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SEARCH COSTSAND THE SEVERITY OF ADVERSE SELECTION

by Francesco Palazzo*

Abstract

In view of some recent empirical evidence, | suggeselationship between the

magnitude of search costs and the severity of adveelection in the context of a dynamic
model with asymmetric information. In markets wimall search costs sellers with low

quality products misrepresent their quality and dedha high price. If instead search costs
are not negligible and buyers receive sufficiemhgcise signals, sellers' price offers are
truthful and all product qualities are traded ofrere. In markets with small search costs, a
budget balanced mechanism can avoid to exacerdatgse selection: sellers should pay a
per period market participation tax and receivelste after trading.

JEL Classification: D47, D82, D83.
Keywords. dynamic adverse selection, decentralized marketwch theory, time on market

observability.
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1 Introduction®

Information asymmetry is a pervasive feature of real world markets: financial securities, real
estate, electronics and secondhand vehicles are just a few examples. In these markets one
side—usually buyers—may lack the information or experience to ascertain the true quality of a
specific good. Since Akerlof’s (1970) seminal paper, it is a well known result that high quality
goods may not be traded if buyers believe there is a high chance of buying a ‘lemon.” Clearly,
real world markets present a much more complex environment than the static adverse selection
model, and a growing literature has been reconsidering the effects of asymmetric information
in a dynamic setting.

The theoretical literature offers contrasting views. On the one hand, Janssen and Roy
(2002), Blouin (2003), Camargo and Lester (2014), Moreno and Wooders (2014) and Fuchs
and Skrzypacz (2015) claim that sellers signal a higher product quality by delaying trade. In
these models, low quality sellers trade early while high quality sellers demand higher prices
and trade at a later date. I will refer to this economic mechanism as intertemporal separation
(henceforth, ITS). On the other hand, Taylor (1999) claims that spending a longer time on the
market is a negative ‘stigma’ for sellers, and leads to trading at a lower price. Differently from
the first strand of literature, buyers accept goods based on a private informative signal about the
product quality:! in equilibrium, high quality sellers trade more rapidly, and older cohorts of
sellers include a higher share of ‘lemons’ whose price offers were rejected in previous trading
rounds. Several papers consider a market setup in which buyers can infer how long a seller has
been on the market, while others assume buyers lack this piece of information. Although in
many traditional retail markets the latter case is more plausible, the former setup is gaining in-
creasing attention because electronic platforms make it easy to provide buyers with information

on sellers’ previous time on the market.

The empirical literature on this topic is very limited and it documents contrasting findings.
On the one hand, Ghose (2009) considers used electronics products sold on Amazon, and she
finds that goods of higher quality take longer to trade than lower quality ones, but they manage
to trade at a higher price as time goes by. On the other hand, Tucker et al. (2013) argues that a

*A draft of this paper has previously been circulated under the title ‘Is Time Enough to Alleviate Adverse Selection?’. | am
greatly indebted to Andrea Prat, Dimitri Vayanos and Francesco Nava for many fruitful discussions that greatly improved the
paper. | also thank Francesca Carta, Giuseppe Cappelletti, Erik Eyster, Teddy Kim, Gilat Levy, Michele Piccione, Ronny Razin,
Markus Riegler, Lucia Rizzica, Anatoli Segura, Paolo Siconolfi, Balasz Szentes, Min Zhang, as well as seminar participants at the
London School of Economics, Columbia Business School, Bank of ltaly, Frankfurt School of Finance, New York Fed, Fed Board
and Ecole Polytecnique as well as the 15 SAET Conference (Cambridge 2015) for useful comments and discussions. The views
expressed in this paper are those of the author and are not the responsibility of the Bank of Italy. All errors remain mine.

]Only a few other papers consider buyers equipped with informative signals: the early work by Taylor (1999) and the most
recent contributions by Lauermann and Wolinsky (2015) and Kaya and Kim (2014); see the related literature.



longer time on the market leads to a negative stigma.’

In this paper, I suggest that the relationship between price dynamics and adverse selection
may depend on the magnitude of search costs in a decentralized market. I consider a dynamic
model in which every selle—endowed with a good of either high or low quality—finds a new
buyer only by incurring a search cost; once a seller finds a buyer, the former proposes a price
to the latter, who receives a private and imperfectly informative signal on the seller’s product
quality, and decides whether to accept or reject the price offer. My results point out that markets
with small search costs suffer from a more severe adverse selection problem: low quality sellers
prefer to pool on a high price as it is cheaper to wait until a buyer accepts. If buyers observe how
long the good has been on sale, a long stay on the market penalizes sellers: prices decrease over
time because high quality goods trade faster than lower quality ones. However, when time on
market is not observable the adverse selection problem is even more severe because the average
market quality worsens. On the contrary, marketplaces with non-trivial search costs may favour
high quality sellers’ market participation because the search cost acts as a separating device.>
Although it takes longer to trade a high quality good than a low quality one, it ends up trading
at a higher price. Low quality sellers demand a low price because imitation would lead to incur
too high expected search costs before trade.

Linking the adverse selection problem to the magnitude of search costs may explain why
the empirical evidence on intertemporal separation in Ghose (2009) concerns markets for small
value goods such as electronics, while Tucker et al. (2013) find a negative stigma effect for
expensive items such as residential homes.* The proposed relationship between adverse selec-
tion and search costs may also be relevant to interpret the growing literature on online trading
platforms—where search costs have been almost eliminated—that documents a more severe
adverse selection problem. Jin and Kato (2007) show that the lemons problem may induce
different product qualities to segment across online and offline markets. Specifically, products
offered online are more likely to be of low quality, unless certified by a professional third party,

while higher quality products are usually sold through the retail channel.> Similarly, Wolf and

2Tucker et al. (2013) exploit a quasi experimental setup due to a sudden policy change: in 2006 the real estate listing
service in Massachusetts decided to prevent home sellers from resetting their properties’ days on market through relisting. Homes
exposed to the policy change experienced a considerable reduction in sale price relative to comparable Rhode Island homes, with
the effect being greater for older listings; in contrast, newer listings experienced a slight increase in prices after the policy change.

3Obviously, search costs should not be too high; otherwise no seller would participate in the market.

4Kaya and Kim (2014) recently provided a theoretical model that might also explain the conflicting empirical evidence. It
suggests a relationship between the observed price pattern and the adverse selection problem based on the initial share of high
quality sellers: if it is high, delaying trade penalizes sellers as prices decrease over time; if it is low, waiting signals better product
quality and older cohorts of sellers trade at higher prices. Their mechanism would imply that, ceteris paribus, used electronics
goods markets have relatively more high quality products than residential homes. Unfortunately, it is hard to test this implication
because of the difficulties in observing the effective quality of goods offered in a real world market.

SWolf and Muhanna (2005) provide similar evidence with data from eBay Motors: they find that for vehicles with higher
quality uncertainty—older and high mileage vehicles—the price that eBay buyers are willing to pay for the vehicle decreases by
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Muhanna (2005) and Overby and Jap (2009) find that newer cars and those with low mileage
are less likely to be sold on eBay.®

The main economic mechanism underlying the negative relationship between search costs
and adverse selection is fairly intuitive. Small search costs create greater incentives for sellers
of low quality goods to adopt the same pricing strategy as high quality sellers, as it is cheap
to search until a buyer wrongly perceives the product as being good. In equilibrium, buyers
realize that all sellers pool on the same price, and they accept only if they receive a positive
signal on the good quality and the price offer is sufficiently low. When sellers’ time on market
is observable, the longer a seller has been on the market the lower the price offers will be:
high quality goods sell more rapidly—as they are more likely to receive a positive signal—and
buyers realize that older sellers are more likely to offer a low quality good.” If a seller had been
on the market for too long, buyers would only accept prices below the reservation value of high
quality sellers who, in turn, prefer to exit the market. The model prediction of a decreasing price
path is consistent with the empirical patterns reported in Tucker et al. (2013). Moreover, even
if they do not discuss how their results relate to the adverse selection problem, Hendel et al.
(2009) document that some real estate sellers in Madison, W1 decided to switch to a realtor after
some time spent on a for-sale-by-owner website, an online platform with a publicly observable
posting day. In markets with non-trivial search costs, there is less scope for imitation because
low quality sellers may prefer to truthfully reveal their type and trade immediately rather than
continuing to search. In separating (or semi-separating) equilibria, a low quality good trades at
a low price that buyers always accept, whereas a high quality one trades at a higher price only
if a buyer receives a positive signal on its quality. Separation results from the difference in the
expected search costs of pursuing a high price strategy for the two types of sellers.

In view of this unfavourable evidence on the functioning of online markets, I study how a
market designer could overcome the lemons problem in a market with small search costs. In
particular, I analyze to what extent a system of transfers may maximize sellers’ market partic-
ipation and trade. I focus on mechanisms that satisfy a series of properties: budget balance,
informational efficiency of prices and interim individual rationality. The efficient market de-
sign intervention achieves separation through a constant market participation tax, and it relaxes

a seller’s individual rationality constraint through a final rebate after trading. Low quality sell-

more than what is observed on offline markets. Analogously, Dewan and Hsu (2004) find that identical stamps trade at a 10-15
percent discount on eBay compared to a speciality stamps auction with lower quality uncertainty.

6As documented by Dellarocas (2005), Dimoka et al. (2012) and Hui et al. (2015) eBay has been successful in solving
asymmetric information problems with adequate mechanism design and feedback. My model is more closely related to less
sophisticated online platforms such as Craigslist.com, Gumtree.com or Pianomart.com, where anonymous sellers place simple ads
and buyers can individually contact the seller.

7Taylor (1999) is the first paper to exploit this social learning mechanism in the context of a two-period adverse selection
model (see section 2).



ers do not find it profitable to post a high price because, on average, they are less likely to find
a buyer who receives a positive signal; if they pursued a high price strategy, they would pay, on
average, a cumulative amount of market participation taxes that would make imitation unprof-
itable. In terms of incentive compatibility constraints, the market participation tax is analogous
to a per period search cost. Nevertheless, the former is not a waste of economic resources,
and it can be partially recouped through a rebate, thus relaxing sellers’ market participation
constraints. Time on market observability does not affect the efficient mechanism: taxes and
rebates are inversely proportional to the precision of buyers’ signal, but they do not depend
on sellers’ time on market, although in principle they could. This market design intervention
achieves full market participation in a large set of economies, and it is only unsuccessful when

buyers’ signals are close to being uninformative.

In separating equilibria, sellers’ strategies signal their type, and market outcomes do not
depend on the availability of public information on sellers’ time on market. On the contrary,
this information becomes crucial in a pooling equilibrium, i.e. when search costs are small.
In particular, if time on market is not observable, sellers from all cohorts offer the same price
because buyers cannot penalize ‘old’ sellers. There is no decreasing price path and no seller
drops out once he has initially participated in the market. Nevertheless, the adverse selection
problem is more severe without information on sellers’ time on market, to the extent that neither
the dynamic dimension nor the existence of private informative signals improves high quality
sellers’ market participation relative to a static model with uninformed buyers. The economic
mechanism underlying this result depends on the interaction between sellers’ pooling strategies
and the precision of buyers’ signals in determining the endogenous average quality of the goods
offered on the market. Indeed, when search costs are small, low quality sellers demand a high
price until a buyer receives a positive signal; because signals are informative, high quality
goods trade more rapidly than low quality ones, and this difference is increasing in relation
to the signal precision. Therefore, more precise signals lead low quality sellers to stay longer
on the market, worsening the average market quality. When buyers cannot distinguish how
long a seller has been on the market, the prior belief of receiving a high quality good is equal
to the average quality of the products offered on the market. Greater signal precision is self-
defeating as it worsens the average quality of the pool of products offered on the market; this
negative effect on the prior belief offsets the positive effect of a more precise signal. On the
contrary, if time on market is observable, buyers can distinguish different cohorts of sellers
and a higher signal precision unambiguously alleviates the lemons problem. In this respect,
Lewis (2011) points out that greater information disclosure on eBay motors increases sellers’

chances of trading as well as final prices. My results point out that the benefits from information
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disclosure may be higher when information on sellers’ time on market is publicly available.

A last word of caution on the set of equilibria considered. I analyze a dynamic signalling
model, and it is an extremely challenging task to provide a complete equilibrium characteriza-
tion. Similarly to many other papers, I focus on a particular set of perfect Bayesian equilibria.
Specifically, I restrict attention to equilibria in which buyers play pure strategies on the equi-
librium path; nonetheless, buyers’ deviations and sellers’ equilibrium play can be in mixed
strategies. Within this set of equilibria, if search costs are sufficiently small the only admissible
equilibrium strategy for sellers is to pool on the same price offer (Lemma 4.1). Separation could
be possible if buyers played mixed strategies, but the pooling equilibria presented in Proposi-
tion 4.2 and 4.3 would still exist; in addition, when search costs are non-negligible pooling
equilibria would fail to exist even if buyers could mix. I cannot claim to have a robust theo-
retical prediction based on equilibrium uniqueness; nevertheless, I focus on a set of equilibria
that deserves special attention as it matches several empirical findings observed in real world
markets.

In the next section I discuss the related literature. Section 3 presents the model. Section 4
characterizes the equilibria when search costs are close to zero. Section 5 derives the efficient

market intervention. Section 6 concludes. All proofs are in Appendices A and B.

2 Related literature

This paper is mainly related to the theoretical literature on dynamic adverse selection in de-
centralized markets.® Janssen and Roy (2002), Blouin (2003), Camargo and Lester (2014),
Moreno and Wooders (2014) and Fuchs and Skrzypacz (2015) present models in which post-
poning trade may signal good quality and open up the opportunity to sell at a higher price.® A
key assumption underlying the intertemporal separating mechanism is the ability of buyers to
infer how long a seller has been waiting on the market. They can either observe hard evidence
of time on market or there is common knowledge of the initial date of the game. Equilibria
are inefficient from a welfare perspective due to delays, but all sellers eventually trade. The

literature mainly considers non-stationary equilibria, as the market starts at an initial date and

8The latter term defines a class of models that depart from the classic Walrasian price formation paradigm to explicitly
model the bilateral interaction between buyers and sellers. A non-exhaustive list of previous papers on decentralized markets with
complete product information includes Diamond (1971), Rubinstein and Wolinsky (1985), Gale (1986a,b), Duffie et al. (2005,
2007), Vayanos and Weill (2008), and Lagos and Rocheteau (2009). Wolinsky (1990) considers a decentralized market with
asymmetric information on the common quality of all units. Serrano and Yosha (1993), Blouin and Serrano (2001), and Duffie
et al. (2009, 2014) provide other contributions to this literature.

?Blouin (2003), Camargo and Lester (2014), and Moreno and Wooders (2014) characterize non-stationary equilibria in
infinite horizon games. The main differences among these papers have to do with the division of trade surplus and are partly
driven by alternative bargaining protocols. The former two papers adopt the exogenous price bargaining of Wolinsky (1990),
while the latter assume buyers make take-it-or-leave-it offers.



strategies depend on time. In this paper time on market coincides with the number of buyers
previously encountered, but I prefer to use the expression ‘time on market’ for lexical conve-
nience.!® Compared to models featuring ITS, I adopt an alternative assumption on the cost of
finding a new trade opportunity, thereby capturing a different economic interpretation on the
nature of delay costs. In models with ITS, postponing trade imposes a cost via time discount-
ing, reducing the present value of a positive expected payoff. Trading late is costly, but market
participation always provides a non-negative payoff. In contrast, in my model postponing trade
imposes a per period cost in the form of an additive utility loss and, for simplicity, there is no
discounting. Analogous results hold with discounting if the latter has a sufficiently small order
of magnitude relative to search costs; see Example 7.1. Since finding a new trade opportunity
imposes an additive and symmetric (w.r.t to sellers’ types) cost, cumulative search costs may be
larger than total gains from trade. In contrast, intertemporal separation crucially relies on dis-
counting an instantaneous payoff as it guarantees two essential properties: first, a strict single
crossing condition with respect to time, and, second, perpetual market participation as waiting
costs cannot lead to a negative expected payoff. In section 3 I discuss the various implications
in full. Several papers adopt a model setup with search costs and no discounting: Lauermann
and Wolinsky (2015) in the dynamic adverse selection literature, Atakan (2006) in the matching
literature, and many sequential search models (for example Stigler (1961), Rothschild (1973),
Reingaum (1979) and Stahl (1989)).

My model is closely related to the literature on sequential trading between a long-lived
seller and a sequence of short-lived buyers. Taylor (1999) considers a two-period model in
which a single informed seller posts prices under different price observability assumptions.'!
His paper was the first to point out the negative information externality that affects older co-
horts of sellers when buyers observe private informative signals. Kaya and Kim (2014) extend
Taylor’s model to an infinite horizon setup in which buyers observe sellers’ time on market,
receive private informative signals and make offers to sellers. In their setup, prices and beliefs
converge to a steady state and the transition depends on the initial probability of trading with
a high quality seller: if it is high, beliefs move downward as in Taylor (1999) and a high price
is offered less often; if it is low, sellers separate over time. In my model, a similar downward
price movement takes place when time on market is observable and search costs are small.

Moreover, I explicitly compare the interactions among the magnitude of search costs, the pre-

10Kim (2014) shows that when market frictions are small (small discount rate), observing only time on market is welfare
improving relative to public information on previous matches. This result stems from the fact that staying on the market
strengthens reputation; in this respect, information on previous matches conveys a more precise signal than time on market.

"Hsrner and Vieille (2009) and Fuchs et al. (2014) also study the effect of price history observability in models in which
buyers have no informative signals.
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cision of buyers’ signals, and time on market observability. Lastly, Lauermann and Wolinsky
(2015) consider a stationary sequential search model with informative private signals for buyers
and additive search costs. They show the existence of a search friction that reduces price in-
formativeness compared to a common auction environment. They consider buyers who receive
signals sampled from a continuous distribution—possibly of unbounded precision—while I use
a simple symmetric binary signal of bounded precision. My choice is motivated by tractability
concerns, especially for non-stationary equilibria. Moreover, I focus on allocative efficiency
and market exclusion, while they analyze informational efficiency.

My paper is also related to a new strand of literature on optimal market intervention for
lemons markets. In particular, Fuchs and Skrzypacz (2015) consider government interventions
through taxes and subsidies.!? Their Pareto improving budget balanced policy suggests a short
tax exempt trading window followed by a short lived period of positive taxes; sellers trade
immediately and afterwards the tax goes back to zero. In equilibrium, no taxes are actually paid.
They exploit the intertemporal separation mechanism, and the goal of taxes and subsidies is to
reduce the amount of inefficient delay necessary to separate different sellers’ types. My efficient
intervention also points out the need to subsidize initial trade, but it prescribes a constant market
participation tax thereafter. In equilibrium, revenues from the per period market participation

tax are used to finance the rebate after trade.

3 Model

This section presents the model setup and discusses how the main assumptions relate to the

research questions.

3.1 Model setup

Consider a decentralized market where trade is only possible in bilateral transactions between
one buyer and one seller.!? Each seller is endowed with a single indivisible good of high (H)
or low (L) quality. A seller knows the quality of his product but nobody else can observe it. Let
0, and v, be buyers and sellers’ valuations, respectively, for a product of quality A € {H,L},
and assume Oy > vy > 6, > vi. I use the terms H-sellers and L-sellers to refer to sellers with

high and low quality goods.

2 Their paper differs from Philippon and Skreta (2012) and Tirole (2012) because the latter consider a government inter-
vention in the presence of a static competitive private market.

Basa convention, throughout the paper | refer to the seller as “he” and to the buyer as “she”.
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Timet € {..,—1,0,1,..} is discrete and in each period a set of sellers 1, of unit mass is born.
Only a fraction ¢° € (0, 1), independent of ¢, of newly born sellers owns a high quality good.
Sellers are long-lived and they can participate in the market until they trade or exit. Buyers live
for a single period and they always outnumber sellers.

I denote the set of sellers participating in the market at time 7 as S;, while Sf C S; is the
set of sellers who have been participating in the market for k € Ny previous periods; similarly,
S’;f’t C SK is the subset of sellers of type A in SX.!* Sellers pay a search cost ¢ to participate in
the market and match with a buyer. Buyers match uniformly at random with sellers and have no
search cost. For simplicity, they have no opportunity to buy a good and re-sell it on the market.
All players are risk-neutral and have quasi-linear utilities with respect to monetary transfers.
Sellers do not discount future payoffs.

Buyers and sellers trade according to a simple mechanism. Each selleri € S;_; U tt; who has
not traded at time 7 — 1 takes an action ag; € Ag = {{D}, R}, where D denotes the decision
to irreversibly drop out of the market and p € R, is the posted price at which he commits to
sell the good in period ¢. If ag; = D, seller i is not matched with a buyer and does not pay the
cost ¢; however, he has no future possibility of participating in the market. If ag; = p, seller
i pays ¢ and gets matched with a buyer. A particular history for seller i € S* is indicated with
h¥ = (hf‘l,ab’{i x ag ;) (with h-! = @) and H¥ is the set of all possible histories.

Let Zf C HY denote the set of terminal histories for seller i after k previous periods (with

Zi= U ZF). If hf € ZF seller i exits the market after k previous periods in the market and he
keNg

cannot choose any further action, i.e. Aéi =g,j>Kk+1. Let Zi"(D) C Zi’( include all terminal
histories in which seller i drops out of the market after x periods; similarly, Z* (p) C Z denotes
the set of histories in which seller i trades at price p after K previous periods in the market. The

final payoff to selleri € S} , inz € Zf is

i () = { —Kc if z€ ZX(D)

p—vy—(k+1)c iftzeZ(p)

Once matched with seller i, a buyer receives a private signal & € {H,L} on his product
quality, but she cannot observe his previous price history.!> Buyers’ signals have precision
Y€ (3,1),ie. Pu(& = H) =P (§ = L) = y. For a given vector (6, vy, 6,vy), I parametrize
a specific economy &'(7,4") by signal precision ¥ and a newly born measure ¢° of H-sellers.

I consider two different setups for publicly available information. If time on market is

1410 simplify exposition, | slightly abuse notation using S, S¥, S¥ to denote both the set and the measure of sellers.

5This assumption significantly simplifies the set of possible equilibria. See Taylor (1999), Hdrner and Vieille (2009) and
Fuchs et al. (2014) for models that consider equilibria with price history observability.
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observable (TMO), a buyer observes how long a seller has been participating in the market; i.e.
it is common knowledge whether i € S¥ for some k € Ny. In contrast, if time on market is not
observable (TMN) no buyer can observe this information.

When time on market is observable, a buyer’s information set .#g(p, k,&) includes the
seller’s offer p, his previous k periods in the market and the buyer’s signal &. If time on market
is not observable, it only includes p and & (i.e. .Zg(p,&)). Given her information set, a matched
buyer takes an action ag; € Ap = {A,R}, where A denotes acceptance and R rejection of seller
i price offer. If she accepts offer p, trade occurs and they leave the market; in case of rejection,
no exchange takes place and seller i moves to period ¢ + 1.

I only consider equilibria in which players’ equilibrium strategies do not depend on time
t. Strategies may depend on seller’s type A, cohort k and history hl’.(_l. Notice that invariance
with respect to ¢ does not exclude non-stationary equilibria, as strategies may be different for
each cohort k¥ and, within each cohort «, for different histories hfﬁl. In equilibrium, the mass
of sellers S;, Sf and S} , is constant over time—i.e. S; =S, Sf = S* and S} , = S} for every
k € Ng and t € Z—and I omit the subscript 7 in the remainder of this paper. | 7denote a strategy
profile with ¢ and a belief system with 7. A strategy profile ¢ and a belief system 7 form an
assessment (o, 7). T use 6_; and 7_; to indicate the strategy profile and the belief system of
any agent other than i.

Let ¢ = P(6y|S*) be the prior probability under uniform random matching that a seller in
S¥ offers a high quality good. On the equilibrium path, a buyer incorporates her private signal

into the publicly available information according to Bayes’ rule.

Definition 3.1 A assessment (0, 1) is an equilibrium of the game if it is a weak Perfect Bayesian

Equilibrium (PBE) with the following restrictions:
1. Symmetry: if sellers i, j € S} have hffl = h}cfl, they play the same strategy.
2. In equilibrium buyers play pure behavioural strategies.

I adopt a standard notion of Perfect Bayesian Equilibrium with two restrictions. First,
strategies do not depend on time ¢.'® This restriction does not prevent strategies from being
non-stationary as they may depend on k, i.e. how long a seller has been on the market. I
introduce time ¢ but distinguish among cohorts K in order to encompass both the TMO and the
TMN case in the same model setup. Second, conditional on their information set, buyers play

pure strategies.'’ Nonetheless, sellers can play mixed strategies in equilibrium, and buyers can

1650 Definition 7.1 in Appendix A for a formal definition.

l7Buyers’ strategies depend on the information set, hence strategies may depend on signal £ despite the fact that the latter
may not change the belief 7p.
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deviate using a mixed strategy. The pure strategy restriction on buyers’ equilibrium strategies
simplifies the set of possible outcomes, and it delivers equilibrium predictions consistent with
the available empirical evidence. Relaxing this restriction may lead to the existence of other

equilibria. For example, it is straightforward to show that a separating equilibrium in mixed

O —6r+c
20y —vyg—06.+c

out-of-equilibrium beliefs in the proposition statements. The main result for the admissible

strategies exists for all ¢ > 0 when y > > %.18 For simplicity, I do not specify
equilibrium strategies—Lemma 4.1—rules out other strategies without relying on any specific
out-of-equilibrium belief. The admissible equilibrium strategies only require buyers to hold
sufficiently pessimistic beliefs out of the equilibrium path.

My main departure from the previous literature—with the notable exception of Lauermann
and Wolinsky (2015)—is the explicit introduction of a per period search cost. This assumption
is common in the sequential search literature, while the dynamic adverse selection literature
has mostly considered a specific preference specification in which the discount rate can be
interpreted as a measure of search frictions. In particular, the standard utility specification
is %(p —vy), where K is the time index. This utility function is justified on the grounds
that sellers receive a flow payoff during the time spent on the market or, alternatively, sale
and production occur contemporaneously. Thanks to this utility specification, in equilibrium
sellers always find it convenient to participate in the market as long as they can trade at a price
greater or equal to their reservation value v, since 6*(p —v;) > 0 for every k. In several
models (Moreno and Wooders (2010, 2014), Kaya and Kim (2014)) H-sellers only trade at
p = vy, eliminating de facto their temporal preferences. This property is crucial to support
intertemporal separation of types; in fact, high quality sellers accommodate any period of delay
deemed necessary to prevent low quality sellers from deviating. Final allocations are inefficient
because H-sellers delay their trades, but all sellers eventually trade.

In my model I explicitly consider search costs as an additive utility loss and I ignore time
discounting, i.e. u(A,x,p) = p—vy — (k+ 1)c. This per period cost could be interpreted
as a search cost, a market participation fee or a maintenance cost for displaying the good on
the market. Other than in the aforementioned paper by Lauermann and Wolinsky (2015), it
has been routinely used in the sequential search literature.!® This preference specification has
two main properties: (1) sellers stay out of the market if they expect to trade after a long time

because the cumulative amount of search costs would be larger than their total gains from

18 After receiving a high signal, buyers should play a specific randomization strategy between accepting or rejecting 6. A
lower search cost requires a higher rejection probability. Even with mixed strategies, separation is not possible in the limit case
of ¢ =0, while the equilibria in section 4.1 continue to exist.

19The introduction of discounting would increase the number of equilibria by introducing additional possibilities to use time
as a signalling device. However, in my analysis | focus on some equilibria that match a few empirical patterns presented in section
1, and whose main characteristics are not affected by the possibility to introduce time discounting in the model.
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trade; and (ii) all sellers suffer the same utility loss if they postpone trade.?’ Introducing an
additive search cost is not the only possibility to satisfy these two properties. For example, it
is also the case for 6%p — v, a utility specification that can easily be interpreted as a seller
who discounts future prices but incurs the production cost v, before entering the market. More
formally, in models that support intertemporal separation, preferences satisfy a single crossing
property with respect to time (k) which makes high quality sellers relatively more patient. For a
up(AKD) o strictl
| y

‘MK'(A’J(J’)
increasing in A and it has the same sign for all (A, x, p) (see Milgrom and Shannon (1994)).

utility function u(A, k, p), the strict single-crossing condition is satisfied if

If u(A,x,p) = 6%(p — v, ) the ratio of partial derivatives is %, always positive and

)
strictly increasing in A as vy > vr. In contrast, in my model u(A, k, p) = p—v; — (kK + 1)c this

ratio is equal to % Similarly, if (A, k, p) = 0%p —v,, then % is constant for all A.

3.2 Static benchmark

To understand how the temporal dimension may alleviate the adverse selection problem, it is
customary to exclude economies in which a static model predicts that all sellers trade. In this
case no allocative efficiency problem arises. This efficient equilibrium outcome exists only if
all sellers post the same price p and buyers always accept. If buyers do not have informative
signals, all sellers trade only if the maximum price they are willing to pay—equal to their
expected value for the good—is higher than the reservation value of H-sellers. Formally,
¢+ (1-¢")0—c>vy  — qoz"’;;—_%jc:qiﬂ (1)

Buyers pay at least vy + ¢ only if they hold a sufficiently high prior probability ¢° of matching
with a high quality seller. In the remainder of this paper, unless specified, I assume ¢° < ¢>.

If buyers have informative signals, all sellers trade only if buyers accept the pooling price
p after a low signal realization. This equilibrium is possible only if p <E,[0|.-Zp(p,0,L)] and
p > vy +c. These two conditions imply Er,[60|-#5(p,0,L)] > vy +c, i.e.:

Y(ve+c—6p)
(1 —Y)(QH—VH—C)-F’}’(VH—FC—@L)

£z =

The highest possible pooling price, p = Ez,[0]|.#p(p,0,L)], is decreasing in y because a

more informative signal has a stronger negative impact on the posterior expectation. Therefore,

20 Atakan (2006) highlights the role of asymmetric delay costs in a model of assortative matching.

2l The subscript ¢ indexes threshold values for ¢° to the search cost c. Later | use q(')P to denote the value of the threshold
for ¢ =0.
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qu increases in Y and qép > qﬁ for every y > %

4 Equilibrium analysis

One of the most common results in the dynamic adverse literature is the possibility for all sellers
to trade. Different types of sellers are more likely to trade at different points in time: low quality
goods trade earlier and, on average, at lower prices, while high quality goods trade less rapidly
and at higher prices. In this respect, waiting is a signalling device analogous to education in
the classic Spence (1973) model. Buyers find this separating mechanism credible, and they
are willing to pay higher prices to sellers who have been on the market longer. Importantly,
intertemporal separation works when buyers do not have any informative signals. This result is

no longer valid if delay costs enter utility in an additive way as in the present model setup.
Proposition 4.1 [f buyers have uninformative signals, no intertemporal separation is possible.

Intuitively, time could credibly signal higher quality only if H-sellers incur a cumulative
utility loss larger than all gains from trade for high quality goods. This delay makes market
participation unprofitable, and they prefer to stay out of the market. Formally, the incentive
compatible delay period leads to a utility loss which violates the individual rationality constraint
of H-sellers.??

4.1 Negligible search costs

This section provides a complete characterization of equilibria—under the restrictions of Def-
inition 7.1—when the search cost c is close to zero. I analyze each public information setup
(TMO and TMN) separately although the underlying economic intuition is similar.

The main result if ¢ is small is that L-sellers have strong incentives to pool on H-sellers’

price offers. Lemma 4.1 states the admissible behavioural strategies on the equilibrium path.

Lemma 4.1 There exists ¢* > 0 such that for every ¢ < c¢* every equilibrium path only admits

the following behavioural strategies:

o TMO and q° < ¢’

22The impossibility of this result depends on the additive specification of delay costs, and it is unchanged even if | consider
the set of equilibria in which buyers may play fully mixed strategies (see the proof of Propositon 4.1).

16



— H- and L-sellers in S* post a price p* that buyers accept only after a high signal,
or all prices they offer are rejected with a probability of one.?>

— H-sellers stay out of the market and L-sellers trade at price Of.
e TMN and ¢° < ¢'F:

— H and L-sellers in every cohort S* post the same price p which buyers accept only

after a high signal.

— H-sellers stay out of the market and L-sellers trade at price 0y.

Irrespective of time on market observability, if H-sellers participate in the market and post
a price accepted with positive probability, equilibria are only possible in pooling strategies.?*
Both types of seller offer the same price and buyers accept only if they receive a high signal.
When time on market is observable, prices may be different among different cohorts of sellers,
but they post a single price when this information on time on market is not available.>> Low
search costs reduce the cost of finding a new buyer, and low quality sellers find it profitable to
demand a high price, looking for a buyer who receives a wrong signal. Even if a low quality
seller is unlikely to receive a high signal, this event has a strictly positive probability 1 —y > 0.
If they happen not to sell at a high price, they can always reveal their type and trade at 6;. The
absence of a credible signalling device precludes separation, and different types of sellers pool
on the same action.

Lemma 4.1 helps to characterize the set of equilibria of this dynamic signalling game,
especially in the non-stationary TMO case. The game cannot be solved recursively because
current strategies depend on future continuation values and, vice versa, strategies endogenously
determine the share of high quality sellers in each cohort. Figure 1 represents this equilibrium
interaction between current strategies and future continuation values. To further illustrate this
point, consider how buyers form expectations. First, they have a prior probability of being
randomly matched with a high quality seller in S*. In equilibrium, this prior is determined
endogenously and is equal to the share of H-sellers in cohort S* because of uniform random
matching (i.e. ¢ = f;—%). Once matched with seller i, a buyer observes the seller’s age and

posted price, and updates her beliefs according to signal £&. The value ¢g* plays a substantial

23The last case is not interesting, and it is a pathological result of signalling games. The PBE notion allows for these ‘sudden
stops’ in trade when buyers hold pessimistic beliefs on sellers in cohort S* and accept only if p < 6g; in equilibrium, both types of
seller prefer not to trade and move to period k+ 1. These behavioural strategies are ruled out by the undefeated refinement. | do
not use the refinement at this stage to stress that the pooling result does not rely on the refinement or other specific restrictions
on out-of-equilibrium beliefs.

24The if clause is crucial. Propositions 4.2 and 4.3 show that H-sellers may not participate in the market.

25Lemma 4.1 has different thresholds for qO; see the proof of Lemma 4.1 for further details.
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Figure 1: Equilibrium interactions with TMO.

role in forming expectations, and it contributes to determine the maximum price that buyers
accept from a seller belonging to cohort S*. In turn, equilibrium prices determining whether
H-sellers want to participate in the market, while equilibrium strategies determine the type-
dependent trade probabilities and the evolution of ¢g* across different cohorts S*.

Thanks to Lemma 4.1—whose long proof is presented in Appendix B—the set of admissi-
ble behavioural strategy is tractable and the equilibrium characterization straightforward. The
next two subsections illustrate how final market outcomes depend on time on market observ-
ability. In Propositions 4.2 and 4.3, I am going to use the undefeated equilibrium refinement
introduced by Mailath et al. (1993).26 T adopt this refinement for two simple purposes: (i)
to rule out the self-fulfilling PBE in which only L-sellers trade because buyers believe only
L-sellers participate, whenever there exists another PBE in which H-sellers participate in the
market; and (ii) to select the one with the highest possible price among the set of pooling PBE,
i.e. p¥ =Eg, [0|7p(p",-,H)]. Therefore, the refinement is not used to rule out separating or
semi-separating strategy profiles, differently from what happens in the Spence (1973) model.?’
Indeed, Lemma 4.1 does not rely on the undefeated refinement to show that the only admissi-
ble behavioural strategies have both types of sellers in the set S pool strategies on the same
price. De facto this refinement selects the equilibrium in which H-sellers” market participation

constraint is satisfied for the lowest possible ¢°.?

265ee Definition 7.2 in the Appendix for a formal definition.

27See Mailath et al. (1993) for a discussion of this point.

28Roughly speaking, H-sellers in S¥ participate only if Eg, [0|.%5(p",-,H)] > p¥ > vg, and, in a pooling equilibrium, this
expectation is strictly increasing in mg, which, in turn, is weakly increasing in ¢°.
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4.1.1 Time on market observability

Time on market observability (TMO) refers to buyers’ ability to observe how long each seller
has been participating in the market. Although this information is specific to each individual
seller, it plays a crucial role in shaping overall market dynamics. The model provides a tractable
framework to analyze how the bilateral asymmetric information problem affects aggregate mar-
ket dynamics and—reciprocally—how market dynamics influence the possible terms of trade

in bilateral transactions.

Proposition 4.2 Let ¢ < g3. There exists ¢* > 0 such that V¢ < ¢* there is a unique undefeated
equilibrium.

(1=7)(va+5—6L)
V(O + 5 —vu) +(1=7)(vn —6.— %)

L If ¢">q%:=

o Fork < k*(q") <o, k*(¢°)=max {k € Ny : ¢* > ¢?}, H- and L-sellers in S* post
P* =By [0|-75(p", k., H)]

and buyers accept if and only if & = H. Prices p* are strictly decreasing in K.
o After k*(q°) + 1 periods H-sellers exit the market while L-sellers post 0, and trade.

e For k < k*(q°) the share of H-sellers across different cohorts is decreasing in k:

qK‘—H _ (1-7)q"
(I=-7+Q2y-1)(1-q")

2. If° < q© only L-sellers participate in the market and trade at price 6y.

Proposition 4.2 proves the existence of a unique undefeated equilibrium for a sufficiently
small c¢. All sellers from cohort S* post the same price p*, and buyers only accept if they
receive a high signal & = H. H-sellers are more likely to trade and, on average, they exit the
market more rapidly than L-sellers. The share of H-sellers decreases in k: the longer a seller
has been on the market, the lower buyers’ prior belief in matching with a high quality seller.
Once this belief falls below the minimum threshold ¢?, no buyer would be willing to pay a
price above H-sellers’ reservation utility, and the latter prefer to drop out of the market.

Taylor (1999) was the first to point out a negative price externality for older cohorts of
sellers. Kaya and Kim (2014) recently obtained a similar dynamic when the initial prior belief

in meeting a high quality seller is sufficiently high. Proposition 4.2 suggests a declining price
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Figure 2: Number of periods on the market for H-sellers k*(¢°) and signal precision 7.

path and a decision to exit the market after a finite number of periods. No market dropout
occurs in Taylor (1999) or Kaya and Kim (2014).

Greater signal precision ¥ leads to a more rapid decrease in ¢* (see Figure 2). However,
Y’s effect on the measure of H-sellers that exit the market without trading is ambiguous: in this
discrete time model an increase in ¥ may reduce k*(¢°), but it also increases the share yg* of

H-sellers who trade in every period k < x*(g).

4.1.2 Time on market not observable

When time on market is not observable, Lemma 4.1 guarantees that all sellers post the same
price and buyers only accept if they receive a high signal. Buyers do not distinguish sellers’
cohorts, so their prior belief in matching with a high quality seller does not depend on k and
is equal to the share of H-sellers in the overall market. In a stationary equilibrium, this share
does not change over time because the mass of each type of seller is constant, i.e. §; = ¢ and
SL = S} for every t and A. This is possible if and only if the entry and exit flows are equal
for each type. The entry and exit conditions impose a pair of equations that jointly determine g

and the overall measure of sellers, say S.

H-sellers: ¢° = Syg
L-sellers: (1—¢%) =5(1—-7)(1-7g)

The following proposition describes the equilibrium.

Proposition 4.3 Let ¢° < ¢!F. There exists ¢* > 0 such that Yc < c* there is a unique undefeated

equilibrium.
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e Both types of sellers post price
P* =P =Ex,[6|75(p,H)| = 40+ (1—¢°)6L

for all x € Ny and buyers accept if and only if & = H.

e [n every period

Y—q°(2y—1) 7°(1—7) 0

S_:— q = <
1=y =y = pey-1) 1

2. If° < g only L-sellers participate in the market and they trade at price 6.

Similarly to Proposition 4.2, H-sellers do not participate in the market when their initial
share is too small (¢ < ¢Y). In comparison with the TMO case, they participate in the market
for a smaller set of economies as the threshold ¢ is strictly higher than ¢2.?° If the initial share
of high quality sellers is sufficiently high, all sellers post a unique price p irrespective of their
previous periods in the market. Sellers are not penalized if they trade late because buyers do
not observe previous time on market and they hold a single prior probability . If high quality
sellers participate in the market, they will continue to do so until they trade because sellers are
forward looking and previous search costs are sunk.

The equilibrium share of H-sellers § is strictly lower than ¢°. The underlying economic
intuition is simple: on average, H-sellers trade before L-sellers (71, versus ﬁ, periods, respec-
tively); the latter stay longer on the market and decrease H-sellers” market share to below ¢°.
The value of g is negatively related to signal precision Y because it decreases the average time
on market for H-sellers and increases it for L-sellers. The negative impact of y on g perfectly
outweighs the positive effect that higher signal precision has on buyers’ posterior beliefs after
& = H. This feedback effect makes signal precision irrelevant for equilibrium prices; in fact,
the pooling price p = ¢°0y + (1 — ¢°)6; does not depend on 7. In particular, it is equal to
buyers’ expected value for a good offered by newly born sellers (S°) before receiving a signal.

When y > % all sellers trade immediately only if ¢° > ¢/F > ¢5. Proposition 4.3 implies
that H-sellers participate only if ¢° > gY > ¢>. Therefore, when c is small neither the temporal
dimension nor buyers’ informative signals mitigate the adverse selection problem. Actually,

29Precise|y, this holds when ;7 < 0y —vy. This is a necessary condition to obtain ¢ < 1.

21



because ¢ > g3, all sellers trade for a strictly smaller set of economies compared to the clas-
sic static adverse selection model (even if qév = qg). Janssen and Roy (2004) point out that
the infinite repetition of the static equilibrium is the only stationary equilibrium of a dynamic
adverse selection model with uninformed buyers. Proposition 4.3 suggests that this result also
applies when buyers have informative signals. Even though this conclusion seems extreme, the

mechanism in place is interesting and it might be worth assessing its empirical validity.

4.1.3 TMO vs. TMN with negligible search costs

I now compare whether the availability of public information on time on market may be useful
to increase H-sellers market participation when search costs are close to zero.

When time on market is not observable and ¢° < qf)v = qg, only L-sellers trade and final
allocations are identical to the ones in Akerlof (1970) model. Obviously the equilibrium allo-
cation does not maximize total welfare. When time on market is observable and ¢° € [qg ,qg)
all H-sellers initially participate in the market, but a strictly positive measure does not trade
their goods because they drop out after a finite number of periods (see Proposition 4.2). Not
all mutually beneficial exchanges take place, resulting in allocative inefficiency. Nevertheless,
H-sellers participate and trade with positive probability at least for one period, but they always
stay out of the market if time on market is not observable. To sum up, when c is small, a dy-
namic model with private informative signals achieves a welfare improvement compared with a
static model with uninformed buyers only when time on market is observable and ¢° € [qg , qg).

Figure 4.1.3 illustrates the regions in which pooling equilibria exist. Each economy is
parametrized by a (¥,q") coordinate. Depending on time on market observability, there are
different pooling equilibria: immediate pooling (white; ¢° > q{)P ), pooling with TMN (white
and blue; ¢° > qg), pooling with TMO?° (white, blue and green; ¢° > q(‘))), and no pooling

equilibrium irrespective of time on market observability (red; ¢° < qg ).

4.2 Non-negligible search costs

In this section I consider whether markets with non-negligible search costs are more or less
likely to mitigate the adverse selection problem, by inducing high quality sellers to participate
and trade. Naively speaking, lower search costs increase final payoffs and relax H-sellers’
individual rationality constraint. However, this intuition fails to take into account how equilibria

might change. As discussed in section 4.1, when search costs are small all sellers pool on the

30For ¢ < ¢* the equilibria in Proposition 4.2 and 4.3 exist for every ¢° > q(()) and ¢° > qg, respectively. However, they may
not be unique when ¢° > qg or ¢° > q{)P, respectively.
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Figure 3: Equilibria in different economies &'(¥,4°) for ¢ < c*.

same price, and H-sellers only participate in the market if their initial share is sufficiently high.
In this section I show how the combined effect of buyers’ informative signals and search costs
may lead to separation between the two sellers’ types, and mitigate the extent to which the
market breaks down. Before stating the main results, I first introduce the notion of a separating

equilibrium.

Definition 4.1 An equilibrium assessment is separating if H- and L-sellers post different prices

after every history h € H* and buyers accept them with positive probability.
Proposition 4.4 characterizes the unique separating equilibrium of the game.

Proposition 4.4 Irrespective of time on market observability, a separating equilibrium exists
for every ¢° € (0,1) if and only if

1_
C c TY(OH — QL), '}/(GH — VH)

In equilibrium, high quality sellers post Oy and low quality sellers post Or. Buyers accept Oy
after a high signal, but they always accept 0y.

A separating equilibrium exists when both search costs and signal precision are sufficiently
high. Importantly, this equilibrium exists irrespective of the initial share ¢° of H-sellers enter-
ing the market in every period. However, if the signal precision 7 is too low, the interval in
Proposition 4.4 does not exist. For example, for ¥ close to %, the lower bound of the interval

is higher than the upper bound. If separation is possible, low quality sellers do not post 6y,
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waiting until a buyer receives a high signal, because they expect to pay too high a search cost
compared to the immediate payoff for revealing their type and trading at a lower price 67. On
average, H-sellers receive a high signal after %, periods, while L-sellers do so after ﬁ periods;
as a result, informative private signals create an asymmetric cost of delay between seller’ types.
In other words, differences in the probability of receiving a high signal restore a single cross-
ing condition and allow separation. The temporal dimension is a necessary condition, but it
contributes to the creation of a credible signalling device only with sufficiently informative sig-
nals and an adequate level of search costs. Final allocations do not maximize welfare because
sellers pay strictly positive search costs, but all sellers eventually trade.

The beneficial signalling effect of search costs may extend to intermediate values of c, i.e.
when search costs are too small to create a separating equilibrium but too large to support a
pooling equilibrium. Unfortunately, providing a complete equilibrium characterization for all
values of ¢ is a complex endeavour, especially in the TMO case. As a result, I justify this claim

through a specific semi-separating equilibrium.

Proposition 4.5 [rrespective of time on market observability, there exists a region of parame-

ters (0g,ve,0L,vr,q",y) where
e Only L-sellers trade for sufficiently small c.

e For

cc M(V}—]— GL)’

Py (GH_GL))

there exists at least one semi-separating equilibrium in which all sellers trade.

1-r

In this semi-separating equilibrium all H-sellers participate in the market and trade. How-
ever, ¥ and ¢ should be high enough to exclude complete pooling on the same action. In
equilibrium, H-sellers only post a high price and L-sellers mix between the high price and 6.

Posted prices do not depend on k and all sellers trade over time.!

To sum up, search costs can be beneficial by discouraging low quality sellers from pretend-
ing to have a high quality good. Although a small ¢ makes participation cheaper, it may worsen
adverse selection and leave high quality goods out of the market when their initial share is low.
In the next section, I consider whether it is possible to enjoy the welfare benefits of low search

costs without exacerbating the adverse selection problem.

3l5ee the proof of Proposition 4.5 for a complete characterization of the equilibrium.
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S5 Market design

As previously explained, when the cost ¢ is small H-sellers may have less incentive to par-
ticipate in the market. Even when all sellers participate, equilibria are in pooling strategies
and prices do not provide any information on product quality. If informational efficiency is
considered relevant, this is another loss to take into account.

From a policy perspective, understanding how a benevolent market designer can intervene
to promote full market participation for the largest possible set of economies is crucial. I
adopt a stringent benchmark for the objectives of the market design intervention: the resulting
equilibrium has to achieve both allocative (i.e. all sellers trade over time) and informational
efficiency (i.e. prices reveal sellers’ types). In my setup, an allocative efficient equilibrium
maximizes utilitarian welfare when ¢ = 0.

The market designer is subject to a series of reasonable limitations. First, the mechanism
has to be budget balanced on the equilibrium path. This restriction seems natural as the market
should not depend on any external amount of resources to induce participation and trade. Sec-
ond, transfers cannot be conditional on any posted price. Differently from buyers, the market
designer cannot observe currently posted prices. This restriction is consistent with the idea that
bilateral transactions involve elements of private negotiation that are difficult to verify exter-
nally.32 Therefore, transfers can only be conditional on market participation (7), trade (r) and,
possibly, time on market (k). If time on market is observable transfers (7%, 7*) can vary across
different sellers’ cohorts. If instead time on market is not observable, transfers are constant,
ie. (t%,rX) = (1,r). A budget balanced mechanism that satisfies these properties is considered
feasible. For every cohort of sellers, a feasible mechanism has to be ex interim individually
rational as sellers know their type when they participate in the market. I consider a feasible

mechanism to be efficient if it leads to an allocative and informationally efficient equilibrium.

Proposition 5.1 Let c =0. When time on market is observable, there is an efficient mechanism

only in economies with

Y )ZGH—VH

0> g% = 01—
=4 T 1—y) 6u—6p

The efficient market mechanism implements a separating equilibrium with:

32por example, parties may exchange side payments in order to misreport posted prices. Setting up a market mechanism with
price contingent transfers and which is robust to side payments goes beyond the scope of this paper. Moreover, if a designer
could observe currently posted prices, he would be able to reconstruct the price history for each seller and would have more
information than buyers.
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e a constant market participation tax " = l%7/(6[1( —0r).

® a fixed tax rebate r* = T* (1 + %q*) once the seller trades.

For ¢° < g* no feasible mechanism improves market outcomes and only L-sellers trade.

In equilibrium, low quality sellers post 8y and buyers accept this price for every signal real-
ization, while high quality sellers post 8y and trade once they match with a buyer who receives
a high signal. Prices reveal sellers’ types and the equilibrium is informationally efficient. The
efficient market intervention is invariant with respect to K because transfers do not depend on
cohort S¥, although they are not ex ante restricted to being equal across cohorts. This feature is
related to the fact that prices reveal types, and information on the specific cohort becomes irrel-
evant for inferring product quality. As (7*,r") is k-invariant, the same mechanism is efficient
when time on market is not observable.

The green and yellow areas in Figure 4 illustrate the improvement due to (7*,r*). Without
a market intervention, an equilibrium is allocative efficient only if ¢° > qg (blue and white
areas). When time on market is observable, H-sellers could also participate in the market in
economies in the green area ¢" € [qg , qg), but they would not trade for certain. No high quality
seller participates in economies in the yellow and red areas.

Proposition 5.1 points out that the mechanism (7%, 7*) may support an allocative and infor-

mationally efficient allocation for every ¢° € (0,1) only if

. Joi—6
VO —6,+V0y —vy

Despite the improvement, it is still not possible to implement a first best allocation in every
economy.’® If y < ¥* an efficient allocation is only possible if g° > g* > 0 (see the red area
in Figure 4). Otherwise, it is not possible to mitigate adverse selection with a feasible market
intervention. In these economies, the mechanism (7%, *) violates the individual rationality con-
straint of H-sellers because of the budget balance restriction. High and low quality sellers have
different expected times on market (71/ and 1 periods respectively), and budget balance leads
to an implicit transfer from high to low quality sellers, reducing the former’s expected payoff.
High quality sellers prefer to stay out of the market when this expected transfer outweighs their

gains from trade.

33However, notice that y* is lower than %, i.e. the minimum signal precision necessary to support a separating

equilibrium with buyers playing a mixed strategy; see section 3.
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Figure 4: Efficient market intervention (7*,r*).

6 Conclusion

I study a dynamic adverse selection model with sequential search: sellers incur a cost to find a
new trade opportunity, and the market participation decision is non-trivial. The resulting anal-
ysis provides two main benefits. First, it highlights the role of search costs in the provision of a
credible signalling device; second, it suggests market design policies to enhance participation
in markets, such as online trading platforms. which are currently looking for ways to attract
high quality products.

I present a framework with only two types of goods and binary signals. Despite its simplic-
ity, the model allows me to uncover the main economic mechanisms at work. Future extensions
may broaden the setup to multiple goods and more general signal distributions. I would expect
that the main economic intuition would continue to hold. Another extension would be to intro-

duce buyers who search for different product qualities in a directed search environment.*

7 Appendix A

7.1 Extended notation

A behavioural strategy for seller i € S¥ is a function of . : H*~! — A(Ag). Let X . be the set of all

strategies o, (let X ; = BOZE ;and 0y ; € Xy ;). A behavioural strategy for a buyer matched with seller
) K= 5 ’

i is a function op; : I = A(Ap), where g denotes her information set. It is Z5(p, k,&) if time-on

34 Guerrieri and Shimer (2014) characterize a competitive search equilibrium where high quality sellers separate because they
are more willing to accept a lower probability to trade. Jullien and Mariotti (2006) present a similar mechanism for auctions, and
separation results from setting different type-dependent reservation prices.
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market is observable and .#g(p, &) if it is not. When it is not relevant to specify whether TMO or TMN
applies I denote an information set with .Z5(p,,§).

Let my ;(E|hf") be seller’s i € S¥ belief that his matched buyer receives signal & after history
h¥~1. 1 denote with P * (z|h¥ ') the probability of reaching terminal history z € Z; from h¥~' € H*~!
under the assessment (6™, 7). Tuse V¥ (0", m*|h¥ 1) for the continuation value of a seller i € S¥ with
previous history 42X 1. It uses the utility function u} (z) = iiy (z) + kc, which ignores the previous kc
sunk costs.

Each seller maximizes his intertemporal expected utility after every history hf’l, Kk € Np.
rS

Vol ot a ) = max Y PO ()

G'EZA i .
ST e{uziye,

In equilibrium, if a seller i € % posts price p, it is possible to write the value function as:?

VE(or, m hf = Y m (IR [05(AlTB(p,,6)) (P —va) + 05 (R I8 (p,- &)V (0, 7 [Af)] — ¢
Ee{H,L}

A buyer can accept or reject an offer. Her expected payoff is simply:

Er [0]—p ifap=A
0 ifaB:R

where Er, [0] = mp6y + (1 — 7p) 6, is the expectation under her posterior belief 7.

Definition 7.1 is a formal statement of the equilibrium concept in Definition 3.1.

Definition 7.1 An equilibrium of the game with TMO is a stationary assessment (6*, ") such that for
everyic Sy, A € {H,L}, and k € Ny:

1. GXK(a57i|h}<’l) c argGIiIé%);in(Gi, Gii,n*|hf’1) Vhffl c Hx 1,

2. oy(ap,i|7(p~,K,&)) is a pure-strategy best response.

3. mp(p, K,&) is updated according to Bayes’ rule whenever possible.
4. m (&R =Pa(&) for every hi e H* ', k € Ng and A € {H,L}.

The definition slightly restricts the weak Perfect Bayesian Equilibrium concept. Condition 1 allows
best response strategies to depend on A, k and hf’l. Condition 2 only considers pure strategy best
responses for buyers. Condition 3 requires buyers to update beliefs according to Bayes’ rule on the
equilibrium path. Since buyers are short-lived, it is not necessary to impose any additional restriction

on their off the equilibrium path beliefs in order to have a reasonable assessment (see Definition 3

35 emma 7.1 adapts the results in Hendon et al. (1996) to ensure that the one-shot deviation property holds in this model
setup.
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of Fudenberg and Tirole (1991)). Finally, condition 4 restricts sellers to not changing their beliefs on
the likelihood that future matched buyers receive signal & € {H,L}. This restriction seems natural as
buyers’ signal realizations are independent from H-sellers’ previous history. As a result, it is equivalent
to a “no signalling what you don’t know” condition on sellers’ posterior beliefs. Adapting this definition
to the TMN setup is straightforward and I omit it in the interests of space. The only difference relates to
buyers’ impossibility to condition on k, so they form beliefs using a single prior probability g. I always
keep the possibility that behavioural strategy profiles may differ among sellers’ cohorts and histories.
Definition 7.2 states the concept of undefeated equilibrium originally presented in Mailath et al.

(1993) in the context of my framework.
Definition 7.2 An equilibrium assessment (¢*, ") defeats (6, 7) if 3{p* }%_, such that:
1. 3k € No with 6F(p¥|hf~") = 0 for every A € {H,L} and hf~' € H*~ while
A(p*)=={A: 3 e H" st 0} (p¥|nf 1) > 0} # @.
2. YA € A(p¥) it holds V] (o*,m*|hl~") > V] (&, &n] ") Vi € HI 'and  j € No.
Moreover, 31 € A(p¥) s.t. V(o™ m*|hf™") > VE (6, &|hf") for some hf ™ € H 1.

_ Pu(E)g o ("
3. 2(P*,4%:8) # mrEFor B (=)o

5 with oy (p*) satisfying:

o A €A(p¥)and VE(o*,m*|hf~ 1) > VE(&,&|hS ) = oX (p¥) = L.

o A &A(p*) = o5 (p*)=0.

An equilibrium assessment (6*, 7*) is undefeated if there is no other equilibrium that defeats (o™, ")
according to Definition 7.2.
For notational simplicity I omit to explicitly specify 7#* when it is obvious from the context. For

instance, I sometimes use V(o) to denote V,*(c*, *).

7.2 Preliminary results

Example 7.1 Intertemporal separating equilibrium.

The example explains how ITS works. It is extremely simple and its goal is to make the main backbone
mechanism as transparent as possible.

Suppose sellers discount future payoffs at rate 6 and they pay a per period search cost ¢. In equilib-
rium low quality sellers trade immediately while high quality sellers wait until a future period ¢ > 0 to

trade at a higher price.3® This equilibrium exists only if:

IRy : &0y —vi)— 5857 >0 — 1< f(8,0)

IC; : GL—vL—CES’(GH—vL)—%c — t>h(d,¢)

361, simplify derivation, | assume sellers have full bargaining power but notice that the argument also applies to other
bargaining protocols.

29



The functions f(8,c) and h(8, ¢) are continuous in both arguments with limits li\I"I(l) f(8,¢) =+oo, %1}n f(d,c)=
c 1

On—v 6,

P h\Jnah(S ,¢) = sIn GL *L and h/m1h(5 ,C) = A

The ITS equilibrium only exists if f(8,c) > h(0,c). This is always the case if c =0 and § < 1 while

itisneversoifc >0and 6 =1 as vy > 0.

Lemma 7.1 A strategy profile 6;° is a sequential best reply to (c*,,7*) for seller i € S if and only if

;" (asi|hE™") is a local best reply to (6*;,&*) for all k € Ng and h¥~' € H*™!,

—0

Proof Lemma 7.1.
Necessity. It follows directly from the definition of sequential best reply.

Sufficiency. Suppose on the contrary that o;" is a local best reply for every hfﬁl € H* " and k € Ny,
but there exists a strategy o that strictly improves on o; after history i} ~!. Let this increment be equal

to € > 0. Seller’s i expected payoff at hf’l is

V;L'ii(crl.’,cii,ﬂ*\hf_l) = Z poior izt (z|hf~ l)ul(z) Z]P’"z‘h” (Z|h;‘_1)u§(z)
ze{uz)}s, 2€ZF
Y IR Y B (s (o)
hXeHX /Z¥ ze{uz/ }J:KH

Let c(z]h*™") be the search costs from ™' € H*~! to terminal history z € Zl.j, ie. c(zlhf 1) =
(j—x+1)c.
Anupperboundon Y [P0 (z|hf)uf (z) is:

ze{UZi]}‘;f’:K_H

Y., PO (hE) (O —vi —c(elh)]+ Y PO (2l hF)[—c(zlhf)) @)

2€{UZ/(p)} jzx+1 2€{UZ/(D)} jzx+1

Observe that 6;" is a local best reply at hl'.‘_1 , and a seller can always get a zero continuation value if
he drops out of the market. Therefore, for some h¥ € H*/Z¥ it must be P% %~ (h¥|h¥~!) > 0 and o] is

a profitable deviation only if

Z chﬂn Z‘hk ”/l > Z PO o 71 Z’h}cﬂ'*)uf(z) > —c 3)

26{UZ]}j>rn1 2€{UZ/} jz 41

Asaresult, Y PO, (z|h¥) > 0 otherwise sellers would have the same expected payoff at 4!
2€{UZ] (p)} jzx1
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because o is a local best reply. Hence, equations (2) and (3) imply:

Y PO%i(zlhf)c(zlhf) —

(O —vy) > e _ P (zlhf)e(zlnr) —
H_ ) ok - Y=
' ¥ PI () ¥ PO (elhf)
ZE{UZ }J>K+1 ZE{UZ }J>K+1

forall z € Zj and j > x+ 1.
Since ¢(z € Z/ |h¥) — 4-e0 as j — oo the inequality only holds if lim P%°"i(z € Z/|h¥) = 0. There-

Jorteo
fore, there is a finite 7 and history h;“” such that the strategy

. | o Vi<x+iandVhleH
of Vj>kKk+fandVh] € H

improves by at least £ on o;° with a finite number of deviations; i.e

V)L’ii(éiv Gji‘hfil) - V),K,i(ci*a ol hz&l) =

%l

N M

However, the main result in Hendon, Jacobsen and Sloth (1996) ensures that no finite sequence of

deviations can improve on o;", contradiction. m

Proof Proposition 4.1.

Suppose per contra there is an ITS equilibrium (6%, 7*). Idenote with P ™ (z/(p) |hf~") the probability
that seller i € S§ reaches the terminal history z € Zl.j (p) under this separating equilibrium (c*,7*). For
a L-seller i € S¥ a deviation strategy o]’ (p|h! ") = o} (p|h/™"), j > K, for all /™" € HI~" implies

B (& (P = B] T (I (p) ) C)

Vz/(p) € Z/(p), j > 0, since signals are not informative (y = %) and both sellers have identical chances
to trade if they play the same strategy profile.
In equilibrium L-sellers do not find strictly profitable to play o; only if

GL—VL—CZ

™

K

/Pz’i’ci,n*( i(p) |k Dip—ve—(G—x+1)c]dp &)
=K%

All H-sellers eventually trade hence
Y / )| dp = /IPG’G*’” (p)|hE N dp =1 (6)
=K 9

where the first equality follows from equation (4). Therefore, L-sellers no deviation condition can be
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rewritten as

GL—CZi/ PR [p— (= K+ 1) dp o
0

j=K

H-sellers’ market participation constraint is satisfied only if

i / IS Y p—ve—(j—x+1)c]dp >0
=K 0

However, by equations (6) and (7) an upper bound on H-sellers’ equilibrium expected payoff is 6, —

vy — ¢ < 0, a violation of H-sellers’ individual rationality constraint. m

Lemma 7.2 In every equilibrium assessment (¢*,m*) it holds:
VE(O" w ) = Vi (o, m i) = V(o)
for every hf ' h¥ ! € HF 1.

Proof Lemma 7.2.

Previous histories h}"l € H*~! are not observable to buyers so their best responses with respect to any
price offer p from sellers in S* are identical for sellers with different histories. Moreover, final payoffs
only depend on how many periods kK were previously spent on the market and—in case of trade—on
the last price offer p. Therefore, in equilibrium all sellers in S§ must have the same expected payoff
irrespective of A¥~! otherwise there would be a profitable and unobservable deviation for a subset of

sellers. m

7.3 Negligible search costs

Proof Lemma 4.1.

See Appendix B. m

Lemma 7.3 For a sufficiently small ¢, under TMO there is no undefeated equilibrium (6™, ") in which
St # 0, S§ # 0 and H- and L-sellers in S* only post prices rejected with a probability of one.

Proof. By Lemma 4.1 if all sellers participate in the market the only admissible equilibrium strategies
are: (i) H- and L-sellers post the same price and buyers accept only if & = H; or (ii) under TMO, H- and
L-sellers only post prices rejected with a probability of one.

Let KN (k) := {j > K : sellers in §/ play strategy (ii) }. Obviously sellers in S¥, A € {H,L} will not
play strategy proﬁle (ii) if they drop out of the market in the subsequent period K + 1. Therefore, there is
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at least one future period in which they trade with positive probability, i.e. there is at least one / > k such
that sellers in §' play behavioural strategy (i). Without loss of generality, consider j such that j € K (k)
and j+1 ¢ KV (x). Since no seller in S/ trades then ¢/ = ¢/*!. Consider an alternative equilibrium
(6,7) in which each seller i € S/ plays: &' (p|hl~") = o* (p|hi~1) for every I < jand VA!™' € H'~'; and
&' (plhl=") = o+ (p|h!) forevery I > jand Vhi ' € H'"' 3. Let #(p,1,&) = n*(p,1, &) for every | < j,
and 7(p,1,&) = *(p,l+ 1,&) for every [ > j. It is easy to observe that, if (6*,7*) is an equilibrium
assessment, (6,7) is also an equilibrium as it satisfies analogous no deviation conditions. However,
Vi(é‘,ﬁ?) > V/{(G*,ﬂ:*) for every [ < j as they do not incur an extra cost ¢ in period j. As a result,
(0*,m*) would be defeated by (5,7). m

Proof Proposition 4.2.
1. By Lemma 4.1 and 7.3 the only admissible equilibrium strategy for ¢ < ¢* is

o (P) =0 (P)=1  o5(Al7(p". k. H)) =1  op(A|Fp(p",k.L)) =0

Playing this strategy profile implies:

SEFL = (1—9)S5 | e ¢ ‘
o e S = (=R r = (=1 +2y—1)(1—¢%)
S =5,

Therefore,

SK+1 Sk gk (1 —}’)qK
k+1 _ PH 1 . \°H _ — K\ . ,K(,0
_SK+1 _( Y)SK SKJFI (1_,)/)+(2,}/_ 1)(1—L]K) . g(q ) 8 (q )

As ¢**! does not depend on p* and buyers cannot observe previously posted prices, future contin-
uation values V){(G*, ), j > K, do not depend on p*. As a result, p* =E,[0|.7 (p*, x,H)] supports
the unique undefeated equilibrium (¢*, 7*) as both types of seller get the highest possible payoff in the
class of admissible equilibria (see Lemma 4.1). The undefeated equilibrium is unique because prices
{P*}¢en, are unique.

Let V(q) := V;*(c*, ") be the continuation value in (¢*,7*) for a seller i € S§ when ¢* = g. Let
x*(¢°) + 1 be the maximum number of periods on the market for a H-seller. If k*(¢°) = 0 he participates
for just one period, while if k*(¢°) = 4o he participates until he trades. For every seller i € S¥, k <

k*(g"), the maximization problem can be rewritten as follows:
Vf(q’() =P, (H) (pK — V?L) + [1 -Py (H)]VAK-H (qK_H ) i

As ¢* is decreasing in k then p* is also decreasing in k as Er,[0|.75(p*, x,H)| is monotonically in-

K+1

creasing in ¢*. Hence, V(¢*) is decreasing in ¢* and Vf“ (g"1) < VE(g") as ¢*T! < g*. Asaresult,

37 The s-th element in hg’] is equal to the s-th element in &' for s < j and equal to the s+ 1-th for s > ;.
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H-sellers do not find it profitable to postpone trade to a future period.

Market participation requires V;*(¢*) > 0. Let’s consider the following bounds on Vi (¢*):

Upper bound: Ui (¢*) = Y(p* —vu) + (1 = Y)Uj(¢*) —c = U (q*) = p* —vu —§
Lower bound: Lf(¢*) = y(p* —vu) —c

UL (q"%), Vi (g¥) and LH( ¥) are monotonically increasing in ¢* and U} (¢*) > V¥ (¢*) > Lf (¢*). No-
tice that Uf5(¢*) = Y Li(@") 5o H-sellers exit the market whenever L§(g*) <O.
Let ¢ := arg Lf(q) =0. Then

q<(0,1)

L (40) = V(Ex,[0]75(p", k,H)] —vi) — ¢

0 0
e + (1 —g2)(1-7)6L >
= —vg | —c=0
y( a?y+(1-y)(1-4?) "
Solving for ¢
(I=7)(va+75—6L)
V(O —vi—5) +(1=7)(vu+5—6L)

40 =

H-sellers only participate for a finite number of periods
K*(qo) = maX{K €Np: gK(qO) > qco}

since ¢"*! = g¥(q°) is strictly decreasing in .

2. H-sellers do not participate in economies & (7, ¢°) such that ¢° < ¢@. L-sellers always trade
because there are gains from trade (6, > v;), and the only possible sequential best response is to post 6,
which buyers accept with a probability of one.’® m
Proof Proposition 4.3.

1. By Lemma 4.1, for ¢ < ¢* the equilibrium strategy of sellers is 6, (p) = o (p) = 1 for every
A € {H,L} and k € Ny. Price p is accepted only if £ = H.

In equilibrium, strategies do not depend on time and, by Lemma 4.1, the price p is posted by all
cohorts of sellers. Thus, this outcome is only possible if the economy is in a stationary state, i.e. if the
measure of sellers S, say S, and the fraction of H-sellers, say § = _— , are constant over time. In turn, in
every period an equal measure of each type of seller must enter and exit the market:

(1-¢°) =S(1-7)(1-9) g Yi,é(zyg

%1
Il

Notice that S and § do not depend on c or p. A similar argument to the one presented in the proof

of Proposition 4.2 ensures that the undefeated equilibrium is unique and sellers post a price p equal to

38 The price 6, must be always accepted with a probability of one; otherwise, L-sellers would deviate and post 6, — ¢, for €
arbitrary small, which buyers would always accept. Indeed, under any belief, their minimum valuation for the good is 6.
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buyers’ posterior valuation when & = H.
_ _ (1=y) (1-9)
vt (1-p(-a6, _ o+ 5500

Wra-p(i-a 150003

p_:EﬂB[9|jB(ﬁ7H)}

Observe that ("0 U2 = 128 5o 5 = g, [6].75(5, H)| = 46 + (1 — ¢°) 6.

Every cohort of sellers S posts price p and previous search costs are sunk, hence continuation
values are constant Vk, i.e. V(0™ n*) =V, (6", 7). H-sellers participate in the market until they trade
because their forward looking decision problem is unchanged. The individual rationality constraint for
H-sellers is:

Vu(o*,n*)=y(p—vy)+ (1 —=y)Vy(c",7*)—c >0

1.€.

* % — c C
VH(G , T ):p—vH—&:qOGH—I—(l—qO)GL—vH—}ZO.

I
This is satisfied only if ¢° > ¢ = W;H_Let L,
2. See point 2. in the proof of Proposition 4.2. m

7.4 Non-negligible search costs

Proof Proposition 4.4.
Consider sellers in S¥, k¥ > 0. Definition 4.1 requires separating strategies for every seller i € S*—after
all possible histories hf’l € H*"'—on and off the equilibrium path.

Step 1. Let S £ 0. In equilibrium, separating strategies are:

o (Oulhf ') =1 o (Olhf") =1
GE(A‘]B(6H7'7H)):1 GE(A“]B(GHWJJ)):O

03 (A]Ip(6L,-, L)) = 1 03(AlZB(p,-,§)) = 0 for p € (6L,6k)

for every h*~' € H* 1.

Let pf;, > pf be separating prices for H- and L-sellers in SX. As S* # 0, on the equilibrium
path sellers may stay on the market at least kK previous periods. In equilibrium, separation implies
Ery 617 (P~ E)] = Oy and Exr, [0].7 (pf,-,£)] = 0 for every £ € {H,L}.

If op(A|Zs(pf,-,E)) = os(A|ZB(pf,-,§)) for every & € {H,L}, buyers accept pf, and pf with
equal probability. In turn L-sellers would deviate as pj; > pf. Therefore, separation can occur only
if buyers accept (pj;, py) with different probabilities. By point 2. in Definition 7.1 the only plausible
equilibrium strategy is: buyers accept pj for every & € {H,L} and pJ only if £ = H. This is only
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possible if p}; = Oy otherwise buyers would always accept. Sequential rationality requires L-sellers to
ask the highest price accepted by buyers, i.e. pf = 6.

Suppose per contra that separating behavioural strategies are not in pure strategies. From the argu-
ment in Step 1. of the proof of Lemma 4.1 sellers in S% can mix: (i) between two prices p and P;z
both accepted with positive probability; and (ii) between pJ and a price rejected with a probability of
one.

If H-sellers play strategy (i), L-sellers would not post pf = 6, as pl’fm > vy is accepted with the
same probability. Similarly, if L-sellers play strategy (i) and mix between 6; and Pf,z they prefer not to
post pf,z but Oy > Pf,z as both prices are accepted only if & = H, thus contradicting the hypothesis that
H-sellers play a separating strategy.

If sellers in S} play strategy (ii) then at least one of these two indifference conditions hold:

Y6 —va) + (1 =V (0%, ) —c =V (o a*|hf ") —c
0, —vp—c :VLKJFI(G*,?T*’]’!;(*l) —C

The first equation implies V5 ' (6*, 7|1 ') = 8y — vy but in all possible equilibria it must be Vi ! (o, 1) <
6y — vy — ¢ otherwise buyers have to pay a price higher than 6y, violating their individual rationality.
The second equation cannot hold either because a L-seller would get a higher payoff by deviating to Oy

since
(1 —’}’)(9]-1—VL)+}’VLK+1(G*,TC*|h;<71)—C= (1 —Y)(eH—VL)—i-}/(QL—VL)—C >0, —v,—c

Therefore, in equilibrium all L-sellers trade immediately while a share 1 — y of H-sellers in ¥ moves
to period k + 1, i.e. S¥*! £ @ if H-sellers continue to participate in the market. Definition 4.1 requires
separating behavioural strategies for every cohort S¥, k¥ € Ny. As the separating problem for sellers in
S¥+1 is identical to the one in S¥ the same behavioural strategy is played for every k > 0. To support
separation, off the equilibrium path beliefs should be sufficiently negatively, say mz(p,-,&) = 0, for

every price above 6, but below 6.

Step 2. A separating behavioural strategy profile exists if and only if
I-7
(S T(GH — GL),’)/(QH — VH)

By Step 1 and Lemma 7.2 it follows that VX (o™, 7*|h¥~!) = V; (6%, n*). Using Lemma 7.1 L-sellers in
S} post 6 and trade if and only if for every hf’l e H I

VL(G*,TL’*) =0,—v,—c> (1 —’)/)(GH—VL)+'}’(9L—VL—C) —C
ie.c> Y (6—6p).
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H-sellers’ participate in the market until they trade if and only if:
Vu(o™,7") =y(0y —vy)+ (1 —=y)Vy(o™,w*) —c >0
1.€. VH(G*,E*) = 9H —VH — %, >0orc< ’)/(91-1 —VH). |

Proof Proposition 4.5.

I construct an equilibrium assessment (o, ) such that:

1. For every k € Ny H-sellers always post the price pj; = py = 6, + %,c while L-sellers post py

with probability 1= and 6, with probability 221
2. Buyers always accept 6, while they accept py only if & = H.

Step 1. Equilibrium characterization

In a semi-separating equilibrium sellers evolve across cohorts S* according to

SE=(1-pSE | o1 sK sx
s =1-7)t+of == +[r(1+o0of —1)(1—¢~
SE = of (oSt [ S (=7 +of(pr)rse = (1 =v) +[v(1 + o7 (pu)] = 1](1 = ¢")

Hence,

K+1:SII-(I+1 :( _},)% S* _ (1_?/) q
gt sesel (1= +y(1+of(pa)) —1](1 - ¢¥)

K

If ¢! = ¢¥ Vk € Ny L-sellers’ strategy satisfies [y(1+ o) (py)] —1] =0, ie. of(pu) = 1%/
In order to play a mixed behavioural strategy L-sellers are indifferent as to whether they post py or
;. Since g~ = ¢° for every k € Ny, time on market observability is irrelevant because buyers’ prior
probability of matching with an H-seller is constant across cohorts. Buyers’ optimal strategy does not
change across cohorts S¥ and—in turn—sellers’ continuation values do not depend on k, i.e. V;*(¢*) =

V,.(¢°)* Vi € Ny. The indifference condition for L-sellers is:

Vi(@”) = (1= (pn—ve) + We(@") —c=6L—v.—c

or

Vi(@®) = (1 =7)(pu—v)+ V0L —vi—c]—c=6.—v.—c

The latter expression implies py = 6 + %,c. By substituting this price into

Vi (q°) = ¥(pu —ve) + (1= 1)Vu(q") —c

39 adopt the notation already used in the proof of Proposition 4.2.
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we get
r+y-1.
Y(1-7)

H-sellers individual rationality constraint is satisfied only if ¢ > ;;(Jlr;z)l (vig — 6p).

C
VH(qo):pH_VH_}:eL_VH‘i‘

Buyers follow their equilibrium strategy if and only if
IE71:B [9|jB(pH7 KaH)] Z PH Z ETCB [9|jB(PH, K’L)]

1.e.

qOYGH +(1 _qO) (1-p)* 0,

Y 4 0 0
>0+ c>q 9H—|—(1—q )GL
1-y)? _
qoy+(1—q0)( y}’) 11—y
This set of inequalities can be rewritten as:
Y
—° 0 1—y
qssu 0 — 6, 249 = ;y|:9H—6L:| oy qss
c 1-y

Notice that }/{@} - % > 0 since @ Z %/ Z yi=p-

Step 2. There exist a set of economies &(7,q°) that supports the equilibrium in Step 1. but not the
pooling equilibria in Propositions 4.2 and 4.3.

It is sufficient to find a set of parameters (8y, 6L, vy, vr,7,c) such that g5 < q(()) ,1.e.

1—y (1=7)(va —6L)

<
},[M} 2=t y(Og—vu)+(1—7y)(va —6L)
c 1—y

and c is such that there is a semi-separating equilibrium, i.e. ¢ > ’Z(JIF;Z)I (vir —6L).

As vy — 0 > 0, the signal precision y must be high enough to satisfy Y;JZ;)I >0,1e y> @

For a given set of parameters (6, 6y, vy,vr,7), the lower bound ¢% is increasing in ¢ so its value is

minimum for ¢ = ;ﬁ;@l (vig — 6L). Then, ¢%5 < qg requires:

-y _ (1=7)*(ve — 61) - (1=7(n—6)
y{u}—% (P +y=1)0u +y(1 =76 — (2y— 1y~ ¥(6a —vu)+ (1 —7)(va — 6L)

C
After a series of calculations, the above inequality is equivalent to:

GH—VH _GH—GL

2 >0

v — 6L v — 6L
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Using the standard quadratic formula:

—1+ \/1 _ g n—vi) (0 —6L)

(vir—0L)?

Ou—vy
vy —6r

. .. Oy — Oy —6;) . . .. . Oy — Oy — 0,
The discriminant A= 1— 8% is strictly positive if %

vy = 0.98 and 6; = 0.8). If the latter inequality holds, then A < 1 and ¥ < 1 because:

< % (for example: 8y =1,

—1 A 6y —

On—vy _
4 - v — 0

Therefore, if % < é for every y > max(7, @) there is at least an economy such that

qSS<qg. |

7.5 Market design

Proof Proposition 5.1.
Under TMO the set of feasible transfers (TKJK)ZBO can vary across sellers belonging to different co-
horts S¥. T denote a transfer from a participating seller in S¥ to the designer with T¥ and a transfer from
the designer to a seller with r¥, if the seller trades after k previous periods in the market.*® For a con-
stellation (67, vy, 6, v, 7). let (T*°, r*K),Jg:O be the efficient mechanism existing for the lowest possible
¢°. Denote this minimum value with g*.

To implement an equilibrium with informationally efficient prices, the mechanism has to implement
a separating equilibrium. By Step 1 and 2 of the proof of Proposition 4.4, in equilibrium, L-sellers
trade immediately while H-sellers trade once they match with a buyer who receives a high signal. By
the appropriate law of large numbers, a system of transfers is budget balanced (henceforth BB) on the

equilibrium path if and only if

Since utility is quasi-linear in transfers and agents are risk neutral, if the BB constraint holds with
equality a feasible mechanism does not change the total trade surplus between buyers and sellers, i.e.
q°(6y —vy) + (1 —¢q°) (8 —v). Moreover, for ¢ = 0 delaying trade does not reduce the total surplus.
In a separating equilibrium assessment, say (6*,7*), sellers of type A trade at price 6, and the buyers’

expected payoff is zero. Therefore, if BB holds with equality a mechanism implementing a separating

40pqy example 7% > 0 is the amount that sellers in S* have to pay to the designer in order to participate in the market. On
the contrary r* > 0 is the positive transfer that sellers receive if they trade after k previous periods in the market. In this vein, |
often call T a market participation tax and r¥ a tax rebate that a seller receives upon trade.
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equilibrium (o*, %) satisfies:
¢"Vi(o*,m) + (1= q" )V (0" n") = " (6 —ver) + (1 - ¢") (6L —vr)

where the LHS is sellers’ equilibrium payoffs while the RHS is total trade surplus.

If BB is slack it is possible to have an efficient mechanism for every ¢°, i.e. ¢* =0. If g* > 0,
BB holds with equality, otherwise the market designer may use his profit to relax sellers’ individual

rationality constraints. In the remainder of the proof I consider a binding BB.

Step 1. If V(0*,7*) = 0 then VX (o™, 7t*) = 0 for every k € Ny.

If VY(o*,n*) = 0 then (1 — ¢°)V2 (0%, 7*) = " (6 — ver) + (1 — ¢°) (6 — vr), i.e. L-sellers get all
the trade surplus available in the economy. If V,f(c*,n*) < 0 for some k then H-sellers in Sf; would
exit the market, and the resulting allocation would not be efficient. If Vjf(c*,7*) > 0 for some k¥ > 1,
then H-sellers in cohort S¥ enjoy a strictly positive payoff only if their matched buyers get a negative
expected payoff, contradicting the optimality of buyers’ strategy.

Step 2. If ¢* > 0 then V) (o™, %) = 0.

As (*",7*") =, supports a separating equilibrium H-sellers’ equilibrium payoff is:*!

oo 1— o0

Vir(d®) = 6 —vir = Y (1=7)(¢"" =) = 6 —vir — qoq r —1")
k=0

where the last equality follows from the BB constraint. Observe that T only affects the initial market
participation decision for sellers in cohorts k¥ = 0, but it does not change the future incentive compati-

bility constraints. Rearranging the BB constraint gives:
%0 50 50 - *K xK
T == =y + Y (1= (e =)
k=1

For different values of ¢° we can leave . unchanged and (‘L'*K,r*x)‘;’:1 and achieve BB through 7°.

Substituting 7+ in sellers’ expected payoff gives:*?

_ 0
V@) = O —vn— (0 =)

= Og—vg—(1-O)1+pr' + L (1-p~r" —p")]

1
0
VP(@") = 6L—vi+ 127[911 —vy — V(o™

= G-+l E (1= (=)

~_ A
= |18

4]Similarly to the proof of Proposition 4.2 | stress the importance of ¢° and | expand the notation using V/{‘(qo) rather than
V¥(o*,").
A ’

4ZNotice that | use the trade surplus equation to rewrite L-sellers expected payoff.
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Suppose on the contrary that V))(¢*) > 0 with ¢* > 0. If [(1 + N+ ¥ (L= —yr™)] >0

k=1
then it is easy to observe that there is a sufficiently small € > 0 such that for every ¢° > ¢* — &€ a market
intervention that only adjusts 7° to preserve budget balance achieves V/5(¢°) > 0 and V(¢°) > 0 for

every k € Ny, contradicting the definition of ¢*. If instead [(1+7)r* + E (1—7)%(z*" —yr**)] < O then
k=1

for every ¢° < ¢* we can adjust ¥ such that V3(¢°) > V3(g*) and V?(¢°) > V?(¢*) > 0, contradicting

the definition of ¢* again.

Step 3. For every (8y, vy, Op,vL) there is a Y* such that for y € (3,7) it is ¢* > 0.

Let (T;K,r;‘,'()‘;’:o be a mechanism that implements a separating equilibrium in an economy with

signal precision 7. Sellers in S? post 6, only if:

Op—vi+r) —1) >0y —vp— Y Y[t —(1—p)r} ] ®)
k=0

0 (=

From the BB constraint I can substitute rg* - ‘c]()* with 1qu Y (1— }/)"(T;K - }/r;‘,K)] to get the no-
k=0

deviation condition:

oo

Y rle — (= ]+

k=0

0 oo
A L =05 v 2 6n -6
k=0

Notice that for every € > 0 it is possible to find 7, such that for every y € (%, Ye):

oo oo
K

= | E P (-0 R 10" )| <

where Ay, — 0 for y — 1.

Adding E‘, (1— y)’((’c;x - yr;‘,K)] to both sides of equation (8) and simplifying:
k=0

oo

Y (=) (5" =y )] = (1-¢°) (6 — 6.~ Ay)

xk=0

Now observe that the individual rationality constraint for H-sellers requires:

V(o m*) =0y —vg— Y (1— y)K(c;" - }/r;‘,K)} >0
k=0

However for y sufficiently close to % (i.e. Ay — 0) and ¢° small enough we have:

O —vir— Y (1= (5} —1r;)] < O —vir — (1= ¢°) (B — 6. — Ay) <O
k=0
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as vy > 0. Therefore, no feasible system of transfers can implement an efficient allocation for values

of ¢" and 7 sufficiently close to zero and %, respectively.

Step 4. No separating equilibrium exists for

2
0 Y Oy —vi .
max{ 0,1 — -

A first best-allocation is implemented with a market participation tax ™ = 7% = 1%’ (6 — 6L) and, once

a seller trades, a tax rebate r* = r* = 1* (1 + 1%yq*>

By Step 1 and 2 if ¢* > 0 we must have V/f(¢*) = 0 for every x € Ny, hence
VE(q) =10n v +r") =77 =0 = " — " = y(6y —vn)

By substituting this expression into the BB constraint:

0 0 g K K oy
(1=¢")(" =7 )Zqozo(l—Y)’“(T* - )ZQOZ,O(I—Y)KY(HH—VH)=qo(9H—VH)

Hence r*' — 1%’ = lfoqo (6 — vy ). Combining with ™ — Yr*o =Y(6y —vy) I get

Oy — 0(1- Oy —
0 O —ve Y44 ( - v) 0 Y O ©)
11—y 1—¢g I—y 1—¢4°
Using the one-shot deviation property, L-sellers no deviation condition has to satisfy:
or, —VL—FI‘*K — ’C*K > (1 — ’}’)(91-] —vL—i—r*K) +’}’(9L —\/L—i-}"*prl — T*KH) — ’C*K
K K K 1 -
P s T”(ereL) (10)
As ™ = ¥Y(6y — vy + r*m) for every k € Ny, substituting this value in equation gives: (10):
K41 r*K Y 6H - 6L
< +—— (6 —vu) —
-y 1-y Y
Observe that sellers in S}; prefer not to postpone trade to period k + 1 only if
YO0y — vy + ") =" >V (6t g) v = - = P > (0 —vm)
where VE’,(H (0*,4") = 0 follows from Step 1. Therefore, for every k¥ > 1, " satisfies
k—1
K rr Y 9[-1 — GL
— (6 —vu) <r- < +——(0y —vH)— (11)
(61 —vn) Tt (0 )



In order to satisfy the LHS of equation (11), I consider the RHS inequality binding. In this case, r*"
satisfies a first-order difference equation with the solution:

= <1iy> ) {r*o + (6 —vi) — ( ﬁy) (61 — 6L)} [(9H —VH)— (17,2}/> (6 — GL)]

Substituting 7 from equation (9) and rearranging it as follows gives:

A (1 iy)'( {(1 f;;)zlvi{qo) _ (1;27) (QH—GL):| — |:(9H—VH)_ (1;2}/> (GH—GL):|

As 1 7> 1, the solution is not explosive towards —eo—violating equation (11)—only if the first term in

squared brackets is non-negative. Simplifying the expression:

2
q021— Y On —vu
1—’}/ 9H_9L

2
Let ¢* := max {0, 1— (%) gZ :VGIZ } All the previous inequality constraints are binding when ¢° =

q* > 0. Then:

o =Yg, 0) F=r=x (1+ 7)
Y v

8 Appendix B

Outline of the proof for Lemma 4.1.

I show that no other behavioural strategy is admissible except for the ones in Lemma 4.1. To prove
this result, I first obtain a bound on the difference between continuation values, i.e. V/—V}j. This
preliminary result is obtained in three lemmata. First, I show that, for ¢ sufficiently small, there is a
common price path played by H- and L-sellers (Lemma 8.1 and 8.2); then, I derive an expression for V,*

and a bound on their difference (Lemma 8.3).

Lemma 8.1 For c sufficiently small, no equilibrium path has L-sellers in S| # 0 trade with positive

probability, and H-sellers in S, # 0 only post prices rejected with a probability of one.

Proof Lemma 8.1.
Consider an equilibrium (¢, 7*) and sellers i € S and [ € S§ with histories 2f ' and hf~'. Let
K:= argmax {El{pf o G*j(pj]hj_l) > O,hj_1 = {h?(_],p’(,... pf_l}}.43 Let 7! be the history

resulting from hf~ !"and the sequence of prices { pf up to period K. Denote with h] ,J <K, a

sub-history of hf ! If & < +oo the seller drops out after K+ 1 periods.

Bif g = +oo there is at least one history in which a high quality seller participates in the market forever.
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Suppose, per contra, that sellers in S, k¥ < k < oo, play the behavioural strategy described in the
Lemma statement. First, sequential rationality implies K < K: posting a price rejected with a probability
of one in period K before dropping out in period K+ 1 is not optimal, since dropping out after kK previous
periods saves one search cost c. As a consequence, price pX is accepted with positive probability.
Similarly, if ¥ = oo, there is at least a K’ > Kk such that H-sellers in S¥ post a price X accepted with
positive probability.

By assumption, L-sellers trade with positive probability. Sequential rationality implies that they post

0. In turn, seller i € S} finds it profitable to trade at 6y, rather than postponing trade only if:
0, —vi—c >V (o, 7" |(hf !, p* xR)) —c (12)

A possible deviation for a L-seller / € SZH is to imitate the H-sellers’ strategy until &, posting { p/ };‘:K i1
and 6y, in period K + 1. I denote this imitating strategy with ¢/. In equilibrium o, cannot provide a strictly

higher expected payoft than o}, i.e. for every hff € H*:

" K olo* m* . . .
VES ot m ) = X PET (2o (B AP < RY ) ) [P = (= e+ 1)e]

j=K+1
[ K o/c*,m* . ) j | _
b R BT () (AP X R ) ) | 00— ve — (R Kt 1] e
e | / (13)
> % T () (AP < RY ) ) b v (Gt 1)
o= X BT () (R AP X RY ) ) | 00—~ (R— K 1) e
Jj=Kk+1 ]
Equations (12) and (13) imply
K ! ok * . .
(R—rx+1)e> Y PP (2(ph)] (hEAp x RY i) ) o — 60+ (R = j)c] (14)

j=x+1

~ K o e ;
As k < K, starting from history A € H* it holds that Y Pg” (z(pf)| (hl’-(,{ps XRH:KH)) > 0.
j=k+1
Hence, for every L-seller i € S} it must also hold that:

“ ojol,m" j K s j
Y P <Z(p’)\ (hz AP ><R}s:,<+1)) [veg — 6] >0
j=k+1

because previous price history hf_l is not observable to buyers and, once matched with a L-seller, they
receive every signal £ € {H,L} with positive probability. Therefore, inequality (14) cannot hold for ¢

sufficiently small. m
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Lemma 8.2 For c sufficiently small, if there exists an equilibrium path in which H-sellers in Sf; # 0
post a set of prices P C Ry, all accepted with positive probability, then L-sellers in S| # 0 post at least

one price in P, unless they move to cohort S<T! with a probability of one.

Proof Lemma 8.2.
Consider sellers i € S& and I € S¥ with histories X' and 4¥~'. Suppose on the contrary that L-sellers
in S§ do not post any price in P. Then, they can only trade at price 6. A seller [ € S} prefers to post 6,

rather than the deviation strategy o, (p|hf ') = 1 for some p € P only if

! ok ok J ok ok
(o/feaiT s cjom

Op—v.—c> P, (z(p)|hf')[p—vL}+<1—PL (z(p)h;"))Vf*‘(c*m*lhf)—c

/ * *
(o/feaiT 4

> P,

J ok ok
cjom
L

(e(p) ) o —vi] + (1 _p <z<p>h;”>) 0 v —c]—c

The second inequality holds because L-sellers can always trade at ; in period kK + 1, and p > vy because

H-sellers only trade at prices greater or equal to vg. The inequality can be rewritten as
e (1=P7 " @p)nf)) = BT (<o) 1) (vm — 1) (15)

If p is accepted with positive probability, ]P’Z’ o (z(p)|hf ") > 0 as L-sellers may receive every signal
& € {H,L}, and buyers do not observe previous histories 1¥ ' and 2. By hypothesis, PS ™ (z(p)|h¥ ') >
0 and inequality (15) cannot hold for ¢ sufficiently small. m

Lemma 8.3 For c sufficiently small, an equilibrium assessment (¢*, ") satisfies
VE(o*, m b — Vi (o*, m ) <vg—vi Yk eNgand VR € H Wh T e !

The condition holds with equality only if: (i) H- and L-sellers post a common price and trade with a
probability of one; or (ii) H- and L-sellers are both indifferent between postponing trade and posting a
price p accepted only after a high signal.

Proof Lemma 8.3.
Consider an equilibrium (6*,7*) and sellers i € S§; and [ € Sf. If seller i € S§; prefers to stay out of the

market it trivially holds that:

VE(o*, m*|hs ) =0 VE(o", m ) =0, — v —c

By Lemma 7.2 it holds for every seller in Sf; and S}, irrespective of previous histories.
Let:

KN(x):= {j>x:Vhi ' € HI~" and Vp with o}; (p|h!~") > 0 it holds o}(A|.# (p,-,€)) =0
KN(k):= {j>x:Vh ' € HI "' and Vp with o}’ (p|hi ") > 0 it holds 6(A|.7 (p,-,&)) =0
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include all j > k such that all sellers in Si only post prices rejected with a probability of one. For
simplicity, I denote with n the action to post a price rejected with a probability of one.

By definition, if j € K} (k) for every z € Z/(p) itis P§ ™ (z|h*~') = 0. By Lemma 8.1, it is K}y (k) C
K¥(x). By Lemma 8.2, if j ¢ K& (k) then either L-sellers do not trade with a probability of one, i.c.
Jj €KY (x),orthereexisthl ' € HI™', b/~ € H/~", and p/ such that o}’ (p/|h) ") > 0, 63 (p/|h] ") >0
and buyers accept p/ with positive probability. Consider such a sequence {p’} >k J ¢ KN (k).

For {p/}j>«, j ¢ K} (K), let K = argﬁg% Gf*lj (p’/ |hl] ~1) > 0, be the latest period of market partici-

pation for H-sellers along this price path. I denote with lej - (fz{ 71), J > K, the history for seller i € Sf;
(I € S¥) in which buyers reject price p/ if j ¢ K& (k) (j & KY (k)), or sellers play n if j € KN (k) (K¥ (k)).
For k¥ > ik, L-sellers’ optimal best response is to post price 8, and trade, so h"le (hL, 0L xA).

By Lemma 7.2, expected payoffs V(6 7*) are independent from previous histories. Therefore,
in equilibrium, sellers in Si are indifferent among all actions played with positive probability by any
seller in Si. As aresult, the price path along histories fzf and ﬁl’_‘“ provides an expected payoff equal to

Vi (o*,n*) and V) (o™, "), respectively. Hence, it is possible to express sellers’ expected payoff as:

K K ok . . . . K P~ . . . .
Vil mlnf ) = X PR () ufi (@ (p) = X PR (& (p) |k ufi (& (b))
j=x JEKG (x)
K K ok = -
Vi, m ) = X PY (I (p)) |k k(2 (p7) +BEF (25 () Ik uf (25 (6L))
JEKY (k)

To prove the statement I briefly state two preliminary observations:

Kk 1 _ k‘ Kk ; ; _
a. PP (Ol < | 1= X PE (I (p))hf )
JEKY ()
Conditional on a history #¥~! the probability that a L-seller trades at price 6y is at least equal to
the complementary probability of trading in period j, k < j < K, at price p/ along the equilibrium
price path {p/ };‘:K

b. It holds that:
& & o
Z P gy Z P ug (' (p')) <0 (16)
N N
L H

In equilibrium, buyers accept a posted price p/ either with a probability of one (for every &) or
only if they receive a high signal & = H. Therefore, it is not possible to have:

i gy (2 (p7)) > ZK‘,IP’I‘?*”*(Z’( DIk Nug (2 (p7) = Vi (0", 7" |hf ")
¢k} () JEKY (k)

If this were the case, a H-seller could profitably deviate by decreasing the probability of trading
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at earlier times in favour of later periods.**

Thanks to a. and b. it is possible to conclude that:
K P o
VE(or, m Y = VE(or, k) = X PET (I (p)) A Duf (2 (7))
JEKT ()
K ek - = K * ik . . . .
+ B (O I uf (5 (0) — X BEE (2 () uf (2 (p7))
JEK}
K * ok . . _ K * . . _
< ¥ PP () v —ve) 1= X BY (2 (p)) | 1)](GL—VL)
JEKT () JEKT (%)

+ X PYE( (p)) Il (2 (p) — X BRI (p)|hf T ufi (@ (b))
JEKY (%) JEK} (%)

<vg-—vL

= * sk = K * sk . .
The first inequality holds because: (i) 0, — vy > uff (zX71(6;)); (i) PZ* (251 (6,)[hF 1) < [1 — Y P ((p))
JEKY ()
(iii) for every z/(p) € Z/ it holds that u¥(z/(p)) = u¥(z/(p)) +vu — vr. The second inequality follows

from 6; < vy and equation (16).

Lastly, I show under which equilibrium strategies it is possible to have V< (o™, n*|h¥ 1) — Vi (6%, m*|hf ) =
vy — vr. For simplicity, I write V* rather than V(¢*, * \hf’l). Case (i) in the Lemma statement is im-
mediate because VX = p —v; —c. To prove case (ii) consider that, if a price p* is not accepted with a
probability of one, then in equilibrium it is accepted only if & = H. The indifference condition requires

that:
VE=VE =1 =9)(p*" —ve) + WS —v(p* —vu) — A=)V =vg —vp

Hence p* = by [y (Vi 4ve) = (1=9) (Vi +vm)].
Suppose, per contra, a type A is not indifferent and strictly prefers to post p*. Then,

Py (H)(p* —vy) + (1 =Py (H) Vi —c > Vit —¢

ie. pf—v, > Vf“. Substituting p* into this expression and solving gives:

Py (H)
2y—1

[VLK+1 — VI_’IH_I — (VH —VL)] >0

which cannot hold as V™! — VXl <y v m

Proof Lemma 4.1.

To prove the statement I show that there exists a ¢* > 0 such that V¢ < ¢* no other behavioural strategy

Mo example, he could play an out-of-equilibrium strategy that includes prices rejected with a probability of one.

47



is admissible as an equilibrium of the game. By Proposition 4.4, no separating equilibrium exists for
c< ]%Y(QH — 6,), otherwise L-sellers would deviate. By Lemma 7.2 I simplify the notation and just

write V(o™ *) throughout the proof.

Step 1. If g* < 1 there is no equilibrium path in which H- and L-sellers in S both use a mixed
behavioural strategy.

Buyers play best responses in pure strategies and, for any posted price, they can either (i) accept
with a probability of one; (ii) accept only if & = j, j € {H,L}; or (iii) reject with a probability of one.
Their best responses cannot depend on sellers’ histories because they are not observable. Sequential
rationality implies that—in equilibrium—no seller mixes between two different prices accepted with
identical, positive, probability as he would strictly prefer the highest price. If seller i € S§ mixes among
prices pi, p2, p3, and buyers play o5 (A|-#(p1,-,&)) = 1 for every &, op(A|-#(p2,-,j)) = 1 only for
signal & = j and reject otherwise, and 6§ (A|.# (ps3,-,§) = 0 for every &, then the following indifference

conditions must hold:

pr—vi—c= Py(j)(p2—va)+(1=Pr(j)) VS (0%, 7") —c
P1—Vvy—cCc= V,L"“(G*,n*) —c

However, this system of equations implies p; = p, but an identical price cannot be accepted with
different probabilities. Therefore, in equilibrium, H- and L-sellers can only mix between: (i) two prices
accepted with positive probability; (ii) one price accepted with positive probability and one (or more)

rejected with a probability of one.

(i) Assume H-sellers mix between two prices (pi, p2). Buyers always accept p,, but they accept p;

only after signal £ = j, j € {H,L}. Mixing requires to be indifferent:
Pu(j)(pr—ve) + (1 =Py () Vi (0", 7)) —c=pr—vp —c (17)
Moreover, H-sellers should prefer to trade rather than to move to period k + 1, hence:
p—va > Vi (o5, 7)) pi—vu > Vi (0", 1) (18)

In turn, inequalities (17) and (18) imply p; > p» > vy. The inequality p; > p, holds strictly
because buyers cannot accept the same price with different probabilities. Buyers only accept after
signal j and reject otherwise only if j = H. Indeed, when H- and L-sellers mix on the same prices
and ¢* < 1 buyers’ beliefs satisfy mg(p1,-,H) > mg(p1,-,L); as a result, Er,[0|.7 (p1,-,H)] >
En [6]7 (p1,-,L)]. If j = L they would always accept p;.

By hypothesis L-sellers also mix. Let’s consider each possible mixed strategy.

a. L-sellers mix between two prices that are both accepted with positive probability. It is

easy to realize that L-sellers pool on H-sellers’ prices (p1, p2). Otherwise, in equilibrium,
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they can only trade at price 0;; however, it would be a profitable deviation to trade with a
probability of one posting p» > vy > 6.

As H- and L-sellers mix on (py, p2), the following indifference conditions hold:

V(o) = v(p1—va)+ (1 -1V (0", m") —c=pr—vy —c
Vi(e )= (1=9(pr—v)+ W (0" ") —c=pr—v—c

As p1 > p» each equation implies V)LKH(G*,?T*) < pp—v, for A € {H,L}. Using the first
equation, I get p; = Jl, [p2 — (1 —7)(va + Vi (o, m)]. By substituting this expression into the

second equation and simplifying, I get:

7] (v —vi) — (VT (o, 1) = Vi (0,7))]

pr=vy+ Vit (o,m)—

By Lemma 8.3 VX! (o, 1) — Vi (6,7) < vy —vr. Hence VAT (0, 7) > py — vy contra-

dicting the previous implication VX! (6, 7) < ps —vg.

b. L-sellers mix between a price accepted with positive probability and a price rejected with a
probability of one. As in point a. it is straightforward to realize that L-sellers play either p;

or py. Two cases are possible:

1. L-sellers mix between p, and no trade. The indifference condition requires that:
pz—CZVLK+1 —c
Moreover, posting p; is not a profitable deviation, hence
(1= 7)(p1—ve) + W (0", m7) —c < VF (0%, 77) ¢

ie. p1—vy <VKt(o* %), contradicting p; > ps.

2. L-sellers mix between p; and no trade. In turn it must hold that:
(=) (p1 —vi) + WE (0" 2% — e = VE (0", 27) — ¢
ie. p1—vr = VLK“(G*, 7*). In turn, using equation (18) and p; > vy:
VA (6%, 1) — VET (6%, 1) > v — v,
contradicting Lemma 8.3.

(i) H-sellers mix between a price accepted with positive probability and no trade. Therefore one of
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the two following indifference conditions holds:

Y1 —ve)+ (1 =YVt (o*,n") —c =V (0", ") —c

pr—vyg—cC :VI;(+1(G*,7C*)—C

By rearranging this, I get p; — vy = Vf’f“ (o*,m*) and py — vy = VIZI“rl (o*,m*), respectively. L-
sellers’ mixed strategy may either (a) offer two prices accepted with positive probability; or (b)

offer a price accepted with positive probability or postpone trade.

a. Assume L-sellers mix between (p17L, PZ,L)- Without loss of generality assume pj ;, is ac-
cepted only after a signal j € {H,L} and p, is always accepted. Clearly, it is not optimal
to post both prices different from that of H-sellers. Indeed, L-sellers would prefer to deviate
and pool on H-sellers’ price because it is accepted with the same probability of one between
pi1,. and py 1, but it provides a higher payoff than min{p,p>} > vy. Therefore, L-sellers
strategy can only mix between 6, and the price posted by H-sellers. If H-sellers post p», it
is never a best response to mix between 6y and p, > vy > O as the latter is accepted with

a probability of one. If H-sellers post p;, L-sellers’ indifference condition is
PL(j)(p1—ve) + (1 =PL(j)) VT (0", 7") —c=6L—v —c (19)

Since p; > vy, equation (19) implies VLK+1 (o*,m*) <O0,—v,— %(Vﬁ —6,). L-sellers’
continuation value always satisfies VL’(H (o*,m") > 6L —vi — ¢, because they can always
trade at price 6. Therefore, for ¢ sufficiently small both inequalities cannot contemporane-

ously hold.

b. Assume L-sellers mix between a price accepted with positive probability and no trade. As
in point a., L-sellers pool on H-sellers’ posted price. Hence, one of these two equations
holds:

VE(o*, ") = (1—=y)(p1 —vr) + WS (0%, ") —c =Vf T (c* ") —c

(20)
VLK(G*,TC*) =py—vp—c = VLK+1(G*,7T*) .

ie. p1—v, = Vf“(o*,n’*) or pp — v, = VLKH(G*JE*), respectively. H-sellers indif-
ference conditions imply p; — vy = VAT (0%, 7*) or py — vy = VAT (0%, 7%). Hence,
vl(o* n*) — Vi (0%, 1) = vy — v, and Vf(o*,n*) — V(0™ 7*) = vy —vr. By
Lemma 8.3, the only admissible strategies for sellers in S/, j > &, which satisfy this condi-
tion on continuation values are: (i) H- and L-sellers mix between a commonly posted price
p’ and no trade; or (ii) H- and L-sellers in S/ post the same price p/ which is accepted with
a probability of one. If sellers play strategy (i), V){(G*, m*) and p’/ have to increase by ¢
from j to j+ 1; see equation (20). Under TMN this strategy profile is not an equilibrium
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because sellers from different cohorts must have the same continuation value. Let’s restrict
attention to the TMO case. Observe that strategy (i) cannot be played for every j > K, as it
would eventually require to go above the upper bound V/{ (o*,m*) = 0y — vy —c. Therefore,
sellers eventually have to play strategy (ii); let j* > k denote this future period. In turn, this
requires to have ¢/* > ¢!. Clearly, the price posted under strategy (i) for j < j* has to be
accepted only if £ = H.

By assumption, ¢° < ¢5 < ¢!P

. In order to increase H-sellers’ share from ¢° to ¢/" > g,
sellers should play a behavioural strategy of type (i) for j* — 1 initial periods in order to
increase ¢/ from ¢ to at least ¢'T; then all sellers in S7" should trade with a probability of
one at p/". Let o/ and B/ denote the probability that H- and L-sellers, respectively, play p/
for j < j*; the complementary probability denotes the probability of posting a price rejected

with a probability of one. In equilibrium, for j < j* buyers accept p/ after & = H, i.e.

q’ /Y6 + (1—g’)B’(1-7)6, B _ 4 v bu—p

- S >pl = = ‘ : 21
day+(I-g)Bi(l-y) =7 7 a S1-g1-ypi-8 ey
The share ¢/ increases only if
j+1 (1 — )+ o (1 — j j
¢ _ell-a)yall-nl ¢ B 1 (22)
I=g7t (1=g))[(A1=B))+B/Y] ~ 1-¢ al = 1-y
Equations (22) and (21) together imply:
@0+ (1—¢")0, > p/ > vy
This is possible only if ¢° > ;Z—:gi. However, by assumption ¢° < g5 = %;7%1’” and for ¢

small enough the two inequalities cannot both hold.

Step 2. There is no equilibrium path in which L-sellers in S| # 0 only post prices rejected with a
probability of one, and H-sellers in S, # 0 trade with positive probability.®

H-sellers in S§ post a price p accepted with positive probability, so p < Er,[0|.7 (p,-,&)] = 6y for
all & € {H,L}, because, by hypothesis, L-sellers do not pool on this price. If p < 6y all buyers accept

with a probability of one. H-sellers’ possible behavioural strategies are:

a. H-sellers post p < 0y with a probability of one and buyers always accept. Therefore, it must hold
p—vi—c<V¥T —cand p—vy —c > V5T —c. Bothinequalities imply V! — VAT > yy vy
By Lemma 8.3 the inequality cannot hold strictly; moreover, the argument in Step 1(ii) b. excludes

the equality case under TMO (when ¢° < ¢Y) and under TMN (always).

b. H-sellers post 8y with a probability of one and buyers accept only for § = j, j € {H,L}. L-sellers

45Notice that it is a more restrictive statement than Lemma 8.2.
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prefer to postpone trade only if
Vi (0%, m7) > PL(j) (8 —ve) + (1= PL() VT (0%, 7%)

ie. VL’CJrl (o*,m*) > 6y —v.. However, in every equilibrium an upper bound on the expected
payoff is VLK+1 < 0y —vr —c. A similar argument applies if L-sellers mix between two prices

both accepted with positive probability.

c. H-sellers mix between a price p accepted with positive probability and no trade. If p is always

accepted then H-sellers’ indifference requires
p—vy =Vi(c* %)
L-sellers do not trade at p if VLKJrl (o*,m*) > p—vr. Then,
Vi (o* n*) —VET (6%, m%) > vy — v

If the inequality is strict then it is inconsistent with Lemma 8.3. If it holds with equality, see Step
1(ii) b.

If H-sellers mix between 0y and no trade then

P (/)8 —vir) + (1 =Pu())Vi ™ (0", 7") = Vi (0", ")

ie. VF’;H (0*,m*) = 6y — vy. But in every equilibrium an upper bound on expected payoffs is
VI_’;JFI(G*J[*) < BH —Vyg —C.

Step 3. There is no equilibrium path in which sellers in S§; # 0 and Sf # 0 play semi-separating
behavioural strategies, and all posted prices are accepted with positive probability.
Suppose, on the contrary, that such a behavioural strategy is played in equilibrium. Let’s consider

the two different cases:

(i) L-sellers mix and H-sellers play a pure strategy. The only relevant case to consider is when L-
sellers mix between 6, (accepted with a probability of one) and p (accepted only if & = H), and

H-sellers only post p. L-sellers mix between the two prices only if:
V(" m") = (1=7)(p—ve) + W (0" n") —c =6 —v—c
L-sellers can always trade at 6 so VL’(+l (o*,m*) > 6, — v, —c. Hence,
O —vp—c=(1=y)(p—ve)+¥(6L—vL—c)
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ie. 6, >p— ﬁ For ¢ small enough p < vy as vy > 6. In equilibrium H-sellers would not post

this price because lower than their reservation value.

(i) H-sellers mix and L-sellers play a pure strategy. Sellers in §* play this behavioural strategy only
if H-sellers mix between 6y (played with probability o and accepted only if & = H) and a price
p* (always accepted). L-sellers post p* with a probability of one.

I provide a separate proof for each assumption on time on market observability.

a. Under TMO, buyers accept p* irrespective of signal & only if E,[0](p*,k,L)] > p*. In
turn, a necessary condition is ¢¥ > ¢'F (for ot =0, it is higher for a@ > 0).4¢ As ¢° < qif <q'f
it is sufficient to prove that ¢¥ < ¢° for every k > 1. Consider j € Ny such that ¢/ < gf.
Therefore, in period j the proposed behavioural strategy cannot be played. By steps 1, 2
, 3 (i) and Proposition 4.4: (i) either both H- and L-sellers do not trade with a probability
of one; or (i) 6}, (p) = 6] (p) = 1, os(A| F5(p, k,H)) = 1 and 6(A|-Z(p, k,L)) = 0. In
case (i) ¢/*! = ¢/. In case (ii) buyers only accept if & = H, so H- and L-sellers trade
with probability ¥ and 1 — 7, respectively. By the law of large numbers, a higher share of

H-sellers trades and exits the market, so ¢/*! < ¢/. Let j = 0 concludes the argument.

b. Under TMN, buyers do not distinguish sellers beloning to different cohorts S*. In equilib-
rium, two cohorts of sellers S;L"J and Sf/, k' # k" cannot play strategy profiles leading to
different expected payoffs. If this were the case, there would be a profitable deviation for
one cohort of sellers as buyers cannot observed previous prices. For every k € Ny such that

S¥#0,V¥(c*,n*) =V, (0", ") must hold, and H-sellers’ indifference condition requires:

VH(G*,E*) = ’)/(QH — VH) + (1 — '}’)VH(G*,TE*) —Cc= pK—VH —C

hence p* = p = 0y — 1%70.
Letg= Y S—;q’(. Buyers accept p only if
KeNy
g(l—a)(1-7)6u+(1-q)y6L 1—y

- — >0y — c
g(1—o)(1=7)+(1-q)y

hence

q Y Oy — 06, —c

- (-pi-a <

By Step 1, 2, 3(i), the only admissible behavioural strategy for sellers in cohorts S/, j # k,

(23)

are: (i) both H- and L-sellers do not trade with a probability of one; (ii) H- and L-sellers
post the same price py, say, and buyers accept only if & = H; (iii) H- and L-sellers post the

465ee section 4 for a characterization of ¢F. The subscript c refers to the associated search cost c.
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same price pr, say, and buyers accept with a probability of one; (iv) H-sellers mix between
two prices and L-sellers post one price with a probability of one. Since all cohorts receive
the same expected payoff, it must be py = 0y and p;, = p = Oy — ]%'c. Importantly, the
behavioural strategies (i), (ii) and (iii) imply that H-sellers in S{J trade at least with the
same probability as L-sellers in S{. As a result, g cannot be higher than ¢ if sellers only
play strategies (i), (ii) and (iii). Therefore, if it is not possible to satisfy equation (23) in
an equilibrium in which, for every x € Ny, H-sellers in Sj; mix between 6y and p, and
L-sellers in S} play p with a probability of one, then it is never possible. In the proposed
equilibrium, stationarity requires exit and entry flows for each type of sellers to be equal. I

denote with S the equilibrium mass of sellers:

0

l—g
1-4

—~
=

q 1 0
L

0 _ Q -
(1-¢") =5(1-9) A (N

{ ¢"=Sglay+(1-a)] _ {

Therefore, this equilibrium only exists if equation (23) is satisfied, i.e.

1 qo > Y GH—GL—C
oay+(1—a)l—¢* ~ (1—-p)(1—a) c

This expression is more likely to hold for ¢ close to zero. Therefore, a necessary condition

is:
q° S Y Oy—06,—c

1—g ~1—vy c

(24)

Y vut+c—6p 47

0_ P __
Forq =4dc = 1—y Og—vu—c

equation (24) becomes

vy +c— 6y > Oy — 6 —c¢

Oy —vyg—c c

However, for ¢ sufficiently small this inequality cannot hold.

Step 4. There is no equilibrium path in which H- and L-sellers in S§; # 0 and S} # 0 post a price

accepted with a probability of one.

I provide a separate proof for each assumption on time on market observability.

a. Under TMO the argument is analogous to the one in Step 3 part (ii) point a.

b.

Under TMN, an analogous argument to the one in Step 3 part (ii) point b establishes that all
cohorts get the same continuation value. By Step 1, 2, 3 the only admissible behavioural strategy
profiles for sellers in cohorts S/, j # k, are: (i) both H- and L-sellers do not trade with a probability
of one; or (ii) H- and L-sellers post the same price py and buyers accept only if & = H; or (iii)

H- and L-sellers post the same price p; and buyers accept with a probability of one.

47See section 4 for a defnition.
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By definition of ¢'”, the behavioural strategy (iii) is possible only if = Y. %q’( > ¢'F,i.e. there
keNy
must be at least one cohort S, & # k, such that L-sellers trade with a higher probability than

H-sellers. However, all admissible behavioural strategies (i), (ii) and (iii) imply that H-sellers’

probability to trade is at least equal to that of L-sellers.

Step 5. If Sf; # 0 then all sellers in S post the same price. If time on market is not observable all
sellers post the same price.

By steps 1, 2, 3, 4 and Lemma 8.2 the only admissible behavioural strategy profiles are: (i) H- and
L-sellers only post prices rejected with a probability of one; (ii) H- and L-sellers in S* post the same
price p* and buyers accept only if & = H. Under TMN, buyers do not observe the sellers’ cohort, and
sellers cannot post different prices accepted with the same probability; hence, p* = p, for all k¥ € Nj.
Postponing trade does not change the future trade price but it increases search costs. As a result, they

find it strictly convenient to post p until they trade. m
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