Recall that we normalize firm
output to unity, y = 1. Indeed, as conjectured, a larger b expands the indeterminacy region.
Note that the dashed line represents a threshold level for n below which the implied vacancy

posting cost exceeds firm output, i.e. ¢/y > 1.

Labor income taxes. Introducing a proportional labor income tax 7 € (0, 1) on workers

changes the determinacy frontier to:

1+ (1 —p)

R TGy

£, (28)
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where ¥ = [1 — (1 — n)7|~' > 1. The left hand side of (28) can be interpreted as a tax-
adjusted bargaining power of workers. Introducing labor taxes in the model, which implies
U > 1 and hence ¥n > 7, has the effect of making indeterminacy more likely. This is because
the threshold value for the bargaining power parameter above which indeterminacy obtains
is decreased.

In Figure 3, we verify numerically that a higher tax rate enlarges the indeterminacy
region. The left hand panel displays the case without taxes. In the middle panel, we
consider a tax rate of 20%, the average income tax in the US (Kliem and Kriwoluzky, 2014;
Zubairy, 2014). In the right hand panel, we set a European-style tax rate of 38% as reported
in European Commission (2018).

Figure 3: Standard search model: zero, low and high labor tax rate
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Note: Indeterminacy regions are shaded black, uniqueness regions with a negative stable root in
vacancy posting condition are shaded gray, uniqueness regions with a positive stable root are white.
Below the dotted line, the implied leisure value b is negative.

With a tax on labor income, the vacancy posting condition in the standard DMP model

reads!!

(/)0 = (1= p)BEA(L = Un)(y —0) — (¥ = 1)b — Unehopr + (¢/x)b;r}. (29)

An increase in the tax rate has the effect of raising the workers’ effective bargaining power.
Even though it is workers that pay the tax, Nash bargaining implies that the tax shrinks
the match surplus. So, employers and workers split the tax burden according to the sharing
rule. As a consequence, the Nash bargaining wage becomes more sensitive to labor market
conditions, see (29). Then, through the increased importance of the wage channel, the
indeterminacy region expands.

The labor tax makes working less attractive relative to non-work. Intuitively then, its

effect is similar to that of an increase in unemployment benefits.

1 The full derivation of the standard search model with labor income taxes is provided in the appendix.
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4 Determinacy in the labor search model with effort

In the following, we characterize the conditions for local equilibrium existence and uniqueness
for two model variants: 1) the model with variable labor effort and constant search effort,

2) the model with variable search effort and constant labor effort.

Labor effort and indeterminacy. Employment flows are not the only form of labor
adjustment. In many countries, hours worked per employee are an important margin along
which labor varies (see the evidence in e.g. Ohanian and Raffo, 2012; Dossche et al., 2019).
Moreover, variable labor utilization, or effort, has been proposed as a third labor margin
to help explain the observed procyclicality of labor productivity.'? Burda et al. (2019) use
the American Time Use Survey 2003-12 to show that ‘non-work at work’, which we might
interpret as low effort per hour, is substantial and varies countercyclically. More specifically,
they find that time spent in non-work conditional on any positive amount rises, while the
fraction of workers reporting positive values declines with unemployment. Since the former
effect dominates, there is a positive relationship between non-work and the unemployment
rate. This evidence suggests that variable effort is a relevant labor adjustment margin in the
US. In a business cycle model estimated for the euro area, Lewis et al. (2019) show that a
model with labor effort outperforms one with variable capital utilization.

Benhabib and Farmer (1994) show that increasing returns can be a source of indetermi-
nacy. In our model, hours and variable labor effort allow for increasing returns to hours in
production. As a result, the worker’s marginal product and therefore his asset value rises.
This strengthens the wage channel, making indeterminacy more likely in the model with
hours and effort than in the standard search model.

Figure 4 shows the determinacy regions in our model, setting the constant of relative
risk aversion to ¢ = 2. The chart on the left is the standard labor search model without
hours or effort; the one on the right is the model featuring both hours and effort. The figure
shows that introducing hours and effort into the model expands the indeterminacy region
somewhat.

The region where b is negative is larger in the model with two additional labor margins
than they are in the standard labor search model. This is intuitive, since introducing hours
and effort reduces the model-implied leisure value; we can write b = b° — ¢/(1 + 0,), where
b* is the leisure value in the standard labor search model without hours and effort.

We conclude from this exercise that increasing returns due to variable labor utilization

have a rather small effect on indeterminacy. This contrasts with Wen (1998), who argues that

12A non-exhaustive list includes Oi (1962), Bils and Cho (1994), Rotemberg and Summers (1990), Bar-
nichon (2010), and Gali and van Rens (2014).
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Figure 4: Labor effort and determinacy: constant vs. variable labor effort
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Note: Indeterminacy regions are shaded black, uniqueness regions with negative stable root in
vacancy posting condition shaded gray, uniqueness regions with positive stable root are white. Below
the dashed line, the implied leisure value b is negative.

variable capital utilization can generate indeterminacy under empirically relevant parameter

choices.

Search effort and indeterminacy. In the standard model we have found that a bargain-
ing share of workers sufficiently above the value required for efficiency according to the Hosios
condition results in an indeterminate equilibrium. Does this result depend on the (common)
assumption of one-sided search — on the part of firms — which we have maintained thus
far? In the standard labor search model, only the firms actively search by posting vacancies.
Quite plausibly, though, unemployed workers could drive up their search intensity whenever
it is advantageous to do so, i.e. whenever the expected return to searching more intensively
exceeds the associated marginal cost.

Suppose that firms become optimistic and post many vacancies, leading to a tightening of
the labor market. The job finding rate increases, which induces the unemployed to raise their
search effort. This effect — in isolation — reduces labor market tightness, the job finding
probability and the wage. In other words, the wage channel is weakened under variable
search intensity. Models with two-sided search, on the part of both firms and unemployed
workers, have been developed in e.g. Merz (1995) and Hashimzade and Ortigueira (2005),
among others.!® For simplicity, we abstract from on-the-job search in the present analysis;
only unemployed workers engage in search.

Search intensity is an empirically relevant model ingredient. A large body of evidence,

discussed in more detail below, suggests that search intensity by job-seekers varies over

13Berentsen et al. (2007) present a two-sided search model of money.

24



the business cycle. The standard search model generates too little labor market volatility
(Shimer, 2005). Gomme and Lkhagvasuren (2015) show that unemployment volatility is
higher in a model with variable search intensity, thus bringing the search model closer to the
data in this dimension. The mechanism is the following.

With constant search intensity, firms that expect a boost to profits (e.g. thanks to
an expected technological improvement) post more vacancies, raising the job finding rate
and thus the workers’ outside option. The resulting rise in wages eats up much of the
firm’s expected rise in profits. Instead, with variable search intensity, the value of being
unemployed rises by less — since exerting more search effort is costly —, and therefore the
wage also rises by less. This leaves a larger surplus for the firm, which in turn amplifies the
rise in vacancies. The mechanism is similar to the search complementarities in Fernandez-
Villaverde et al. (2019)’s model with inter-firm matching: as one party increases its search
activities, it becomes advantageous for the other party to do the same.

Figure 5 shows the determinacy regions in the model with variable search effort, where
the coefficient of risk aversion is set to ¢ = 1. A highly convex cost function with ( set
to a value above 10, shown in the left panel, brings the two-sided search model close to
our baseline model with constant search intensity, see the right hand side of Figure 1. The
indeterminacy region shrinks as we make the search cost function flatter, lowering ¢. In the
panel on the right, search costs are quadratic following the evidence in Yashiv (2000), i.e.
¢ = 1. If we instead assume that the G(s;)-function is convex but fairly flat, following the

argument in Shimer (2004), and set ¢ = 0.1, indeterminacy all but disappears (not shown).

Figure 5: Search effort and determinacy: highly convex vs. quadratic search cost function
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Note: Indeterminacy regions are shaded black, uniqueness regions are white, uniqueness regions
with negative stable root in vacancy posting condition shaded gray, uniqueness regions with positive
stable root are white. Below the dashed line, the implied leisure value b is negative.

To summarize, a convex but fairly flat search cost function reduces or even eliminates
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indeterminacy. Below, we discuss the literature on search intensity and the empirical evidence

on the size of (.

A look at the literature. A large empirical literature documents that search intensity by
the unemployed varies across time, lending support to the idea of endogenizing s;. However,
there is no agreement on its cyclical properties, which is in part related to the fact that
search intensity is not directly observable. A number of proxies have been proposed.

Shimer (2004) uses the number of search methods from the Current Population Survey
(CPS) and points out that this measure is countercyclical. Pan (2019) constructs search
activity indices for different sectors in the US, based on Internet search volumes, which are
also countercyclical. These approaches do not differentiate between on-the-job search and
search activity by the unemployed, which according to Faberman et al. (2017) might differ
to a large extent. Mukoyama et al. (2018) combine responses from the American Time
Use Survey (ATUS) with the CPS to show that job search effort by the non-employed is
countercyclical.

Krueger and Mueller (2010) consider the time the unemployed spend on search activities.
Using the ATUS, they show that job search time increases with the expected wage. Gomme
and Lkhagvasuren (2015) argue that this is indirect evidence of procyclical search intensity,
since expansions are times when expected wages are high, and individual wages are also
highly procyclical as shown by Solon et al. (1994).1% Moreover, Gomme and Lkhagvasuren
(2015) find that labor market tightness is highly correlated with search intensity by the short-
term unemployed. The two-sided search model here and in Pissarides (2000) is consistent
with search effort being procyclical.

The other important issue for our analysis is the shape of the search cost function. How
large is (7 While Stiglitz (1987) considers both convex and concave search costs, many
studies impose convexity on the search cost function: Merz (1995), Kaas (2010), Gomme
and Lkhagvasuren (2015) all do this. First, to the extent that search activity is time-
intensive, the natural constraint imposed by the time endowment makes every additional
unit of search more and more costly. This reasoning for convexity in search costs is arguably
more applicable to on-the-job search, where a searching worker is already close to his time
constraint. Second, as explained above, Gomme and Lkhagvasuren (2015) argue that search
costs help to generate employment volatility; this goes some way in solving the so-called
‘Shimer puzzle’ if ¢ is not too high. Empirical evidence in Christensen et al. (2005) supports

a specification of search costs that is quadratic, although we note that, here also, the authors

14The argument here is that the observed acyclicality of average wages is driven in part by a compositional
bias.
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analyze on-the-job search. Instead, in Yashiv (2000), only unemployed workers exert effort;
that paper also presents evidence of quadratic search costs.

Yan (2013) provides empirical evidence of fixed job search costs. Ferndndez-Villaverde
et al. (2019) employ a search cost function with a non-convexity. This feature is critical
to the existence of multiple equilibria in their model. Since some agents will choose not to
search at all, there exists an equilibrium with low output, low search and high unemployment
in addition to an equilibrium with high output, high search activity and low unemployment.
Cheron and Decreuse (2016) present evidence of postings by job-seekers (or recruiting firms)
that testify from past search activity and remain online even after a match has taken place.
Removing these postings is costly and they therefore live on as ‘phantoms’. This evidence
also suggests that searching entails some fixed costs. When we added a fixed cost component
to our function G(s;), however, this did not alter our findings qualitatively.

In conclusion, the evidence suggests that search costs are convex in search effort, which

implies a smaller indeterminacy region compared with the standard DMP model.

5 An alternative model with hiring costs

The search-and-matching model fails to replicate certain salient features of the labor mar-
ket (Shimer, 2005). In particular, it predicts a strong immediate response of vacancies to
productivity shocks, whereas in the data, we instead observe hump-shaped dynamics.!> As
explained in Hertweck (2013), the reason for this counterfactual prediction lies in the as-
sumption of linear vacancy posting costs, ¢, which a firm incurs each period, irrespective
of whether or not the matching process is successful. Effective hiring costs are in this case
given by ¢/q;, i.e. vacancy posting costs multiplied by the expected duration of a vacancy.
After a positive productivity shock, vacancy duration 1/¢; and hence effective hiring costs
increase sharply and persistently; this is due to congestion externalities as explained above.
The persistence in elevated hiring costs induces firms to post many vacancies immediately,
giving rise to a convex-shaped impulse response in the number of vacancies.

Replacing linear vacancy posting costs with hiring costs, akin to Gertler and Trigari
(2009), brings the model closer to the data in this dimension. Conceptually, an important
difference between the two models is that in the hiring cost model, filling a vacancy entails

a cost, rather than posting a vacancy.'® Hence, a firm that wishes to hire a worker always

15See Pissarides (2000).

16We would like to stress that our modeling approach differs from Mortensen and Nagypal (2007) and
Ljungqvist and Sargent (2017), who maintain the search framework setup with the vacancy posting costs and
merely add post-bargaining hiring costs, which make the firm’s surplus more elastic to productivity changes.
In addition, pre-bargaining hiring costs as in Pissarides (2009) have an effect on the equilibrium wage.
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finds one at the current cost. In the absence of search externalities, that cost is independent
of search time and, thus, independent of labor market tightness. Hertweck (2013) has shown
that, when the effective hiring cost is proportional to the aggregate hiring rate, firms have
strong incentives to smooth hiring activities over several periods. As a result, the model
closely replicates the hump-shaped impulse responses observed in the data. The hiring cost
approach has become more popular recently; applications include Gali and van Rens (2014).

In the following, we investigate the determinacy properties of the hiring cost model. For

expositional clarity, we abstract from endogenous labor and search effort.

5.1 Model setup

Let us introduce the hiring rate as the number of new matches over employment, x; = m;/n;.
Hiring costs to an individual firm depend on the aggregate hiring rate and are given by cx;
per newly matched worker. The aggregate resource constraint changes to Y; = y;n; — cxymy,

and the vacancy posting condition of the standard labor search model (11) is replaced with

cxy = (1 = p) B{ Bros1(Yey1 — W1 + crey1) ) (30)

Notice from (30) that the firm’s surplus from hiring is different from the standard search

model. As a consequence, the bargaining wage is also different,

we = 0y + pecer) + (1 —n)b. (31)
Equilibrium in the hiring cost model is defined as follows.

Definition 2. A decentralized equilibrium in the hiring cost model is a set of infinite se-
quences for quantities {u;, me, i1, Yi}2y, matching rates {pg, x:}52, and wages {w:}2,,

satisfying the transversality condition, such that:
1. given aggregate matching rates and wages, the quantities solve the household’s problem,
2. given aggregate matching rates and wages, the quantities solve the firm’s problem,
3. employment is determined by the law of motion (2),
4. wages solve the Nash bargaining problem,

5. goods markets clear.
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Table 2: Equilibrium conditions: hiring cost model

Unemployment, u; u; =1 —ny
Hiring rate, mq Ty =my/ny

Job finding rate, pr  pr = my/uy

Employment, n; ner1 = (1 — p)(ng + my)

GDP, Y; Yi = yne — coymy

Hiring, x¢ cxy = (1= p)BEA{(Ye/Ye41)7 (Y41 — Wep1 + ci41)}
Wages, wy wy = n(ye + prexy) + (1 — )b

The equilibrium conditions of the hiring cost model are presented in Table 2, where firm out-
put ¥ is exogenous. In linearized form, the system can be written compactly in two equations

describing one control variable, the hiring rate x;, and one state variable, employment n;,

. cTm . D .
aB {Ty1} = [1 +op+ 207 +B(1 - P)Upg Ty + (1~ p)%nh (32)
Niy1 = P+ N, (33)

where we define «a as follows,

cxrm
a=B(1—-p)(1—2np) + 207,

The two-equation system of the hiring cost model, (32) and (33), can be written in matrix

notation,

) = e (39)
Nyy1 P 1 Uz

Et{fm}] [§[1+0p+206@m+6<1—p>np5} éﬂ(l—p)"—f] [x

Notice that in this model, the hiring rate, rather than labor market tightness, is the relevant

control variable.

5.2 Determinacy analysis

We first analyze numerically the determinacy properties of the more general model with risk
averse households. To this end, we use the same calibration as in the standard search model.

The steady state hiring rate x, employment n, number of vacancies v, and labor market
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tightness 6 are identical in both models. However, the implied leisure value b becomes,

1-8(1—=p)(1—np)
B(1—p)(1—n)

b=y

We find that the hiring cost model has a determinate solution, even when we allow for
variable labor effort. No parameter combination (£,7) gives rise to indeterminacy. What
explains this result?

To gain more intuition on the mechanics behind this result, let us replace the wage (31)

in the hiring condition (30) to obtain

cry = (1= p)BEA(L —n)(y — b)—npryrcripr +emgn ) (35)

wage channel hiring cost channel

As in the standard model with linear vacancy posting costs, hiring affects the worker’s asset
value through two channels: the wage channel and the hiring cost channel. The size of
the consolidated coefficient on E;{z:1} on the right hand side of (35) is thus a critical
determinant of equilibrium (in-)determinacy. As shown in Section 3.2, indeterminacy in the
standard model with risk neutrality requires that the consolidated coefficient on E{6;,,}
is smaller than -1. In the model with hiring costs, this case is ruled out, given that the
bargaining share and the steady-state job finding rate — which both enhance the strength
of the wage channel — are both restricted to the unit interval. In addition, the match
elasticity &, which — if calibrated to low values — helps to dampen the impact of the
hiring cost channel in the standard model, no longer appears in equation (35). The match
elasticity & is no longer relevant for equilibrium determinacy, since it does not appear in
the equilibrium conditions (see Table 2). Indeed, £ in the hiring cost model affects only the
number of vacancies needed to attain the hiring rate x, for a given matching function.'” In
the absence of search externalities, low values of £ no longer dampen the hiring cost channel.
Therefore, indeterminacy cannot arise in this model.

To prove this statement formally, we again consider risk neutrality as a special case,

where a = (1 — p)(1 — 2np). The dynamic system simplifies to

N 1 1 N
Ei{Ze1} — | B(—p)(1—27p) + l—ngnpﬁ 1—77577135 Lt . (36)
p 1 ﬁt

41

Proposition 4. Under risk neutrality, the model with hiring costs is determinate, i.e. it has

Tn other words, vacancies are residually determined in the hiring cost model and play no allocational
role.
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a unique stable equilibrium.

Proof. The trace and the determinant of the transition matrix are

1 L_mwop
B(l—p)(1—2np) 1—2npu’

1
B(1—p)(1 —2np)

The two roots of the system can be written in terms of the trace and the determinant,

tr=1+

D=

1

Using a proof by contradiction, we can show that the first root of the transition matrix is
smaller than unity for 2np < 1, which rules out non-existence. By a similar argument, the

second root is necessarily unstable. Therefore, the system has a unique solution.'® O

6 Conclusion

We introduce two types of effort, worker effort and search effort by job-seekers, into a simple
search-and-matching model. We analyze how these extensions affect the model’s determinacy
properties. As shown in the literature, indeterminacy can arise in the canonical labor search
model when the price of a worker, i.e. the wage, increases strongly in response to firms’
vacancy posting and the ensuing tightening of the labor market. This happens when a very
high bargaining power of workers is combined with a matching function that is highly elastic
to vacancies. Then, the price of a worker increases strongly through the thick-market effect
by which any additional vacancy increases the job finding rate and, in turn, the wage.

In addition to clarifying the mechanism leading to indeterminacy in the standard search
model, we show how different calibration strategies alter the regions of indeterminacy in the
two-dimensional parameter space spanned by the match elasticity and the bargaining share.
Our key insight here is that, ceteris paribus, a stronger wage channel (i.e. a larger effect
of a labor market tightening on wages) is associated with larger regions of indeterminacy.
One example is a more fluid labor market, another is a calibration with a high value of
non-market activity.

The presence of variable labor effort expands the regions of indeterminacy compared to

a model featuring employment only. This result is driven by the increasing returns to hours

18For details, see the appendix.
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in production in the model with hours and effort as additional labor margins. The rise in a
worker’s marginal product in an expansion increases the Nash bargaining wage.

Variable search effort has the opposite effect; as long as search costs are convex in search
intensity, the indeterminacy region shrinks in comparison to the standard search model.
Vacancy posting by firms raises the job finding rate; this leads to greater search effort by the
unemployed, which in turn dampens the tightening of the labor market and the associated
rise in the wage.

We have also shown that indeterminacy is eliminated in a framework where labor market
frictions are modeled as hiring costs rather than a search process with linear vacancy posting

costs.
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Going the Extra Mile: Effort by Workers and Job-Seekers
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One-worker firms, Cobb-Douglas matching function, linear vacancy posting costs, predetermined employ-

ment, exogenous separations, no participation margin and no hours margin (labor force and hours constant

and normalized to unity), Nash wage bargaining.
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1.2 Production, firm’s match surplus, hiring

Production of output y; takes place in one-worker firms with labor only (i.e., no capital) and constant hours.
Firms’ wage costs are wy, such that period-t profits are y; — w;. Let [J; denote the firm’s match surplus,
i.e. the value of filling a vacancy. It is the sum of current profits and the firm’s continuation value. The
latter is the expected future match surplus in case the employment relationship continues, which happens
with probability (1 — p). The firm’s value is zero in case the worker and the firm separate, which happens

with probability p. Thus,
Tt = yr — we + E{Bea11[(1 — p)Te1 + p - 0]},

where Bi_1; = f )\:\il is the household’s stochastic discount factor and A; = C; 7 is the marginal utility of

consumption. The firm’s match surplus can be written as

T =y —we+ (1= p)E{Bri41Te41}- (1)

The value of posting a vacancy is given by minus the vacancy posting cost ¢ > 0, plus the expected future
value of the vacancy. The latter is given by the weighted average of the value of filling the vacancy, i.e. the
firm’s match value in the next period, which has probability ¢;(1 — p), and the future value of the unfilled
vacancy, Vi1, which has probability (1 — ¢;(1 — p)). Therefore,

Vi = —c+ Be{Buirilai (L — p)Toss + (1 — qo(1— p) Vil (2)

Free entry drives the value of a vacancy to zero at each point in time, such that V; = 0 for all £ and thus
c
o (1= p)Ee{Br 41 T141} (3)
t

Combining the firm’s asset value (1) and the free entry condition (3), we get the following expression for the
firm’s match surplus

c
T =yt —wg + —. 4)
4t

The derivative of the firm’s match surplus to the wage is

Nf

e —
8wt

Finally, using the firm’s match surplus (4) to substitute out J;41 in the free entry condition (3), we obtain

the job creation condition

== (1= p)E: {ﬂt,tJrl |:yt+1 — W41+ c} } : (5)

qt qt+1

1.3 Utility and worker’s match surplus

Utility maximization is given by

max U = E iﬁ &
{Ct}?io — 120 vy 0,t 1_o )
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where ¢ > 0 is the coefficient of risk aversion. Denote the value of being employed W; and the value of
being unemployed U;. In period ¢, an employed worker receives the after-tax wage income (1 — 7)w;. In
the next period, he is either still employed with probability (1 — p), in which case he has an expected value
of Ey{Bi1+1Wi41}, or the employment relation is dissolved with probability p, then his expected value is

Ei{Btt+1Ui+1}. The worker’s asset value therefore is

Wi =1 —7)wy + E{Bri+1[(1 — p)Wiy1 + pUs11]}, (6)

where 7 € (0,1) is a proportional labor income tax. The value of being unemployed U, is in turn given by

Up = b+ E{Bri+1[pe(1 — p)Wig1 + (1 — pe(1 — p))Upya]} (7)

An unemployed worker receives an income of b units of consumption goods in period ¢. In the next period,
he faces a probability p; of finding a new job, which turns active with probability (1 — p), and which has an
expected value of E{f:++1Wiy1}, and consequently a probability [1 — p:(1 — p)] of remaining unemployed,
which has an expected value of Ei{B::+1U;y1}. Defining the worker’s surplus as Wy = W; — Uy, we can

subtract (7) from (6) to write the match surplus going to the worker as
Wy =1 =7)we = b+ (1 = p) B {Bra11[(1 = p)Wisa]} - (8)

The derivative of the worker’s surplus with respect to the wage is OW; /0w, = 1.

1.4 Wage bargaining

Under Nash bargaining, the equilibrium wage satisfies

IIqui;XWf 1=n,
The first order condition to this problem is
W LTI+ (1= )T SR =0,
which can be simplified to
- g <o,
Put differently, the surplus sharing rule is
We =TT, )
where T; denotes the effective bargaining power,
N Gor
T, = vy (10)
Plugging the derivatives of the worker’s and the firm’s surplus into (9), we find that T = ﬂ—n and so the
sharing rule boils down to
W= (11)
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Using the worker’s and the firm’s surplus, (8) and (1), to replace W, and J; in (11), we obtain
(I=7)w = b+ (1= p)E{Bri+1(1 — p)Wis1} = % e — we + (1 = p) Ee{Be41Te41}] -
Then, using the surplus sharing rule (9) to replace W;41 with 127"\7t+1 yields

n
1—mnm

(1=7)w = b+ (1 - p)E; {ﬁt,tﬂ(l —Pt) »7t+1} = % [yt — wi + (1 — p)Ee{Br.e41Te41}] -

Collecting terms in ﬁEt{ﬁmﬂjﬁ_l} yields

(I—7mw —b= 1%77 [y — wi + pe(1 — p) Ee{Br,e41T141}]

Using the free entry condition (3) to replace (1 — p) Ei{fi4+1Ji41} with = yields

C
(1—T)wt—b:7n <yt—wt+pt>~
1—n qt

Collecting the terms in w; and using p; = 0;q;, we can write

We multiply by (1 —7) and rearrange to obtain,
[1— (1 =n)7lwe =n(ye + cbr) + (1 — )b (12)
We solve for the wage w; as follows
wy = W[n(ys + cby) + (1 —n)b], (13)

where ¥ = [1 — (1 —n)7]~! > 1. Using the bargaining wage (13) in the job creation condition (5) yields

i =(1-p)E, {Bt,t-‘rl {yt+1 = Y n(yesr + Beir) + (1 = mb] + C} } '

1

We use B 1y1 = )‘;\T , Av = C; 7 and Cy =Y, to replace f; 41 with Y7 /Y%, and rearrange to obtain

(el

£~ B0 -p)E, { . {(1 = Un) (Y1 = 0) = (¥ = 1)b — Wnebypr + C] } '

qt Yo qt+1

Replace ¢; with x6, ¢ to get an alternative expression for the job creation condition (JCC)

595 = B(1 - p)E, { Y7 [(1 U (s — D) — (U — 1)b— Unebyyy + ;95@ } . (14)

o
Y
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In steady state, the JCC is

ieﬁ —B(1—p) |(1—Wn)(y—b) — (¥ — 1)b— Uneh + iaﬁ .

Rearranging, we obtain

1-p(1-pc
— = 08 = (1 — W)y — (1 —n)Wb— Unch.
B0-7) x ( ny — (1 —n) 7
We can solve the steady state JCC for b as follows
1 -y c (1—6(1—p) )
b= Yy — +Unb | .
C—ne’ G=ne \ B0-pqg

1.5 Equilibrium conditions

Endogenous variables ug, 0;, n¢, Yz, vs.
Uy = 1 — Nyt
Ut
0y = —

Ut

1_
ng = (1—p)(neg—1 + Xuf—lvt—f)

Y = yeny — cuy

o

c Y, c
65 = 51— B f g [0 - Wi — ) - (0 - 10— et + S, ]}

t+1

Exogenous variable: y;.

1.6 Recursive steady state

(15)

Normalize y = 1. Calibrate 3, o, p, &, p, q, ¢, u. Implied steady state variables or parameters: n, v, 6, x, b,

Y.
Independent of £ and n
n=1—-u
__prn
I-pq
h="
Y=yn—cv
Not independent of ¢ and 7
X = qb°
-y c (1—&1—m
b= Y — + Unb
(I=m¥” (1-n¥\ B(1-p)g

Notice that labor taxes (7 > 0) decrease the implied leisure value b.
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1.7 Alternative steady state formulation (1)

Normalize y = 1. Calibrate 8, o, p, &, p, q, b/y, u. However, we calibrate b/y and back out ¢, rather than
the other way around. Implied steady state variables or parameters: n, v, 0, x, ¢, Y.

Independent of £ and 7

n=1—-u
__r
I—pq
g="
U
Not independent of ¢ and 7
X = g¢b°
1-5(1—p) )‘1
c=[(1-w — (1 =)V | —————=+Unb
[( ny —(1—n) ]( 30— ) 7
Y=yn—cv

1.8 Alternative steady state formulation (2)

Normalize y = 1. Calibrate 3, o, p, £, p. However, instead of calibrating ¢, ¢ and u, we now normalize 6 = 1,
and we calibrate p and cv/y. Implied steady state variables or parameters: z, u, n, v, g, ¢, Y; x, b.

Independent of £ and n

Not independent of ¢ and n
X = g¢b°

C1-Wy e [(1-B(1—p)
b= a Y (1—77)‘1/( B - p)g ”’"9)

1.9 Linearization of equilibrium conditions

Unemployment
-1
Uy = —Bnt = Y ﬁt. (16)
u

Vacancies. We linearize the definition of labor market tightness,

ét = /[)t - ﬁta (17)
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and solve for vacancies,

Substitute 4 using (16), to obtain

Employment dynamics
g1 = (1 = p)he + pl€ie + (1 — §)04]

Substitute ; and 0 using (16) and (18), to obtain

u—1

Ap1 = (1 — p)7y + p€ n + p(1 — &) [étﬂLuulflt}

Collect terms in 7y,

Simplify,

s = o= O+ (1= )+ 9"

Finally, we have the linearized employment dynamics equation in terms of 6y,

o A u—p,
Ni41 = p(]. — f)@t + pnt.
Aggregate resource constraint
Vi = L+ o) — S
t= e Yt y ‘ot

Use the linearized definition of labor market tightness (18) to replace vacancies ¥y,

A n . CcU /A n . n .
= = )+

Collect terms in 7,
N n cU\ . cv A yn .
Y, — — ( 7) — —0 Yt
i=y )= 0+ i
Use the identity £ =0,

n . v n .
= ?(y + ch)ny — ?0,5 + y?yt.

We can iterate the aggregate resource constraint (21) to get output in ¢t 4 1,

Y;
- n N cv 4 yn
Yif1 == 0 — =0 =
t+1 Y(y + c)ii 11 y e + y it
and then replace 741 using the linearized employment dynamics equation (20)

CU »

N n ~ u—pP ., n .
Yig1 = ?(Z/ +cf) | p(1 —£)0; + " Phy| - —0ir1 + y7yt+1-

Y

AT

(18)

(19)

(22)



Job creation condition. Rewrite job creation condition (14) more conveniently as
Sotve = 5 98 (¥ [0 W =) = (00— o= et + S0, | |
Linearizing this equation yields
5”‘”(591 —oY) =—B(1—pY ! [(1 —Un)(y —b) — (¥ = 1)b— Wnef + ;ef} oY E{Y;11}
+B(1—-p)Y B, {(1 —Un)Jey1 + %957159@+1 - ‘I’chétﬂ} .
Divide by Y ™7 to obtain
So(eh —o¥) = —5(L-p) [(1 — W) (y —b) — (¥ — 1)b — Wneh + ;95] B Vi)
+5(1=p) [(1= W) Eeli) + (S0 - et ) Bl

Using S(1 — p)[(1 = ¥n)(y —b) + (1 — ¥)b— Unch + ;95] = i@f, we can simplify

S05(60u — o¥0) = ~ SO0 Bi{¥in} + 51— ) [(1 U B ) + (;efg - \Ifn09> Et{ém}} .

Dividing by ;95, we get

fét - UYt = —UEt{ﬁ+1} + ﬁ(lgi;gp) {(1 - \Iln)Et{gt+1} + (;955 - ‘1’7709) Et{ét+1}:| .

Rearranging, and assuming constant productivity g; = 0, we get an equation that is similar to the one in
Krause-Lubik (2010),

£6; — oYy = —0E{Yiia} + B(1 = p)(§ — Unx0' ) Er{f;41}. (23)

Replace Y; and Ey{Y;,1} using (21) and (22), respectively, to obtain,

&0, — o %(y + cO)ny — %ét} = -0 {;(y + ch) [p(l —£)0, + 4 ; pﬁt] - (;fét_l,_l}

+B(1 = p)(€ — UnxO ") E{fy41}.

Multiply out

u —

A n R CU A n A n
§0r — 0?(?/ + cf)ng + 0?6% = —U?(?/ +cf)p(1 —€)0; — U?(y + cf)

+B(1 = p)(& — Unx0' ) Er{f;41}

. Ccv ~
» pnt + O?Et{GtH}
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Collect terms in 6; and ét+17

{5-{-0% +0%(y+09)p<1 _g)} ét —&—J%(y—i—c@) (—1—|— U;P) Ny

= {5(1 —p)(E—Unxo' %) + 0%} Ei{f;:1}.

Rearrange

(6405 + ot +et)p( =] — o ly+ ) 2y = [B(1 = p)(& — W0 + 0] Eufbia). (24)

Defining
a1 = B(1 - p)(€ — U\ ™) + 02, (25)
= o (y+ ), (26)
we can write (24) as

N Ccv ~ R
1 Bffin} = [6+ 05 +aspl(1 - €)] b — azliy.

Notice that, using ¢ = x6~¢ and p = ¢f, we can write «; as follows

cv
on = B(1 - p)t (1 - %p) 1o, (27)
¢ Y
Under the Hosios condition, the composite parameter simplifies to
cv
a1 = B(1 - p)E(l —¥p) +o. (28)

Rearranging, we finally obtain

« E+ o< as |~ a9 p.

a1 U

1.10 Model solution

We can write the system of two equations in matrix form:

(29)

E{fr} ] _ [ SrE -9 g ] [ 2 ]

A1 p(1—=¢) 1-£ iy

There exists a unique model solution if and only if the number of unstable eigenvalues (A;/, < 1) is equal to
the number of controls and if the number of stable eigenvalues (A1, > 1) is equal to the number of states. If
there are too many unstable eigenvalues the model solution is explosive, while if there are too few unstable
eigenvalues there are multiple equilibria (indeterminacy). In this model where there is one control variable

(0;) and one state variable (n;),
1. the model solution is unique if and only if either | A; [< 1 and | Az [> 1, 0r | A1 [> 1 and | Ay [< 1.
2. the model solution is indeterminate if both roots lie inside the unit circle, | A; [< 1 and | Az |< 1.

3. the model solution is non-existent if both roots lie outside the unit circle, | A; |[> 1 and | Ay |> 1.
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1.11 Special case: risk neutrality

Under risk neutrality, i.e. if ¢ =0, then a3 = 8(1 — p)&(1 — g‘llp) and a = 0 and thus

. 1 .
Orr | _ | po=pugem O b (30)
M1 p(l1=¢) -2 Ty
Notice that in this special case, the transition matrix is lower triangular, hence the eigenvalues are its diagonal
elements. Therefore, under risk neutrality,
1. the model solution is unique if and only
(a) either ‘Wl—%‘l'pﬂ <land [I = £ > 1], that is if |3(1 — p)(1 — 2¥p)| > 1 and p > 2u > 0.
2. the model solution is indeterminate if [3(1 — p)(1 — ¢¥p)| > 1 and 0 < p < 2u.

3. the model solution is non-existent if [3(1 — p)(1 — Z¥p)| <1 and p > 2u > 0.

Regarding Case 2, we note that indeterminacy arises when the workers’ bargaining power, which measures
the share of the match surplus going to workers, exceeds by a sufficiently large amount the contribution of
the workers to the match success, which is captured by the match elasticity to unemployment, i.e. when

n >> £. The condition for indeterminacy is given by

Ui

1
1— 20p| > —. 31
| 3 | B —p) (31)
Mathematically, this inequality is satified for
n 1-p(1-p)
gy s — 32
3 B —p) (32

However, we can rule out this case given that the right hand side of (32) is positive, and the left hand side

is necessarily negative since ¥, n, £ and p are all positive. Therefore, indeterminacy arises if and only if

1+ 6(1—p)
Un > ———=¢€. 33
B o (3
Standard search model without taxes. Suppose that the labor tax rate is zero, such that 7 = 0 and
thus ¥ = 1. Replacing the job finding rate with the underlying deep parameters using p = i"pl_T“, we can
write the determinacy frontier as
1+8(1-p)
> ———f 34
50— )2 (3
—_———
>1

Condition (34) shows that, on the (£, n)-plane, the indeterminacy frontier is a straight line with slope greater
than 1. All (¢, n)-pairs above this line are associated with an indeterminate model solution.
Now, regardless of parameter choices, the model itself provides further restrictions that influence equi-

librium existence and uniqueness.
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1. The restriction that the job finding rate must be lower than 1, i.e. p < 1 requires that the separation
rate must not exceed the steady state unemployment rate, i.r. p < u. Therefore, Cases 1(a) and 3 can

be ruled out with the current calibration strategy that ensures a fixed .

2. Given that g8, p and p all lie between 0 and 1, it is clear that under the Hosios condition n = £, the
first root of the transition matrix is unstable, |3(1 — p)(1 — p)| < 1. Therefore, the Hosios condition

rules out indeterminacy, i.e. Case 3, as well as Case 1(a).

The effect of labor taxes. The left hand side of (33) can be interpreted as a tax-adjusted bargaining
power of workers. Introducing labor taxes in the model, i.e. setting 0 < 7 < 1, which implies ¥ > 1 and
hence W7 > 7, has the effect of making indeterminacy more likely. This is because the threshold value for

the bargaining power parameter above which indeterminacy obtains, is decreased.

1.12 Labor market liquidity

To illustrate the importance of the liquidity of the labor market for determinacy, we present in Figure 1 two
calibrations: one for the US, the other for the euro area. For the US, we set u = 0.06 and p = 0.033; for the
euro area, we set © = 0.1 and p = 0.0101 in line with the data. The parameter on the horizontal axis is the
elasticity of the matching function to unemployment, £; the parameter on the vertical axis is the workers’
share of the surplus, which in the standard labor search model is equivalent to the Nash bargaining weight,
7.

Figure 1 confirms that the Hosios condition (see Hosios, 1990) along the 45-degree line guarantees equi-
librium uniqueness. The indeterminacy region, the combination of £ and 7 that satisfies (33), shows up as a
shaded triangle in the upper left corner of the figure, where workers appropriate a share of the wage bargain

far above their contribution to the realization of the match surplus.

Figure 1: Standard search model: US vs. euro area calibration

1 1
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/
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= =
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m 03 m 03
02 02
01 01
o . . . . 0 ; \ , ! ! ; ;
0 0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9 1 0 0.1 0.2 03 0.4 0.5 0.6 0.7 0.8 0.9 1
Match elasticity & Match elasticity &

Note: Indeterminacy regions are shaded black, uniqueness regions with a negative stable root in vacancy posting
condition are shaded gray, uniqueness regions with a positive stable root are white. Below the dashed line, the
implied leisure value b is negative.

The figure shows a noticeable difference in the size of the indeterminacy region between the US and
the euro area. Labor market rigidities, which are greater in the euro area, reduce the risk of indeterminacy
substantially. However, even in the US calibration, the parameter values for £ and n that have been proposed

in the empirical literature are associated with equilibrium uniqueness.
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For the match elasticity to total search effort &, Petrongolo and Pissarides (2001) propose a range of
values between 0.5 and 0.7. Hall (2005) estimates a lower match elasticity using the US Job Openings and
Labor Turnover Survey (JOLTS). He first computes tightness 6 by dividing the number of vacancies by
the unemployed; second, he computes the job finding rate p as the ratio of new hires (‘matches’) to the
unemployed; finally, he calculates the ratio of InAp to InAf, where A measures the change over the period
December 2000 to December 2002. This yields 0.765, such that the match elasticity & is 0.235. For different
groups of unemployed job-seekers, Hall and Schulhofer-Wohl (2018) report a range of estimates of the match
elasticity from 0.45 to 0.83.

When the worker’s bargaining weight 7 is set equal to &, the Hosios condition is satisfied. Empirical
evidence on the size of the bargaining weight is scant. In Hall and Milgrom (2008), the implied worker’s
share equals 0.54 as in Mortensen and Pissarides (1994), even though wage setting is rather different, resting
on a bargaining model with different threat points than the ones assumed under Nash bargaining. In both
models, this value is obtained by solving the zero profit condition to match the unemployment rate in the
data.

In an alternative calibration exercise, we normalize steady state labor market tightness such that 6§ =1,
and we fix the share of vacancy posting costs in firm output cv/y to 1%. Then, we set the job finding rate
p to 0.45 in one calibration and to 0.27 in another. These values correspond to the average US job finding
rates for the periods 1948-2007 and 2008-2015, respectively, according to Hall and Schulhofer-Wohl (2018).
Notice that this is not a huge deviation from the baseline strategy, since at every point in the resulting figure,
the steady state unemployment rate is the same; it is given by u = (1 + p/x)~!, where x is the hiring rate.
We find that a lower p, i.e. a less flexible labor market, is associated with a smaller indeterminacy region.'

Also here, b turns negative for low values of 7.

2 Model with Hours and Labor Effort

Preliminaries as before.

2.1 Production, firm’s match surplus, hiring

The production function of the representative one-worker firm now reads
Y = ethy, (35)

where h; are hours per worker and e; is effort per hour. The firms’ wage costs are w;h;, such that period-t
profits are y; — w:hy. Let J; denote the firm’s match surplus, i.e. the value of filling a vacancy. It is the sum
of current profits and the firm’s continuation value. The latter is the expected future match surplus in case
the employment relationship continues, which happens with probability (1 — p). The firm’s value is zero in

case the worker and the firm separate, which happens with probability p. Thus,

Tt =y — wihy + E{Brs41[(1 — p)Tee1 +p- 0]},

LFor brevity, we do not show those figures here. They are available from the authors upon request.
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where 81 = 0 Az\il is the household’s stochastic discount factor and A\; = C; 7 is the marginal utility of

consumption. The firm’s match surplus can be written as
Ji =yt — wihy + (1 = p) E{ Bri41T141}- (36)

The value of posting a vacancy is given by minus the vacancy posting cost ¢, plus the expected future value
of the vacancy. The latter is given by the weighted average of the value of filling the vacancy, i.e. the firm’s
match value in the next period, which has probability ¢;(1 — p), and the future value of the unfilled vacancy,
Vit1, which has probability (1 — ¢;(1 — p)). Therefore,

Vi=—c+ E{Britla(l = p)Tepr + (1 = @ (1 = p))Visa]}- (37)

Free entry drives the value of a vacancy to zero at each point in time, such that V; = 0 for all £ and thus
c
o (1= p)Ee{Br 41 Te41} (38)
t

Combining the firm’s asset value (36) and the free entry condition (38), we get the following expression for
the firm’s match surplus

c
Tt =y — wihy + ; (39)
t

The derivative of the firm’s match surplus to the wage is

O

GIt _ .
8wt

Finally, using the firm’s match surplus (39) to substitute out ;11 in the free entry condition (38), we obtain

the job creation condition

c c
—=(1-p)E; {5t,t+1 {yt+1 — Wigp1hepr + } } . (40)
qt qt+1

2.2 Utility and worker’s match surplus

Utility maximization is given by

0 l1—0o

C -1

max EOE Bo,t {tl
t=0

- h
{Cohi}e2, ng( tvet):l ;

with labor disutility
)\hhi-i-ah /\ee%JrUe

1+ oy tl—&—oe’

g(he,er) = (41)

where A (Ac) > 0 is the weight on hours (effort) in labor disutility and o, (0.) > 0 determines the degree of
increasing marginal disutility of hours (effort). The first term in (41) captures disutility from spending h;;
hours at work, rather than some best alternative, even when exerting no productive effort. The second term
reflects disutility from exerting effort.

Denote the value of being employed W; and the value of being unemployed U;. In period ¢, an employed
worker receives the wage income wih; and suffers the disutility g(h:,e;). In the next period, he is either

still employed with probability 1 — p, in which case he has an expected value of Ei{B: ++1Wit1}, or the
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employment relation is dissolved with probability p, then his expected value is Ey{S +1Ui+1}. The worker’s
asset value of being matched to a firm is

g(htaet)
Wy = wihy — ———=
t it At

+ E{Bra+1[(1 = p)Wigr + pUsial}, (42)
where we divide labor disutility g(h;) by the marginal utility of consumption A; to convert utils into con-

sumption units. The value of being unemployed Uy is in turn given by

Up =b+ E{Bri+1pe(1 = p)Wiga + (1 = pe(1 = p))Uspa]}- (43)

An unemployed worker receives an income b units of consumption goods in period ¢. In the next period, he
faces a probability p:(1 — p) of finding a new job and a probability 1 — p;(1 — p) of remaining unemployed.
Defining the worker’s surplus as W, = Wy — Uy, we can subtract (43) from (42) to write the match surplus

going to the worker as

g(htv et)

Wt = U}tht — by
t

—b+ (1= p)Ei {Bre41[(1 — pe)Wiia]} - (44)

2.3 Effort

Effort is determined as in Bils and Cho (1994). Every period, the firm and the worker negotiate over hours

and effort in order to minimize labor disutility (41), subject to the production function (35),

_ Aphitor AeefToe
min

- —eihy).
hier 14 op t 1+ 0, prt(yt t t)

The first order conditions for hours h; and effort e; are, respectively,

el Toe i
= Mph{h + S5 — = 4
0 hlty + 1+0_e +S0ytht7 (5)
o Yt
O = )\ehtete + @yt; (46)
t

Writing (46) as —\.e; 77 = ©ytys/he, and plugging this into (45) yields

140,

0 = A"+ % — Aeeltoe
= AhIh o+ (1 e 1) AeefToe
= Mh{" - fge Aeeltoe.
Solving for effort, we obtain
eltoe — 1 ;r:e %htgh’ (47)

such that equilibrium effort is an increasing function of hours per worker,

%h

er = eghy t7¢, (48)

Al4



where

1
1 Ap\ e
o = (W h) ) (49)
Oc Ao
The elasticity of effort with respect to hours is given by 1_‘7_’; > 0. Using the optimal effort choice (47), we
can rewrite the production function (35) as
Yt = eohy, (50)
with
on
=1 . 51
6=1+ 7 (51)

Consider that in the standard model with constant labor effort, the disutility of effort is extremely large,
0e — 00, hence effort does not vary. If this is the case, then ¢ — 1. Thus the production function does not
exhibit increasing return to scale anymore.

Substituting the combined first order conditions for hours and effort (47) in the labor disutility function

(41) to eliminate 7 i‘; eyt = %hf’“‘, the disutility of working is a function of hours only,

1+0h+ae 1+on

he) = A h . 52
g( t) h (1+O'h)0'e t ( )
Note that )
+op+0e, o
g'(h) = M——"——<h7", (53)
g'(he)hy
hy) = LU
g( t) 1+0h )
i Ltontoe 4
Te—>00 Oe¢
2.4 Hours

Hours are determined jointly by the firm and the worker to maximize the sum of the firm’s surplus and the

worker’s surplus, (44) and (36). The first order condition for hours worked satisfies

g%hﬂ.

qﬁeohf*l - At

Using the relation g(h;) = gll(ﬁi;)’ht, this can also be expressed as

L+onglhy)  1+4op

eh¢:
0 Y ¢

mrs. (54)

2.5 Wage bargaining

The surplus sharing rule is given by (11) as before. Inserting the worker’s and firm’s surplus, (44) and (36),

we obtain

g(h)

5y leoh{ — wihy + (1 — p)Ee{ B i1 Te11}].
t

wehy —

—b+ (1= p)E{Bris1(1 —p)Wiy1} =

Ul
1—n
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Using the sharing rule (11) to replace W;41 with ﬁjtﬂ yields

g(ht)
At

Ul
1—n

Ui

1_ n[eohf —wihy + (1 = p) Ee{ Br1+1Te+1}]-

wihy —

—b+ (1 —p)E{Btt+1(1 —pt)

Jit1} =

Cancelling terms in (1 — p)&Et{ﬁt’tJrl%Jrl} yields

g(he) "

hy —
Wehy M 1_

pe(L = p)Ee{Brsr1Te41} = (eohf — wihy).

n
1—n

Using the free entry condition (38) to replace (1 — p)Ei{B: 141 Ji+1} with q% yields

g(hy) _p=

he —
Wil A 11

¢
(eohf — wihy +Pt> .
qt

Use pt/q: = 0, multiply by (1 — ), collect terms in w;h; and rearrange to get the per-person wage

wehy = (1 — 1) (9(;%)

+b> + nleoh? + chy). (55)
t

Using the wage equation in the vacancy posting condition (40) to replace w;h; yields:

C C
w (1-p)E; {5t,t+1 |:60hf+1 — [n(eoh?yy + cOpr) + (1 — n)(mrsepr + b)) + th] } :

Write this more conveniently as

c Yye c
— = B(1 - p)E; {Y‘tf [(1 — n)(eoth —mrsig1 —b) — ncbipq + ] } . (56)
qt t+1 qt+1
Plug the hours choice (54) into the job creation condition (56) to substitute mrs;
c Y, 10) c
—=p1-pE £ 1- 1- eoh? —b]—c@ +}} 57
= 0= pE G [0 | (1= 75 ) ot =8| — et + 5 57)

2.6 Equilibrium conditions

Variables ug, 0;, ng, Yy, v¢, hy and mrs;:
Uy = 1-— T
Ut
9,5 - —

Ut

ny = (1 — p)(n_1 + xus_1v, 1)

Y, = eohfnt — cug

c Y,” 10} c
— =B(1-p)E L1 - 1-— eoh? —b]—c@ +H
== o= { g (0= | (1= ) ok =] et + 2
1+ o0y

60h¢ = mrsg

1+ o0y + 0

h1+0h,yo
1+ op)oe * t

mrsg = A\p,
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2.7 Recursive steady state

Normalize h = ey = 1. Calibrate 3, o, p, &, p. Then, Krause and Lubik (2010) also calibrate g, ¢, u. In the

model with hours and effort, we also need to set o, o.. Implied steady state variables or parameters: n, v,

0, x, mrs, b, Y.

n=1—u
yo P
1-pgq

g="

u

X = gb°

mrs = 9 eoh®
oh

A s 1 (1—5(1—
b_<1 1+0h>60h 1-n\ B(1-p)

Y = eph®n — cv

A = ¢o. y—o — Oe
1+op+ 0, 1+ 0,
1+o.
A= %y, —y e,
Oc

2.8 Linearization of equilibrium conditions

Unemployment, tightness, employment law of motion are the same as before.

Marginal rate of substitution
mrs; = (1+ ah)h} + oY,

Hours
=~ ——
ohy = mrs;

Combining the latter two equations yields

_—— 140y

e~ A
mrsy = mrs; + oYy,

Collecting terms,

1 — %
<1 — tbah> mrs; = oYy,

and solving for mirs;, we obtain

— O'(b ~
mrsg = ———
¢ ¢ — (1 + Uh)
Aggregate accounting
- eonh? . - cv
t = OY (Nt + phy) — v U
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Substituting vacancies 9; using (18) yields

N eonh®

Y, = v (nt+¢ht)_7<ét unt)

Collecting the terms in 7n;, we have

=

Y Y u

v (eonh¢ cv n) - eonh Sy — oy

Using (eonh¢ + %%) =1+% 1 , we can simplify,

. 9 ho .
Y= (HC ) o+ g~
Y
where we have also used the definition of 8. Substitute hours h; using (60) and (61),

N ct eonh® oo v, _ @
Y; = 9,
t (*Y) Y e ra Y

and collect terms in Y; to obtain

eonh® o 5 c 7QA
(1- 2 o) e (145 - e

This can be alternatively expressed as

where d; is given by
eonh?® oo
Y ¢—(Q+on)

0 =1-—
Substituting ¢, this can also be expressed as

eonh® 1+ 0.+ o0y
o .

0 =1
! + Y OO,

Iterating by one period and using employment dynamics (20) to substitute ns11 in (63), we obtain
N ct N u—p. U ~
WY1 =(1+ v p(1—£)0, + ) - ?0t+1

Job creation condition

Rewrite job creation condition (57) more conveniently as

c o Y 1+o0 c
gotEYt =B(1 - p)E; {Y;H[(l —-n) [( ) B _ 1) mrsgy1 — b] —nclipr + X9§+ﬂ} .
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Linearizing this equation yields

1+oy

iaﬁrc’(gét —oY) =-B1-pY ! {(1 —n) [( - 1) mrs — b} —cnf + ;95} oYY

- 1) (mrs)mrs;q

®
+8(1—-pY~° [;95_159@“ — ncﬁétﬂ}

Divide by Y77 to obtain

14 o0p
¢

— 1) (mrs)mrsis1

ieﬁ(gét —oYi) = —B(1 - p) {(1 — ) [( - 1) mrs — b} —enf + ;05] Vi

140y

+6(1—p)(1—n)<

+ B(]. - p) {;95_1§0ét+1 - ’I’]CQét+1:| .

Using 8(1 — p) {(1 —n) [(Lﬁ% — 1) mrs — b] —cnf + 595} = ;05, we can simplify

1+op
¢

+ 5(1 - p) |:>C<9£_1§9ét+1 — nc@étﬂ] .

S0%(ehs — 0¥ =~ <00¥inn + 501 = )1 =) (57 < 1) (mrs) T

Dividing by 505, we get

1+ o0y

fét —oY, = _U}A/t-i-l + ,8(1270—50) [(;955 - 7709> ét+1 +(1-n) ( - 1) (mrs)nﬂ“\stﬂ} .
X

Rearranging, we get

B(1 —p)

R N . PR 1+o0
€0, — oY, = =Y + B(1—p) [€ — nx0' €] Opp1 — <pe (1-mn) (1 - h
X

) (mrs)mrsy1.

Now, we replace mirs;11 with the expression in (61)

€61 — oY = —oYii1 + B(1 = p) [€ —nx0' ] bry1 — 5(29}/}) (1=mn) (1 L zgh) (mm)mmﬂ-

which simplifies to

A N N ~ 1— N
0, — oY, = —oYip1 + B(1— p) [€ — nx0' %] Oyp1 — 5(2950) (1 —=mn)(mrs)oYisr.
X
Collecting terms in O'Yt+1 we get
B —p)

€0, — oYy = B(1—p) [€ —nx0 €] Opsn — |1+ (1 —n)(mrs)| oViq1,

<p§
X
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Replace Y; and Y;,; using (63) and (66), respectively, to obtain,

A o c\ . CU A PN
fgt—a {<1+Y) nt_Yat] = B(1—-0p) [f"]Xel E] 0111
o2 (14 DY (p— 0+ L La ) — 4
051 % P t w n¢ Y t+1 |
where d5 is given by
B(L—p)
0o =1+ ——=(1—mn)(mrs).
2 o= mmrs)

¢ eoh?, this can also be written as

Using mrs = Tror
B —p) ¢
Sy =1 1-— h?.
2 =1+ ( ”)1+ahe° (67)
Collect terms in 6; and ét+17
o cv 09 ch A 0 ch 1 pY).
dacvl| A
= [5(1 —p) [€—mx0 ] + U(;Y] Or 1 (68)
1
Defining

n 0o cv
o =501 e (1- o) + a2 2. (69)
(70)

52 cl
Oéz—a'a (1+Y),

we can write (68) as

Ck]ét+1 = |:£+ %% +O[2p(1 —5):| ét +062 <1 — g — Z) 'flt

Summary of linearized equilibrium conditions

N A uUu—p,
fyp1 = p(1 —€)0; + pnt
. 1 o cv s ag (p da—1Y\ .
Ori1 = — —— 1-— 0 — — | ——
e a1 |:€ + 51 Y * 042p( g):| t a1 (’LL 52 ) nt
The no-effort model is nested in the benchmark model: when o, — 0o, then ¢ = 1. Then §; reduces to
cv\ o
5 =1 (1 —) . 71
1 + 1+ Y) o (71)
We can write the system of equations in matrix form:
; e N o _ X
bon | _ | FEEvpa-0z 2 (s-52) | [ 4 )
e p(1—6) uep i
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3 Model with Search Effort

One-worker firms, Cobb-Douglas matching function, linear vacancy posting costs, costs of varying search
intensity of the unemployed, predetermined employment, exogenous separations, no participation margin

and no hours margin (labor force as well as hours constant and normalized to unity), Nash wage bargaining.

3.1 Preliminaries

Matching function with variable search intensity

mey = X(stut)gvtl_g

Unemployment rate

Uy = 1-— Iz
Labor market tightness
Ut
9,5 - —
Ut
Vacancy filling rate
me (50
at = U X 0,
Job finding rate
my
pr=— =0
Ut

Employment dynamics

Market clearing

Aggregate accounting

Y = yeny — cvp — G(S¢)uy,

where G(s;) is the resource cost of exerting search effort s; per unemployed worker, to be specified below.

3.2 Production, firm’s match surplus, hiring

Production of output y; takes place in one-worker firms with labor only (i.e., no capital) and constant hours.
Firms’ wage costs are w;, such that period-t profits are y; — w;. Let J; denote the firm’s match surplus,
i.e. the value of filling a vacancy. It is the sum of current profits and the firm’s continuation value. The
latter is the expected future match surplus in case the employment relationship continues, which happens
with probability (1 — p). The firm’s value is zero in case the worker and the firm separate, which happens
with probability p. Thus,

T =yt —we + E{Be i1 [(1 — p)Tig1 + p - 0]},
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where B;_1, = f )\:\jl is the household’s stochastic discount factor and Ay = C; 7 is the marginal utility of

consumption. The firm’s match surplus can be written as

T=y—w+ (1— P)Et{ﬂt,t+1.7t+1}- (73)

The value of posting a vacancy is given by minus the vacancy posting cost ¢, plus the expected future value
of the vacancy. The latter is given by the weighted average of the value of filling the vacancy, i.e. the firm’s
match value in the next period, which has probability ¢;(1 — p), and the future value of the unfilled vacancy,
Vit1, which has probability (1 — ¢;(1 — p)). Therefore,

Vi = —c+ E{Britla(l = p) Tepr + (1 = (1 = p))Viga]}- (74)

Free entry drives the value of a vacancy to zero at each point in time, such that V; = 0 for all £ and thus
c
o (1= p)Ee{Br 41 Te41} (75)
t

Combining the firm’s asset value (73) and the free entry condition (75), we get the following expression for

the firm’s match surplus

c
T =y —we + —. (76)

qt
The derivative of the firm’s match surplus to the wage is 21{2 = —1. Finally, using the firm’s match surplus

(76) to substitute out J;41 in the free entry condition (3), we obtain the vacancy posting condition

Z = (1—p)E; {5t,t+1 (yt+1 — Wy1 + C) } : (77)

qt qt+1

3.3 Utility and worker’s match surplus

Utility maximization is given by

max U = E i@ {Oﬁl_g_l]
5% 0 2 0t | T,

where o > 0 is the constant of relative risk aversion, subject to the budget constraint
Ci + Ty = ngwy + ue (b — G(s¢)), (78)

where T} are lump-sum taxes, b are unemployment benefits. The function G(s;) captures the cost of searching
for a job, where s; > 0. Merz (1995) calls this a ‘shoe-leather’ cost of search.

Denote the value of being employed W; and the value of being unemployed U;. In period ¢, an employed
worker receives the wage income w;. In the next period, he is either still employed with probability (1 — p),
in which case he has an expected value of Ei{f;++1Wit1}, or the employment relation is dissolved with

probability p, then his expected value is Ey{fB;,4+1U;41}. The worker’s asset value therefore is

Wi = wy + Ee{ B p41[(1 — p)Wig1 + pUs1]}- (79)
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Defining the worker’s surplus as Wy = W, — Uy, the employment value can be written more conveniently as:
Wi = wi + E{Brat1(=pWes1 + Wipa) ) (80)

The value of being unemployed Uy is in turn given by
Up = max {b — G(s¢) + E{Bret1pe(1 = p)Wirs + [1 = pi(1 = p)]Usa]}} -

An unemployed worker receives an income of b units of consumption goods in period ¢t and spends resources on
searching for a job, which are given by G(s;). In the next period, he faces a probability p; of finding a new job,
which turns active with probability (1 — p) and has an expected value of Ei{f; 41 Wiy1}, and consequently
a probability [1 —p;(1 — p)] of remaining unemployed, which has an expected value of E;{f; +1Ui+1}. Using

again the definition of the surplus from working, the unemployment value can be written as follows,
Ui = max {b—G(st) + Ee{Bres1lpe(1 — p)Wesr + Uppa]}} - (81)
We can subtract (81) from (80) to write the match surplus going to the worker as
We =max{w, — (b—G(se)) + (1= )1 = p) Ee {BrisaiWisa }}- (82)

The derivative of the worker’s surplus with respect to the wage is OW; /0w, = 1.

The optimal search intensity of worker ¢ satisfies the following first order condition:

Opit
aSit

G'(sit) — (1= p)E{Bet+1Wit1} = 0.

As explained in chapter 5 of Pissarides (2001), worker ¢ chooses s;, taking the aggregate job finding rate p;
and labor market tightness 6; as given. His personal job finding rate does, however, depend upon his search

intensity as follows,

Dit = pt(siﬁst»et)o

For each efficiency unit supplied in the search process, workers transition from unemployment to employment

at rate S’zt. Therefore, the transition probability of worker i per period is given by
Ty
Pit = — * Sit,
StUt
and the derivative is
Opit _ Pt
85“ St '

At the optimum, the marginal cost of searching equals the expected future value of searching. We can write

the (symmetric) first order condition for search intensity as

Stg/(st)

P (1= p)Ee{Brt4+1Wit1}- (83)

Combining the worker’s asset value (82) and the optimal search condition (83), we get the following expression
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for the worker’s surplus
Stg/(St)
pe

Wi =wi — (b—G(st)) + (1 —pr) (84)

Finally, using this new expression for the worker’s match surplus (84) to substitute out W;; in the equilib-

rium search condition (83), we obtain the optimal search intensity

T (1= B B [ = 0= Gloer) + (1 = pra) I | L (55)
3.4 Wage bargaining
Under Nash bargaining, the equilibrium wage satisfies
n}jaquWZ’ VA
The first order condition to this problem is
e e~ L
which can be simplified to
S -3~
Put differently, the surplus sharing rule is
Wy =TT, (86)
where Y; denotes the effective bargaining power,
T = FR—— % . (87)

Plugging the derivatives of the worker’s and the firm’s surplus into (9), we find that T = 12777 and so the

sharing rule boils down to
Ui

Using the worker’s and the firm’s surplus, (82) and (73), to replace W; and J; in (88), we obtain

W, Tr. (88)

we = (b= G(s0) + (1= P)B{Brea (1= p)Wern} = 7 by = i+ (L= Bl Brea T}

Then, using the surplus sharing rule (86) to replace W;11 with ﬁ$+1 yields

wy — (b—G(st)) + (1= p)Ey {Bt,t+1(1 - pt)lﬁnjtﬂ} = % e —we + (1 = p)EABrit1Te41}] -

Collecting terms in ﬁ(l — p)E{Bi 141 Ti41} yields

wy — (b—G(st)) = % e — we + pe(1 — p) Ee{ Be,t41 Tr41}]
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Using the free entry condition (75) to replace (1 — p)Ei{B;,1+1 i1} with - yields

Using p; = 0:q;, we can write

1
e (b= G(s0) = T (et ).

Rearrange and multiply by (1 — ) to solve for the wage w, as follows
we =1 (ye + ) + (1 =n) (b — G(s1))- (89)

In comparison with the standard model featuring constant search effort, the wage equation now has an

additional term that reflects search costs which reduce the value of being unemployed.

Bargaining wage and vacancy posting. Using the bargaining wage (89) in the job creation condition
(77) yields

qt qt+1
We use St 141 = ﬁ)‘ﬁ;’l, At = C; 7 and C; =Y} to replace By 441 with 8Y;7 /Y% |, and rearrange to obtain
¢ Yy c
— =pB(1—p)E: Ve (=) [yt+1 — (b= G(st41))] — b1 + . (90)
qt t+1 qt+1
In steady state, the JCC is
c
£ B0 [ =) (=04 606 — e + ]
Collecting terms in g yields
1-pB(1—p)c
—_— = (1- —b+G(s)) — nch.
B0-7) g (1—=n)(y (s))—mn
We can introduce b = b — G(s) and obtain
1-p(1—-p) :
-=(1 y—b) —nch
e = == =1
Solve for b as follows ) - 801 )
~ — —-p)c
b=y— -+ 09> . 91
Y 1—n< Bl—p) q " oD
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Bargaining wage and search intensity. Using the bargaining wage (13) in the search intensity condition
(85) yields

5tg/(5t)

o = (1-p)E, {5t,t+1 ({77 (Ye41 + cBer1) + (1 =1)(b—G(s¢41))| — (b—G(s5¢41)) + (1 — pt+1)8t+1g/(5t+1)) } .

DPe+1

We use Bt 141 = 6)‘;:1 , At = Cy 7 and Cy =Y, to replace ;441 with 3Y;” /Y%, and rearrange to obtain the

search condition

/ Y.° /
Lg (s0) =Bl —-p)E; { f, (77 [Ye+1 — (b= G(st41)) + O] + (1 —Pt+1)78t+1g (StH)) } :
bt Y Pt+1

We can express the optimal search condition in a simpler way. First, iterate the sharing rule (88) by one

period,
n

L—n
then plug this into the optimal search condition (83) to obtain:

Wit = Ji+1,

St g (Sf)
bt

=(1-pE; {/Bt,t-s-l 1 j n]t+1} .

Finally, we replace (1 — p)Ey{ St t+1Ji+1} with q% using the free entry condition (75),

$tG'(st) n ¢

Dt 71—77%’

and rearrange to obtain search intensity as a (positive) function of labor market tightness,

&g@gzln . (92)

3.5 Functional form for search costs

Setting G(s;) = ﬁsi +¢ the first derivative is G'(s;) = kst and we can rewrite the optimal search condition

as follows,

w?leinwb (93)

We can rewrite the matching function by substituting search intensity s;, i.e.

to obtain
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Under variable search intensity, the matching function is constant returns to scale with respect to unemploy-
ment and vacancies, but only if the search cost function is convex, i.e. if ¢ > 0. If the search cost function

is linear (¢ = 0), matches are not affected by unemployment but only by vacancies,

3.6 Equilibrium conditions

Endogenous variables wuy, 0%, pt, qt, ne, Y, vty St, G(8t), G'(8¢)-

ut:1—nt

9,5 == ﬁ
Ut
e = 0:q:

net1 = (1 —p)[ng + X(Stut)gvtlig]

(e

£ =B -p)E, { . [ﬂ — 1) 1 — (b= Gls111))] = nebeyr + ] }

qt Yo, Gt+1
5:G'(s1) = 1? cly
Y: = yine — cvp — G(S¢)uy
_ Kk 1+¢
g(8t> 1 +<St
G'(st) = K8y

Exogenous variable: ;.

3.7 Recursive steady state

Normalize y = s = 1. Calibrate 8, o, p, &, p, q, ¢, u, (. Implied steady state variables or parameters: n, x,
m7 U? 97 p? b’ g/(s)ﬂ ﬂ? L? g(s)7 b7 Y’ X'

n=1—u
o P

L—p
m=xn
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m
o=
q
bV
u
m
p=—
u
- 1 1-8(1-p)c
b= —
Y 177( B—p) q
, n cl
TO=15
)
==
t=1+4¢
_ ka4
b=0b+G(s)

3.8 Linearization of equilibrium conditions

Unemployment
on, u—1

Vacancies
u—1

@t:ét-f—ﬁt:ét-'—

Search cost function, first derivative

Q’(S)Q’(st) = (ks 4;.
Write this as
G/(St) = <§t~
Search intensity
§t + gAl(St) = ét.

Combine with the derivative of the search cost function (96) to get

or, more simply,

where ¢ is the (inverse) elasticity of search intensity to labor market tightness, 1+ .
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Search cost function

G(s)G(s) = ks T4,

Write this as

G(st) = (1 + Q)5

Finally, using the linearized optimal search intensity equation (97), we can write search costs in terms of

labor market tightness,

G(st) = 0;. (98)

Matching function
i1 = &(U + 8¢) + (1 — ). (99)

Employment dynamics

N1 = (1 — p)iu + priyg

Plug in 7 from (99)
N1 = (1= p)ig + pl€(ts + 8¢) + (1 = &)y

Substitute %, and 0 using (94) and (95), to obtain

u—1

N1 = (1= p)ig + pé e + p€se + p(1 = &) |:ét+u_1ﬁt:| :

u

Collect terms in 7; and rearrange,

. A u—1 u—11 . .
frpr = p(1 = &)0; + {(1p)+p£u+p(1§) }nﬁp&t-
Simplify and replace search intensity using (97),
. A u—1]| A
Nev1 = p(1 —&)0; + [(1—P)+P } "H‘%@-

Finally, we have the linearized employment dynamics equation in terms of tightness ét,

Posy = (1 . f) p, + 2 - L. (100)

Aggregate resource constraint

Yi = yine — cvr — G(st)u
Linearizing this equation yields

N n, . cv G(s)u
Yt:y?(nt+yt)*?vt* (Y)

(G(se) + iy).

Use the linearized definition of labor market tightness (95) to replace vacancies o;; replace unemployment i,

using (94),

N n . n . cU [ n . g(s)u [ 4 u—1_
Yt:y?nt‘Fy?yt—?(ot—ant)— (Y) <g(5t)+ " nt)-
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Collect terms in 7,

- n cv G(s)uu—11 v oyn G(s)u 4
Vi v+ S) - S L. . 101
t [Y y+u v " :|nt Yt+Yyt % G(s¢) (101)
Notice that we can rewrite the term in square brackets,
n cv Gsluu—1  ny cwl—u Gs)u  G(s)ul
D) - = Yy y u
_ (o Glu) Gl al
N Y Y Y Y u Yu
Gshul vl
= 1 i Wil
+ Y u Yu
G(s) b
=1 —.
* Y + Y
Therefore, we can write the resource constraint as
= iy~ 6, Yy, - 90U
Y, = Qny Y9t + v Y v (s¢),
where Q =1 + g}(f ) 0. Replace the linearized search cost G(s;) using (98),
N R cU A n . G(s)u ~
Yt:Qnt*?‘gtﬁLy?yt* (Y) t
and collect terms in ét,
5 s cv  G(s)u\ s  yn .

We can iterate the aggregate resource constraint (102) to get aggregate output in ¢ + 1,

cv  G(s)u
vy

. A . n .
Yig1 = Qg — ( > Ort1 + y?yt+17

and then replace ;41 using the linearized employment dynamics equation (100),

. A U—p . cv  G(s)u\ » n .
Yt-‘r1:Q|:(1_£+§>P'9t+upnt:|_<y+ (Y) )9t+1+?§/—yt+1~ (103)

Job creation condition. Using ¢; = x(Z—z)g, we can rewrite job creation condition (90) more conveniently

as
c _

—0 —0 c _
€0ty = 50— B Y55 [ (1= Mo — (0= Gloa) et + oo |},
Linearizing this equation yields

is*feérf’(gét — &3 —aY) =—B1—-pY~° [(1 —)(y —b) —neh + ;sfeé] 0E{Yij1}

+B(1—p)Y E {(1 — ) (i1 + G(5)G(s¢11)) — nchfyi1 + is_gegf(étﬂ - §t+1)}
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Divide by Y7, set §; = %ét and §; = %ét to obtain

£ ((1 - 1) €, - af@) — Bl ) [(1 )y —B) —neh + ;siﬂ BT

C

#3(0 = p) [ mBedien) + (= 00() et + (1 7) S5 B}

Using B(1 — p)[(1 —n)(y — b) — necb + 53_595] = 55_595, we can simplify

S5t (L — 1fét - 0Yt> = S5 0B Vi)
X L X

£50- ) [ = Bt + (- 00(6) —neo+ L Eamc0%€) Bufdn)].

Dividing by 58_595 and rearranging, we get

: _L 1§ét —oY, = —oE{Yiua}+B(1—p)(1— W)%Sfe_gyEt{ﬂtH}
sa-p) [ (=0 D —n) wstore s he| Betdiny

Replace Y; and Ey{Y;;1} using (102) and (103), respectively, to obtain, on the left hand side,

LHS = ‘:159} s {Qm - (Cv + g(s)u> 0, + yny} :

Y Y Y7

and on the right hand side,

RHS = -0 {Q [(1 -+ f) b, + 4 ; pﬁt} - (ig + (](;)u) Ei{fe1} + y;LEt{Z?tH}}
wo-p) | (=0 Z ) wstore 4 e Butden)

1 _ .
+B8(1 = p)(1 - 77)6*0965591 SYE{fis1}-
Multiply out the left hand side,

L —

LHS =

1 - R cv  G(s)u\ 4 n .
. §9t—ant+U(Y—i— (Y)> Y

and collect terms in ét,

-1 G A R N
LHS = [L . 5—1—0(?—!— (;)u)} 9t—aQnt—U%yt.
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Then, multiply out the right hand side and use ys¢0'~¢ = p,

RHS = —oQ (15+5) ol — oL Py,
L u

+B(1—p) K(l - 77)% - 7]) xs°0' ¢ + LLIE] Efbia}+o <§f + g(;,)u> E{fi41}

+B(1—p)(1 - n)%Et{gt—H} - UQ%Et{ﬁt-&-l}-

and collect terms in Ey{0;,1} and Ei{f;41} to obtain:

RHS = —o% <1g+f) ph, — QL P,
+ {/3(1 -p) [((1 - n)% - 77) Xs°0' ¢ + L_Lli] +o (if + g(;)u) } Ei{bi1}
+ (80 = =% - 00| Efgin).

Move terms in ét and 7; to the left hand side,

LHS = [L_lﬁ-i-a(w-l-g(s)lL)-i-aQ(l—ﬁ-i-f)p} ét—asz(l—“;p)m—ay”ﬁt.

L Y Y Y
Simplify,
LHS = {‘Llua <‘;’ + g(;)“) +oQ (1 y f) p} 0, —anﬁt —a%yt.
Defining
o1 = B(1-p) [L_Ll£+ (1;77%(;) - 1) nxtsfelf} +o (if + g@“f) ;
042:&'2:1—4-%-1-%(5),
a5 =B1-p)1—nL -0,

c Y

we can write the linearized job creation condition as

a1 E{0i} + azE{i ) = {L_L lf +o <§f + g(;)u> +o <1 — &+ f) agp} 0, (106)

N n.
—aazgnt — oy?yt. (107)

%% = @Q/#(g)’ we can write oy as follows

a1 = B(1—p) {L_Llf-l-(i—l)np} +a<§;)+g(;)u>.

a1:5(1—p)bzlg(1—2’p)+a<§f+g(;)“>. (108)

Notice that, setting ys¢6'~¢ = p and using

or alternatively,
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3.9 Model solution
Assuming constant productivity (g = 0 for all ), we can write the system of two equations in matrix form:

Et{ém}]: {BE+z(g+9) 4o(1-¢+8§)2p} -2t [9]

09
1—5—1—%)/} 1-2 (109)

i1 g

There exists a unique model solution if and only if the number of unstable eigenvalues (A; /5 < 1) is equal to
the number of controls and if the number of stable eigenvalues (A1 /2 > 1) is equal to the number of states. If
there are too many unstable eigenvalues, the model solution is explosive, while if there are too few unstable
eigenvalues, there are multiple equilibria (indeterminacy). In this model where there is one control variable

(6;) and one state variable (n;),
1. the model solution is unique if either | A; [< 1 and | A2 [> 1, 0r | Ay [>1and | Az |< 1.
2. the model solution is indeterminate if both roots lie inside the unit circle, | A; [< 1 and | A2 |< 1.

3. the model solution is non-existent if both roots lie outside the unit circle, | A; |[> 1 and | Ay |> 1.

3.10 Special case: risk neutrality

Under risk neutrality (o = 0), we have that

The equation system reduces to

E{fi1} ] _ [ T O ] [ ‘fjt ] (110)

Myt1 (1—€+%)p 1-£ in

Notice that in this special case, the transition matrix is lower triangular, hence the eigenvalues are its diagonal

elements. Therefore, under risk neutrality,

1. the model solution is unique if and only

1

(a) either m

<land[l—-2>1

, that is if

B(1 - p)(1 - gp)‘ >1 and 2u < p.

(b) or

>1and |1 — 2] < 1, that is if

2. the model solution is indeterminate if ’6(1 —p)(1- gp)‘ > 1 and p < 2u.

3. the model solution is non-existent if

B(1—p)(1— gp)’ <1 and 2u < p.

The restriction that the job finding rate must be lower than 1, i.e. p < 1 requires that the separation rate
must not exceed the steady state unemployment rate, i.e. p < u. Therefore, Cases 1(a) and 3 can be ruled
out with our current calibration strategy that ensures a fixed .

Regarding Case 2, we note that indeterminacy arises when the workers’ bargaining power, which measures

the share of the match surplus going to workers, exceeds by a sufficiently large amount the contribution of
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the workers to the match success, which is captured by the match elasticity to unemployment, i.e. when

n >> £. More precisely, the condition for indeterminacy is given by

n 1
=D gt
‘ &1 Bl-p)
There are two conditions under which this inequality is satisfied. The first case is:
n 1
l—=p>—————.
& B-p)

This inequality cannot be satisfied for positive values of 7, ¢ and p; the left hand side of the inequality is
positive but below unity. Therefore, the left hand side cannot exceed the right hand side, which is necessarily

above unity. Let us now consider the second case. Indeterminacy arises if

(-

Adding 1 on both sides and rearranging, we can rewrite this as

n _1+p6(1—-0p)
¢ BU-pp (1)
—_———

>1

Condition (111) is identical to the indeterminacy frontier in the one-sided search model.

4 Model with Hiring Costs

4.1 Preliminaries

Matching function

17
my = Xufvt ¢

Unemployment rate
Uy = 1-— Ty
Hiring rate
my
Ty = —
ny
Employment dynamics

ne = (1—p) (ne—1 +me—1)

Market clearing
Y, = Ch

Aggregate accounting

Y = yiny — cxymy
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4.2 Production, firm’s match surplus, hiring

Production of output y; takes place in one-worker firms with labor only (i.e., no capital) and constant hours.
Firms’ wage costs are wy, such that period-t profits are y; — w;. Let J; denote the firm’s match surplus, i.e.
the value of hiring a worker. It is the sum of current profits and the firm’s continuation value. The latter
is the expected future match surplus in case the employment relationship continues, which happens with
probability (1 — p). The firm’s value is zero in case the worker and the firm separate, which happens with
probability p. Thus,

Je =yt — wi + Ee{Br.e1[(L — p) Ti1 +p - 0]},

where 81 = 8 Ai\il is the household’s stochastic discount factor and A\; = C; 7 is the marginal utility of

consumption. The firm’s match surplus can be written as

T =y —wi+ (1= p)E{Bri41Te41}- (112)

Meeting a worker entails a cost, ¢, which is proportional to the aggregate hiring rate z; and taken as given
by the firm. Free entry into the labor market ensures that the following no-arbitrage condition must hold
for all ¢,

cxy = (1 = p)Ee{Bra+1Te41} (113)

Combining the firm’s asset value (112) and the free entry condition (113), we get the following expression
for the firm’s match surplus
Ji = ys — wy + cxy. (114)

gi t = —1. Finally, using the firm’s match surplus

(114), iterated by one period, to substitute out J;41 in the free entry condition (113), we obtain

The derivative of the firm’s match surplus to the wage is

cxe = (1 = p)Ee {Bres1 [ye1 — wer + caipa]}- (115)
4.3 Utility and worker’s match surplus
Utility maximization is given by

. Ci -1
U=E S
U= E > o |

where ¢ > 0 is the coefficient of risk aversion. Denote the value of being employed W; and the value of
being unemployed U;. In period ¢, an employed worker receives the wage income w;. In the next period, he
is either still employed with probability (1 — p), in which case he has an expected value of E {5 +1Wit1},
or the employment relation is dissolved with probability p, then his expected value is Ey{5; +1Ui+1}. The

worker’s asset value therefore is

Wy = we + Ee{Bre+1[(1 — p)Wis1 + pUpsa]}- (116)

The value of being unemployed Uy is in turn given by

Up = b+ Ef{Bri41[pe(1 — p)Wigr + (1 = pe(1 — p))Upsa]} (117)
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An unemployed worker receives an income of b units of consumption goods in period ¢. In the next period,
he faces a probability p;(1 — p) of finding a new job, which has an expected value of Ei{S ;+1Wit1}, and a
probability 1 — p,(1 — p) of remaining unemployed, which has an expected value of E;{8; ;+1U;+1}. Defining
the worker’s surplus as Wy = W; — Uy, we can subtract (7) from (6) to write the match surplus going to the
worker as

Wy =wy —b+ (1= p)E {Bre4+1[(1 — pe)Weya]} (118)

The derivative of the worker’s surplus with respect to the wage is OW; /0w, = 1.

4.4 'Wage bargaining
Under Nash bargaining, the equilibrium wage satisfies
maxW, 7, .

The first order condition to this problem is

1OW 4 _n 0T
n—1 t 71-m 1 _ nZYtyun _
77Wt awt \71‘, + ( 77)‘-7t awt Wt )
which can be simplified to
Jr Oy 0T
Wy ow, T o, =
t Wy Wt
Put differently, the surplus sharing rule is
Wt = tht, (1].9)
where T; denotes the effective bargaining power,
T, = —— 2o 120
t 1 — n _2752 ( )
Plugging the derivatives of the worker’s and the firm’s surplus into (119), we find that T = ﬁ and so the
sharing rule boils down to
n
= . 121
W= (121)

Using the worker’s and the firm’s surplus, (118) and (112), to replace W, and J; in (121), we obtain
wy —b+ (1= p)E{Brtx1(1 — p)Wiy1} = % [ye —we + (1 = p) Ee{ Bt .41 Ti+1}] -
U]

Then, using the surplus sharing rule (121) to replace W;41 with ﬂ%Jrl yields

wy —b+ (1 —p)Ey {5t,t+1(1 - pt)linjﬁ_l} = % [y —we + (1 — P)Et{ﬂt,t+1\7t+1}] .

Collecting terms in (1 — p)ﬁEt{Bt’tHJtH} yields

wy — b= % e — we + pe(1 — p)E{ Bri41T141}]
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Using the free entry condition (113) to replace (1 — p)E¢{B; 141 Ti+1} with cz, yields

Ui

wt_b:l—’r’

(ye — we + preay) .

Finally, we can solve for the wage w; as follows:

n n
T+ — Jwy —b= —1(y, +
( . 77) wy T n(yt prexy),

=T ﬁﬁ(yt + prexy) + b,
w = N(ys + prext) + (1 —n)b. (122)

Using the wage (122) in the job creation condition (115) yields

cxy = (1= p)Ey {Bet1 [(Wer1 — 1(Yes1 + Deyrcxe1) — (1 = n)b) + cxeqa]} .

We use 141 = ’\;\tl, At = C; 7 and C; =Y} to replace 3,11 with 3Y;” /Y%, and rearrange to obtain

g

Y,
cry = B(1 - p)Ey {Y; (1 =) (ye41 — b) — npr1cTii1 + C$t+ﬂ} ~ (123)
t+1

In steady state, the JCC is
cx = B(1—p)[(1 —=n)(y —b) —npcx + cx].

Rearranging, we obtain the leisure value

1= -p)(1—np)
Y=V TBa i)

cx. (124)

4.5 Equilibrium conditions

Endogenous variables ug, my, pg, ng, x4, Yz,

utzl—nt

my
Ty = —
Ty
my
pt=—
Ut

ne = (1—p)(ne—1 +mi—1)

ag

cxy = B(1 - p)E; {;;:,_1 (1 =) (Y1 =) + (1 — 77pt+1)096t+1]}

Y = yiny — cxymy

Exogenous variable: ;.
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4.6 Recursive steady state

Normalize y = 1. Calibrate 3, o, p, &, q, ¢, u. Implied steady state variables or parameters: n, x, m, p, Y,
b. Employment:

n=1—u

From the employment dynamics equation in steady state, we have the hiring rate is given by

The steady state number of matches determines the job finding rate as follows,

m
p=—.
u

The steady state JCC gives us the leisure value,

by 1-BQ—p)d—mp)

B —n)(1 - p)

Finally, we can compute aggregate output as

Y =yn — cxm.

4.7 Linearization of equilibrium conditions

Unemployment
-1
= — iy = L q, (125)
u U
Hiring Rate
.')Ai't = mt - ’flt. (126)
Job Finding Rate
N N S
Dt =My — U = My + Mg.
Replacing matches 7i; using (126), we obtain
N N . —-u, . 1.
Pt = Tt + e + Ny = Ty + —Ny. (127)
U u
Employment dynamics
TAlt+1 = (]. — p)TALt -+ pfnt = ﬁt -+ pii’t (128)
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Aggregate resource constraint

N n, . R cxm , . R
Vii= S5+ i) = S (@ ).

Replace the number of matches m; with &; + 7y to get

N n, . R cxm , . ~
Yt:y7(yt+”t)* % (224 + 7t),

or, collecting terms in 7y,

- yn . yn - cxmy cxm _ .
V= Lo (22 - 58 - S0,
6=y + % v t v o
Using the steady state aggregate accounting equation £* — €% = 1, this simplifies to
- yn .. cxm
Yt:?yﬂrnt72 Y:Ct.

We can iterate the aggregate resource constraint (131) to get output in ¢ + 1,

~ yn N crm
Vg = 2= g1 — 29— F41,
1 = Y + N1 v L+l

and then replace 7;41 using the linearized employment dynamics equation (128)

N n . ) R cxm |
Yij1 = y7yt+1 + (R + piy) — 2 v Tit1-

Job creation condition. Rewrite the job creation condition (123) more conveniently as
e, Yy 7 = B(1—p)Ee {Y57 [(1 = 1) (Y1 — ) + (1 — npegr)exeial } -
Linearizing this equation yields

¥ty — ex¥ 70T, =~ — Y7 [(1— )y — ) + (1~ np)ea] o Bu(Fipn)
+ B8 —=p)Y  E Al = n)ydis1 + (1 — np)cxdipr — npcxpeyr b

Divide by Y ™7 to obtain

cxdy — cxoYy = —B(1—p) [(1 = n)(y — b) + (1 — np)ez] 0 Ey{YVip1 }

+ (L= p)Ee {(1 = n)yJes1 + (1 — np)cxdsyr — npcxprir

Using B(1 — p)[(1 —n)(y — b) + (1 — np)cz] = cx, we can simplify

cxiy — cxoY; = —cxoE{Yig1} + B — p) By {(1 = )ydes1 + (1 — np)cxdyyr — npeappsr} -

Dividing by cz, we get

. - - 1—-n . .
& — oYy = —oE{Yi1} + B(1 - p)Ey {anyytﬂ + (L= np)Ztp1 — nppt+1} .
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Assuming constant productivity ¢, = 0, we get
(133)

& — oYy = —0E{Yipa} + B(1 = p)E {(1 = np)&11 — nppraa } -

Replace Y; and Et{ﬁ+1}, using (131) and (132) respectively, and impose again constant productivity to

obtain,
xm . .
73315-&-1} +B(1 = p)E: {(1 —np)Zty1 — MpPes1} -

. . cxm . .
Ty —0 (nt — Q?mt> = ok, {(nt + piy) — 2 v

Cancel —on; from both sides, and assume constant productivity, g; = 0,

crm " . crm N N N
(1 + 207) Iy = —ops + 2U?Et {#e41} + B = p)E {(1 — np)@ey1 — npPry1} -

Replace the job finding rate using pr41 = F141 + =fe41,

CT R R crm “ N N N
(1 + 20*) By = —opdy + QUTEt {Z141} + B(1 = p)E; {(1 —np)Z1 — NP (ﬂftﬂ + unt+1> } :

Collect terms in z; and Z41,
) =B —p)E; { (1 —2np + ,6’(1—Yp)> Tpy1 — ngﬁt+1} .

(1 +20$ +op

Replace 741 with 7y + py, to get
crm

(1+0p+2052) 2 = B - p)E; { (1 —2p + mfp)) B — (i + pﬁ:t)} :

TP . (134)

Rearrange to get
np o\

1-p)Lp) 1-p) L,

(1= p)==p) &+ B(1 = p)- =

2 CcCTm
ﬁ(l_p)Et{O_?W*M)@m}: (1+0P+20$+5

Divide by 5(1 — p),
2040 R 1+0p+ 2052 P\ . 1,
1-2 —Y | E = — - — 7. 135
( np + 5(1_p)> t{Ze41} ( B0 —7) +77pu> &y +np e (135)
Defining
aft=1-2np+ ﬁ, (136)
(137)

crm

~ l+op+20 . 1,
By {F41} = (M + 77PZ> Ty + M

we can write (135) as

We can write the system of equations in matrix form:
[ ( 1 l4op+20

T np_p np 1
+a}f£a) o 1 [xt ]

afe ™ B(1-p)

Ei {41} ] _
p

Ni41
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We can write the two-equation system in a more compact way:

E{Zi1} ] — 3! l %t ] : (138)

ﬁt+1 T

where the transition matrix is

( L Ltopt20sgt | gp 3) np 1
@1:[ A T ateu a?cu] (139)

p 1

The trace and the determinant of ®~! are given by

1 14+op+2052
tr(1+npﬂ>+ 1+op+3205% (140)

aheu ahe  Bl—p) 7

1 14+op+2057~
aye Bl —p)

The two roots of the system can be written in terms of the trace and the determinant,

(141)

1
)\izi(tri tr2—4D> with 7 = 1,2.

4.8 Special case: risk neutrality

Let us again consider risk neutrality as a special case, where a#¢ = 3(1 — p)(1 — 2np). The transition matrix

reads

( 1 L > 1P
o1 = B-p)(A=2np) T 1-2np) 1-2np (142)
C p 1
Notice that the trace and the determinant of @;cl are given by

1 Snp
B(L—p)(1—2np)  1—2np’

1
B(1—p)(1 —2np)

The two roots of the system can be written in terms of the trace and the determinant,

tr=1+

D=

1
i = 5(trj: tr? —4D) with i =1,2.

We can show that the first root of matrix <I>;C1 is smaller than 1, which rules out non-existence. We use a

proof by contradiction. Suppose that the first root is unstable, such that

1
5(tr +Vtr? —4D) > 1.

Multiply both sides of this inequality by 2 and subtract the trace from both sides to get

Virz —4D > 2 — tr.
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Taking the square, we have the following condition,
tr? — 4D > 4 — 2tr + tr
The square of the trace cancels out and we divide by —2 to obtain
2D < tr—2

Plugging in our expressions for the trace and the determinant, we obtain

2 _ 1 Znp B
Bl —=p)(L—2np)  B(l—p)(1—-27p) 1-2mp

which can be written as

2 - 1+ B(1—p)2np —B(1—p)(1 —2np)
B(1 = p)(1 —2np) B(1 = p)(1 —2np)
Or alternatively,
2 1—B(1—p)(1 —2np — £np)
B(1 = p)(1 —2np) B(1 = p)(1 —27p)

We multiply by the common denominator (1 — p)(1 — 2np), which is positive under the assumption that
np < 3, ,
2<1-B1-p) (1- 20— Lop)

Subtracting 1 from both sides and dividing by (1 — p), this inequality simplifies to

g <~ -2

Rearranging again, we obtain

1 p
1+ —— <2np+ —np
B(1—p) u

The left hand side of this inequality is larger than 2, but the right hand of the equation is the sum of two
positive numbers that are smaller than 1. Therefore, we have a contradiction and the first root cannot be
unstable.

Next, we show that the second root of matrix <I>;Cl is greater than 1, which rules out indeterminacy.

Again the proof is by contradiction. Suppose that the second root is stable, such that
1 S
i(tr— tr2 —4D) < 1.

Multiply both sides of this inequality by —2 and add the trace to both sides to get

Vir2 —4D > —2 + tr.

Squaring both sides yields
tr? — 4D > 4 — 2tr + tr?

Notice that this is the same inequality as above, which we have shown to be a contradiction. Therefore, the
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second root must be unstable. We have one stable root and one unstable root, which implies that the system

has a unique solution.
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