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LIMITED CREDIT RECORDSAND MARKET OUTCOMES

by Margherita Bottero* and Giancarlo Spagnolo”®

Abstract

Credit registers collect, store and share data on borrowers past and current credit
relations. Interestingly, the data are typically erased from the public records after a certain
number of years, in accordance with privacy protection laws designed to enable people to
make a fresh start. However, in order to give creditworthy but unlucky borrowers the chance
for a new beginning, these provisions ultimately remove al the public information, including
data that may still be relevant for purposes of screening. This paper assesses this trade-off,
examining the impact of limited records on borrowers behaviour and market outcomesin a
stylized credit market for unsecured loans. In this setup, limited records endogenously
produce beneficial reputation effects in the form of greater effort in equilibrium. That is,
aleviate the limitations rather than worsen the distortions due to asymmetric information.
Further, we show that when moral hazard is great, one-period records can increase welfare
and lower the default rate by comparison with records that show either all of the past history
or none.

JEL Classification: G24, G18, D82.
Keywor ds:. privacy, data retention, credit registers, limited records.
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1 Introduction!

In most modern credit markets, credit registers collect and share data on borrowers’ past
behavior with other market participants, in an effort to reduce the well-known informa-
tional asymmetries that characterize lending relationships (Jappelli, Pagano 2002). These
asymmetries take the form of adverse selection (Akerlof 1970) or moral hazard. Reliable
information on a borrower’s past behavior serves both as a screening device for lenders
and as a "reputational" collateral for borrowers (Vogel, Burkett 1986), which they can
use to signal to potential lenders their private information and intended choices.

Interestingly, from a legal point of view credit data fall under the umbrella of personal
data and are thus subject to the privacy protection provisions that regulate the extent to
which personal information can be handled, shared and stored. In particular, an important
by-product of privacy protection is the principle of data retention, which prescribes that
personal data, as collected by any data user, should be retained for a limited period of time
only, and by any means for no longer than what is necessary for the intended purpose.?
Although such a principle, which protects at the core many important individual rights,
looks intuitively appealing, it is not immediately clear whether it is desirable from a
strictly economic standpoint. In fact, data retention directly mandates the removal from
the market of those very data that have a key role in disciplining the market asymmetries
described above. Indeed, the issue has stirred an intense and so far unresolved debate
about the implications of limited records for privacy, efficiency and reputation (Bottero,
Spagnolo 2011; Sartor 2006).

'We would like to thank Ugo Albertazzi, Axel Bernergard, Paolo Del Giovane, Jens Josephson, Lars
Ljungqvist, Ettore Panetti, Bjorn Wallace, Jérgen Weibull, two anonymous referees at the Bank of Italy,
and seminar participants at the Stockholm School of Economics, the Bank of Italy and at EEA-ESEM
2012 Annual Congress (Malaga, Spain) for their helpful comments and suggestions.

2Data retention was first mentioned by the Council of Europe in 1973, where it was declared that
"[T]hose responsible of these [personal datal files [...] should refrain from storing information which is not
necessary for the given purposes". This principle was later on incorporated into the 1995 EU Directive
(95/46/EC) on Data Protection, which states that "[M]ember States shall provide that personal data
must be [...] adequate, relevant and not excessive in relation to the purposes for which they are collected
and/or further processed".

3 According to the anti-privacy position, privacy gives the possibility to manipulate one’s reputation
and to impede the autonomous function of the impersonal market mechanism that allocates credit at
better rates to borrowers with better reputations (Posner 1983). From Posner’s blog (May 8" 2005):
"All that privacy means in the informational context |...] is that people want to control what is known
about them by other people. They want to conceal facts about themselves that are embarrassing or
discreditable [...] Such concealment is a species of fraud". Yet, other scholars argue that privacy may
be needed when agents are boundedly rational, or even in cases of market failures with rational agents
(Taylor 2004). With the former concern in mind, Jeffrey Rosen (2000) writes that "[P]rivacy protects us
from being misdefined and judged out of context in a world of short attention spans, a world in which
information can be easily confused with knowledge". For a reference to the debate in the context of the
credit market, see the acts of the Congressional debate on the adoption of the Fair Credit Reporting Act,
U.S. Senate 1969 and U.S. House 1970.



This paper develops a formal analysis of the effects of data retention provisions on
borrowers’ behavior and market outcomes. To this end, we study a stylized model of an
unsecured credit market for firms (particularly suited to represent family-run and small
businesses), where a credit register decides on the amount of information to be disclosed to
the lenders. We compare three informational arrangements, labelled "full withholding",
"full disclosure" and "limited records". Under full withholding, privacy is enforced and the
register discloses no information about the borrowers. Under full disclosure, instead, all
the relevant information is made available to the lenders. Finally, with limited records, the
credit register implements a policy inspired by the data retention principle, by collecting,
storing and sharing only the outcomes of the N most recent projects undertaken by a
borrower.

We show that it is possible to characterize under which sufficient conditions each
of the three arrangements leads to a lower (ex ante) default rate than the other two.
Interestingly, when adverse selection is severe, full disclosure is always the most preferable
arrangement, while full withholding delivers the lowest default rate when both adverse
selection and moral hazard are mild. Finally, when the moral hazard in the market is a
severe problem, and adverse selection is not a major concern, limited records outperform
the two other arrangements, supporting the case for privacy protection legislations. In a
situation of high moral hazard, in fact, the two policies of full disclosure and withholding
hamper the performance of low-ability borrowers while not eliciting a sufficiently higher
repayment rate from the high-ability group. Limited records, instead, provide borrowers
of all types with the possibility to alleviate, at least in part, the moral hazard problem
by equipping them with a credible device, the records, to build or restore a reputation
for being a trustworthy borrower. By moderating the moral hazard problem, thus, the
limited records arrangement leads to the lowest default rate.

Further, it can be proved that limited records may also lead to higher aggregate welfare,
albeit under fairly restrictive conditions. More precisely, when moral hazard is severe
and borrowers are not too different in their abilities, limited records are more efficient
because the resulting interest rates succeed in increasing borrowers’ aggregate welfare,
while keeping lenders’ welfare constant. Yet, under the model’s assumptions, if these
conditions are not met, it is preferable to disclose all information about the borrowers.

The main result of our analysis is that data-protection laws, by deleting key informa-
tion on borrowers and thus preserving the uncertainty regarding their type, create scope
for borrowers to build themselves a reputation for being of high ability. A good reputation
has an economic value for any borrower, as it directly translates in lower requested inter-
est rates. Further, to build a reputation, a borrower needs to repay rather than default
on his loan, as high ability borrowers are by assumption less likely to default. In turn, as
in order to repay borrowers choose higher effort than in the case without the possibility
of reputation building, the whole market benefits in terms of higher repayment rates and,



possibly, welfare.*

The present work is connected to the literature on reputation and data retention.
For what concerns the credit markets, the effects of information sharing on borrowers’
behavior were first addressed by Diamond (1989), who documents that such policy leads
to positive and persistent reputation effects on the equilibrium interest rate and the quality
of the pool of borrowers. However, Diamond does not address the effects of data retention
policies. The model we put forward, instead, builds on Vercammen’s (1995) and (2002)
papers. In his 1995 paper, Vercammen puts forward the first theoretical model that
studies the effects on credit market outcomes of information censoring from part of a
centralized credit bureau. More precisely, he demonstrates that in a market characterized
by both adverse selection and moral hazard, transmitting limited, rather than unlimited,
records on borrowers’ past behavior gives rise to a sequential equilibrium (in finite time) in
which borrowers are concerned about their reputation, and accordingly exert higher levels
of effort. Further, a numerical analysis describes how welfare varies by setting different
lengths for the records.

Our model moves from Vercammen’s with the intent to generalize and extend his
results in the following dimensions. First, we apply his framework to an infinitely repeated
market setup to study and compare within the same framework the effects on equilibrium
outcomes of the three different policies of full disclosure, full withholding and limited
records. This exercise highlights how in the three equilibria the informational asymmetries
in the market persist to different degrees, which motivates us to investigate which policy
minimizes the ex ante default rate and total welfare for given initial levels of moral hazard
and adverse selection in the market. In particular, when interpreting the conditions
under which limited records lead to a higher welfare than the other policies, we refer to
Vercammen’s 2002 work where it is shown that it may be welfare improving to allowing
for adverse selection in a market already characterized by moral hazard, which is precisely
what happens when opting for limited records.

The effects of data retention provisions on market outcomes are also studied by Elul
and Gottardi (2008). These authors provide a game theoretic analysis of the effects of for-
getting some of the past information on borrowers’ past behavior in a credit market where
such information is transmitted to lenders by a credit register. Besides a few minor differ-
ences, our models focus on the same question and they both assume that the information
shared by the register is a binary variable that reports if the previous loans have been
repaid in full or defaulted upon.’ Elul and Gottardi, however, model data retention by
assuming that the credit register discloses the whole history of borrowers’ past behavior,

4Importantly, the removal of past data also circumvents the problem of disappearing reputation effects
(Cripps et al. 2004) by continuously replenishing a borrower’s incentives to sustain his reputation (for a
game-theoretic discussion of this, see Ekmekci 2010; Liu, Skrzypacz 2011).

®Note however that in our model both types of borrowers can fail, while in Elul and Gottardi’s model
only low-ability borrowers can fail. The authors do however consider the possibility that both types fail
in a numerical example.



but with a positive probability it registers a realized default as a repayments instead. The
equilibrium they study, then, revolves around the lenders’ posterior belief on the type of
the borrowers, which they form and update by looking at these modified records. In our
model, instead, the information is always correctly registered and fully censored after N
periods. Although the authors argue at length that the two formulations lead to similar
results, we believe that ours allows for a more straightforward discussion of the optimal
length of the register’s memory. In particular, it permits us to identify the trade-offs
that have to be solved by the optimal memory design. Our model is also more suitable
for accommodating relevant extensions such as whether, and how, borrowers strategically
respond to limited records. The two models, however, address complementary aspects of
the issue at hand. More precisely, Elul and Gottardi look at the conditions under which
a policy of limited records, as opposed to full disclosure, improves the access to credit
as well as welfare, while we seek to characterize the conditions under which different in-
formational arrangements, among which limited records, improve on default rates and
welfare.

The remainder of the paper is organized as follows. Section 2 describes the model.
Section 3 describes the equilibrium under full disclosure and full withholding, and section
4 characterizes the equilibrium with 1-period limited records. Sections 5 and 6 present
some comparative statics for the three informational arrangements, in terms of the ex ante
default rate and aggregate welfare respectively. Section 7 explores the case of N-period
limited records with N larger than on (but finite), and goes through the effects of different
choices of memory on borrowers’ behavior. Section 8 concludes.

2 The model

The present model builds on the work of Vercammen (1995, 2002) and provides a styl-
ized representation of an unsecured credit market for firms, where borrowers may switch
between lenders and where the relevant information on a borrower’s past behavior is trans-
mitted via a credit register. The market features adverse selection, because borrowers’
ability is private information, and moral hazard, because the effort choice is a hidden
action taken after the contract has been negotiated. Time is infinite and discrete, and
at the beginning of each period a competitive credit market opens, where borrowers and
lenders interact as described below.

2.1 The borrowers

There is a large number of risk-neutral borrowers, that each period face the exogenous
probability ¢ to leave the market.® In that case, a new borrower, identical in everything

6The fact that the probability with which a borrower leaves the market is exogenous means that his
"staying in" the market does not have any signalling value.



to the previous one, enters the market. Borrowers discount the future at rate g < 1,
which is an effective discount rate that also accounts for the exit probability.

Borrowers are credit-worthy and identical in everything but in a privately known, fixed
ability parameter 6 that can take two values, high, H, or low, L, and affects the disutility
of effort. More precisely, in supplying effort e € E = [0,00), a borrower pays c(e, 6), but
high-ability borrowers face a lower marginal cost, ¢, (e, H) < c.(e, L).” Otherwise, the cost
function is continuous, twice differentiable and strictly convex, ¢, > 0, ¢/, > 0; further
¢(0,0) = 0 and for both types the function satisfies the Inada conditions, which are needed
to ensure the existence of an interior solution in the effort choice problem.® High-ability
borrowers are present in a fraction p € (0,1) of the population and the remainder is of
low ability.

At the beginning of each period, a borrower seeks an indivisible loan and combines it
with his own effort in a project that generates non-storable revenues Y (e, w) that are used
for consumption. Revenues are also a function of a non-observable positive random shock
w, i.i.d. across borrowers and periods, drawn from a distribution F' defined on Q = [0, 1].
The revenue function is continuous, twice differentiable and strictly concave, meaning
that revenues increase in effort, ¥/ > 0, and in the realization of the shock, Y/ > 0.
Further, marginal productivity decreases in effort and increases in the realization of the
shock, Y! < 0 and Y. > 0. Finally, it is assumed that zero effort and the lowest shock
realization both yield in zero revenues, Y (e,0) = Y(0,w) = 0.

A borrower’s expected utility is given by expected revenues net of the repayment
of the loan and the promised interests, 1 + r, minus the cost of effort. If the realized
revenues fall short of the contracted repayment, the lender appropriates whatever has
been generated and the borrower receives zero utility. Following Vercammen (1995), we
define the "default threshold" for a borrower who exerted effort e and agreed to repay
interest rate r as the realization of the shock w(e, ) which permits him to just honor his
debt, Y(e,w(e,r)) = 1 + r. Note that higher effort and lower interest rates reduce the
probability of default.!® A type 6 borrower’s life-time utility, then, can be written as,

1

Ulenrit) = 30" | [ Vleno) = (14 7)) dF(w) = clewd) (1)

w(et,rt)

" Assuming that a borrower’s type only affects his cost of effort is intended to replicate Vercammen’s
set-up and continue his analysis, as discussed in the Introduction. However, this assumption also has the
nice implication that heterogeneity only affects the current component of the payoff function, making
easier to characterize the first order conditions and the equilibrium effort.

¥ Namely, 1in%c'(e, 0) =0 and lim (e, 0) = oo.

e— e—00

9Strict concavity simplifies the analysis, and reduces to assuming Y,,,, < 0 so that the determinant of
the Hessian is det H = Y, .Y, — wa < 0.

WPrecisely, we(e,r) = —;f— < 0 and w,(e,r) = Yi > 0 for e € [e*(r),1], where e*(r) is such that
Y(e*(r),1) =1+r.



where 6 = L, H and 7; is the anticipated interest rate. Borrowers are assumed to have
perfect foresight, which allows to equal the anticipated with the realized interest rate
in equilibrium. For all 6, the function U is continuous, twice differentiable and strictly
concave, because the cost function c is strictly convex. The reservation utility is zero for
borrowers of both types.

Under the limited records arrangement, borrowers’ expected utility also depends on
past performance via the credit report cy. More precisely, such report shows a binary
variable specifying whether the loans obtained in the N most recent periods were repaid,
S, or defaulted upon, D. As the information in ¢y impacts the lenders’ choice of interest
rate r, borrowers face a recursive dynamic programming problem, and maximize the
following value function,

Vien,0) = mng(e,T(cN),Q) (2)
+ B[Pr(cy = ens | €,en)V (ens, 0) + Pr(cy = enp | €,en)V (enp, 0)]

where the utility function U is defined in (1), and c¢ys (enp) is the credit report obtained
from cy by deleting the outcome realized N periods ago, which is the last displayed by the
record, and adding a repayment (default) in front of the most recent position, and finally
Pr(cdy = cns | e,cn) = 1—F(@(e,r(cn))), while Pr(dy = cnp | €,cn) = F(@(e,r(cn))).M
The shock w does not appear as an argument of the value function because V' (cy, 0) gives
the value of being in state ¢y in a certain period, before the shock is realized. Tomorrow’s
credit report, cy, is a state under the borrower’s control via the borrower’s effort choice,
which affects the probability of honoring the debt (as described by Pr(cy = - | e,¢cn)).
The current-period report, cy, is a proper state and the borrower’s type 6 acts as a state
chosen by nature and fixed over time.

2.2 The credit industry

There is a competitive credit industry consisting of an infinite number of lenders that
each period interact with a different borrower. Financial contracts come only in the form
of one-period debt contracts for loans of size one with limited liability, fully characterized
by the rate of interest . There is exclusivity in contracts, namely borrowers can interact
with only one lender in each period. Loans have an opportunity cost p > 0, which derives
from an outside investment opportunity with fixed return. When the market opens,
lenders hold the common prior pg on the fraction of high-ability borrowers, which they
subsequently update using the information made available by the credit register.
Because of perfect competition, lenders choose r by setting their expected profit equal

I Note that, thanks to the recursive nature of the problem, it is possible to substitute the time subscripts
with the apostrophe notation when denoting a variable in the next period.

10



to the opportunity cost, so that r is a function that sends the common belief p € P = [0, 1]
into [0,Y] where Y = Y(1,1). When credit records are available, lenders also take into
account cy, so that r(cy) : (0,1) x CN — [0,Y] where C is the set of all possible credit
records. A costless monitoring technology guarantees that borrowers cannot embezzle the
realized revenues.

2.3 The credit register

We assume a long-lived credit register, which knows for each borrower whether he has
repaid or defaulted upon the loans he obtained up to the current period.!? The register can
adopt three informational policies, full disclosure, full withholding and limited records.
By opting for the policy of full disclosure, the register discloses the borrowers’ type once
and for all. The policy of full withholding, instead, consists of the register shutting down
and not disclosing any information. When the register chooses to disclose limited records,
instead, it produces for each borrower a credit report ¢y displaying the outcomes of the
last IV projects. Since the outcome of a project can be either a success, .S, when the loan
is repaid, or a default, D, we let C™ = {S, D} be the set of all possible credit reports of
length N.

These three scenarios let informational asymmetries persist in the market to different
degrees. With full disclosure adverse section is eliminated completely, while with full
withholding both moral hazard and adverse selection remain in the market. Finally,
limited records allow to soothe, at least in part, adverse selection.

2.4 Time-line of the events and equilibrium

Time is discrete and infinite and in each period the events unfold as follows. At the be-
ginning of the period, the credit register discloses the information on borrowers according
to the chosen policy. Then lenders offer contracts to the borrowers, specifying the rate
of interest asked in exchange for the loan, and simultaneously borrowers choose which
contract to accept and which effort level to exert. Next, the outcome of the project is re-
alized and the loan is either repaid or defaulted. The credit register observes the projects’
outcomes and updates the records. Then, a new period begins. Figure 1 displays the

12Note that the model’s assumptions are such that a borrower borrows each period.
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relevant time-line.

t t+1

| |
Information about borrowers is Borrowers Shock is Credit
disclosed (if any). decide on realized. register

ffort.
Lenders offer (a menu of) efio Repayments ggc:jaittes
contracts. and defaults
report.
are made.

Borrowers choose a contract.
Fig. 1. The time-line of the events.

Under the policies of full disclosure and full withholding, the market equilibrium can
be described by the infinite repetition of the (Bayesian) Nash equilibrium, with complete
and incomplete information respectively.'® More precisely this equilibrium, if it exists, will
consist of an interest rate such that lenders make zero profit in expectation and an effort
choice such that, given the equilibrium interest rate, borrowers maximize their revenues.

When the register opts for a limited records policy, it is appropriate to make use of
the following rational-expectations, recursive, competitive equilibrium notion, which we
call N-period equilibrium.

Definition 1 A N-period equilibrium consists of a policy function e¢* : CN x {H,L} —
0,1], an interest rate function r* : CN — [0,Y], a belief function p* : CN — [0,1] and
two distribution functions (Gg,Gr) over the state space C™ such that

- borrowers behave optimally: given the interest rate function r* and the belief function
p*, e* maximizes the borrower’s utility

- the credit industry is competitive: for each state cy, given that the proportion of high
type 1is p;,, and given that type-0 borrowers exert ey, , the interest rate vy ensures zero
profits

- consistency: if the current distributions of high and low types over the state space CN
is given by (G, Gr) and borrowers use the policy function e*, the next period distribution
of high and low types is also given by (Gy,Gr). The belief function p* is consistent with
this steady state distribution.

In all three informational arrangements, we will focus only on the steady-state and
dispense of the dynamics outside the stationary path. For the time being, we also disregard
the periods of initial history, when t < .

The notation used in the paper is summarized in the Appendix.

13Note how in both information arrangements, since borrowers cannot affect future payoffs with current
actions, the equilibrium of the repeated game boils down to the repetition of the static equilibrium.

12



3 Full disclosure and full withholding

The full disclosure case corresponds to a situation in which there is no incomplete informa-
tion in the market. Since the problem is stationary, in every period the borrowers choose
effort in order to maximize their period-¢ utility U, which, accordingly, is written as a
function of r because cy is not available. The maximization of (1) leads to the following
first order condition,

Ule,r,0) = / Y)(e,w)dF(w) — c.(e,0) =0 (3)
w(e,r)

which states that borrowers supply effort until marginal return equals marginal cost.'*
The solution to (3) is unique and interior, as the second order conditions are satisfied,
and it implicitly defines each type’s conditional effort function ey = e(r, 0).1°

Lenders expect the following return from dealing with a type 6 borrower,

o (eg,r)
(e, r,0) = /0 Y(ep,w)dF(w) + (1 — F(w(ep,r)))(1+7) (4)

which consists of the probability-weighted sum of what will be appropriated in case of a
default (first addend) and the interest rate in the case of a repayment (second addend).
Since borrowers’ types are known, the lenders are able to charge to the high- and low-
ability types different interest rates, called ry and r; respectively. Then, under full
disclosure there exists a unique stationary equilibrium in which high-ability borrowers
exert more effort and face a lower interest rate than low-ability borrowers.!

Proposition 1 The pairs (e};,r3) and (e},r}) are the unique stationary equilibrium of
the market under full disclosure. Further, e}, > e} and rj; < rj.

Proof. This and all the following proofs are relegated to the Appendix. m

Despite the fact that the full disclosure policy eliminates the adverse selection problem
from the market, moral hazard persists and the resulting equilibrium effort is a second
best with respect to the case of perfect monitoring.!” By preventing lenders to make the

14Note that the discount factor disappears due to the absence of any intertemporal link.

15 Corner solutions are not maxima thanks to the Inada conditions assumed on the cost function.

16Note that the uniqueness of the equilibrium follows also from the assumption that lenders cannot
write long-term contracts or condition current contracts on past performance in a relational fashion. Were
this not the case, more complex dynamics could arise.

'"The intuition behind such a distortion goes as follows. With moral hazard, the interest rate cannot
be conditioned on the effort choice, meaning that the expected value of marginal effort is lower than in
the perfect information case. Additional effort, in fact, benefits the lender, but such benefits are not

13



interest rate contingent on the level of effort, moral hazard implies that when a default
occurs the marginal value of effort to a borrower is zero. While this type of distortion
affects both types’ choice of effort, it is particularly severe for the low-ability borrowers.
Due to their higher marginal cost of effort, in fact, low-ability borrowers are charged a
higher interest rate. In turn, this increases the likelihood of defaults and further reduces
the marginal value of effort for borrowers in this group.'®

Under the alternative policy of full withholding, lenders know nothing about the bor-
rowers and the equilibrium interest rate will be a function of the prior only.!? The borrow-
ers’ optimization problem does not change with respect to the previous case and it results
in a conditional effort choice egg = e(r¢, #) which depends on the anticipated interest rate
r; and the borrower’s own type. The expected return on lending is now given by,

pOH(GFJOJ Téu H) + (1 _pO)H(ezOﬂnS’ H) =1+p (5)

where the prior py is used as a weight. Then, by solving together the equations (3)
and (5), it is possible to find the borrowers’ optimal effort choices, e}, and e},, and
the corresponding equilibrium interest rate, ;. The next proposition demonstrates that
under full withholding, there exists a unique stationary equilibrium in which borrowers of
both types are charged the same interest rate but high-ability borrowers exert more effort
than low-ability borrowers.

Proposition 2 The pairs (e}, 17¢) and (€}, 15) are the unique stationary equilibrium of
the market under full withholding. Further, e}, > €7,.

The proof is straightforward so it is omitted. Due to the assumption of fixed in-
vestment, in equilibrium lenders offer exactly one interest rate. If they were trying to
separate borrowers by offering a menu of two contracts, one with a higher interest rate
for the low-ability type and viceversa for high-ability borrowers, both types of borrowers
would choose the lower interest rate, which would result in negative expected returns for
the lenders. As we will discuss more extensively in section 6, under this informational
arrangement high-ability types are cross-subsidizing low-ability types. This follows be-
cause they are charged an interest rate higher than the one in the complete information
case while low-ability types are charged a comparatively lower interest rate.

internalized by the borrower because the interest rate cannot be made dependent on the effort choice.
Besides reducing the expected value of marginal effort, moral hazard also results in higher interest rates,
because these are lower for higher levels of effort (for a more detailed discussion, see Brander, Spencer
1989).

18 As the lower bound of the integral depends on the default threshold, the marginal value of effort
decreases in the promised interest rate r, since @, > 0.

Y Borrowers can do nothing to credibly signal their type. In particular, they cannot do so by accepting
higher interest rates, because lenders interact with the same borrower for one period only and multi-period
contracts are not available.

14



Before moving on to study the equilibrium with limited records, it is worth pointing
out that it is always the case that, comparing the equilibrium effort choices for the same
borrower under the two arrangements studied so far, high-ability borrowers exert higher
effort under full disclosure than under full withholding, and viceversa for low-ability bor-
rowers.

Remark 1 It is always true that e} < e}, €p < €y and e} < €.

The remark above follows from the assumption on marginal costs and the structure of
the interest rates.

4 One-period limited records

Here we analyze the case of N = 1, in which, at the beginning of each period, the
register discloses to the credit industry credit reports c¢;. These display only the outcome,
either a success S or a default D, realized by a borrower in the preceding period. This
information is used by the industry to update the prior py on the borrower’s type. Here
we characterize the players’ choices on the stationary path, along which their equilibrium
strategies depend on the state ¢; and are otherwise history- and time-independent.

A type-0 borrower’s problem can be formulated by the following time-invariant Bell-
man equation V' (cq, ),

Ve, 0) = mng(e,r(cl),H) (6)
+ B [Pr(cy =S ]|e,c1)V(S,0)+Pr(cy =D | e c)V(D,0)]

where ¢, = S, D is the credit report obtained from ¢; by replacing the last reported
outcome with the current-period project’s outcome, weighted by the appropriate proba-
bilities, Pr(¢} = S | e,c1) = 1 — F(w(e,r.,)). Note that now the interest rate r depends
on the public record, r(c;). The solution to the problem in (6) will be a stationary policy
function eq, : C' x {H, L} — [0,1].

To prove that the one-period equilibrium defined in section 2 exists and is unique,
we demonstrate that the borrowers’ value function has a unique fixed point, which is
the (unique) stationary policy function ej, that solves the dynamic program described
above. The fact that borrowers’ equilibrium strategies are stationary allows us to prove
that they induce a unique distribution of borrowers across credit scores. Accordingly, in
equilibrium, lenders have a unique menu of posterior beliefs, one for each c¢;, and thus
offer a unique and time-invariant menu of interest rates.

By applying Banach fixed point theorem, the next proposition shows that the value
function in (6) is a contraction mapping with a unique fixed point which can be found by
iteration.
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Proposition 3 There exists a unique stationary one-period equilibrium, with effort choices
* * * * y * * N *
€15, €ps €15, €Lps interest rates ry, vy, and beliefs py, .

When N = 1, borrowers can be in one of two states and in the unique stationary
equilibrium they exert one of two levels of effort depending on their current-period credit
report, eg., = e(cq,0) where ¢; = S, D. Optimal effort can be found by solving the
borrowers’ dynamic optimization in (6), the first-order condition of which is given by,

}/e,(e7 w) - BEF/@2<€9617T01) (V(Sv 0) - V(Dv 0)) = C/e(ev 0) (7)

According to equation (7), the unique optimal effort policy ej,. is determined by bal-
ancing its marginal benefit (LHS) and its marginal cost (RHS). The former is given by
a direct increase in revenues today, Y/(e,w), and by a marginal improvement in today’s
likelihood of repaying the loan, F'@.(eg.,, 7, ), which in turn leads to an increase in the
future expected stream of utility. Without making additional assumptions on the func-
tional forms, it is possible to derive (see Appendix) the following expression for a type-0
borrower’s optimal effort,

Ulleis:73) = s =Ullein, ) )

which implicitly defines the effort policy ej,, for a type 6 borrower. Inspecting equation
(8) it can be seen that in the one-period equilibrium borrowers exert more effort when a
repayment, rather than a default, is going to be erased in the next period. Mathematically,
this is demonstrated in the proof of corollary 1 (see Appendix), which shows that the ratio

!~
F'a’,

5 is larger than 1. The interpretation for this result relies on the fact that the interest

rate“(j:ha,rged in equilibrium to a borrower with a repayment in his credit record is lower
than if his report shows a default; accordingly, such borrower is better able to internalize
the return on his effort, for which reason he chooses to exert a higher level of it. Besides
this, according to equation (8), high-ability borrowers exert more effort than low-ability

borrowers for any credit report. The next corollary formalizes these two considerations,

Corollary 1 In the one-period equilibrium, e;q > ey for 0 = H, L and e}, > e}, for
c=A{S,D}.

The fact that high-ability borrowers exert more effort than those of low-ability is
also true for the other two informational arrangements discussed in section 3, and it
follows directly from the assumption on the cost function. That the optimal effort differs
between the two states is, however, clearly a novelty that belongs to the limited records
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arrangement. Effort for both types is higher when they are in the repayment state. This
result is prompted by the fact that in the repayment state borrowers are faced with a
more attractive interest rate, which increases the marginal value of effort by lowering the
probability of default.

Lenders, as borrowers, base their equilibrium behavior on the state c¢;. In particular,
for each state the credit industry anticipates the borrowers’ policy function e, described
above, and uses it to update the belief p; = p(H | po, ej,,, 7, ) that a borrower is of high-
ability. The policy N = 1 allows for two credit reports to be observed by the lenders,
thus in equilibrium there will be two interest rates, 7 = {r§,r}}, which can be found by
solving for each ¢; = S, D the following zero-profit condition together with the first order
condition in (7),

eI €G ey 7)) + (1= pi)TI(EL,,, 75) = 1+ p (9)

*

where II(ej,,, 7%, 0) is defined in equation (4).

More generally, in any period, the borrowers’ strategies and the interest rates induce
a probability mass function gy which gives the probability go(cy) that a borrower of type
0 has credit report cy. Let this function have a cumulative distribution G. Although
individual borrowers will not have the same credit report over time, in the stationary
equilibrium the distribution of reports at the population level will remain stable. Let this
stationary distribution be G*, and let ¢g* be the corresponding stationary density. When
N =1, it is the case that go(D) = 1 — go(5), so that the steady state probability g;(cy)
can be rewritten (see the Appendix for the complete derivation) as,

_ 1~ F(@(ehp.rh)
T (F@(ehpr D)) — F(@(che.75)

which is an explicit expression for the steady state densities. It follows that, according to
Bayes’ rules, the credit industry’s posterior upon seeing report ¢; = .S, D is given by,

90(95)

* pog?{(S)
75 ogn(©)+ (1 — p0)gi () (10)
x pogr (D)

P g (D) +(1 = po)g; (D)

where pg is the industry’s prior on the borrower being of high ability. The numerator
in equation (10) represents the stationary-state probability that the observed outcome ¢;
can be ascribed to a high-ability borrower. The denominator can be explained in a similar
vein, and acts as the normalization factor.

Importantly it can be demonstrated that, on the stationary path, the distribution
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of high-ability borrowers’ credit reports first-order stochastically dominates that of low-
ability borrowers. This feature guarantees that in equilibrium borrowers of the former
type are more likely to have better reports than borrowers of the latter type, that is,

Proposition 4 G73; first-order stochastically dominates G .

The result follows from the assumption on the types’ marginal costs, which in equi-
librium ensures that high-ability borrowers exert more effort and hence achieve better
reports more frequently than low-ability ones.

Proposition 4 is important because it implies that having a better record has a tangible
value for the borrower. Lenders, in fact, will correctly believe that a good record is a signal
of high ability and will offer better contractual terms to applicants with better records.
Anticipating this, borrowers of both types will strive to obtain a good report, in order to
benefit from the lower cost of capital associated with it.

In other words, borrowers use their records to build themselves a reputation for being of
high ability, which will ensure them access to capital at a lower interest rate. It is possible
to find the counterpart of the concern for reputation in the term V' (S, 6) — V (D, #) which
appears in the borrowers’ first order condition (equation (7)). This term encapsulates the
borrower’s concern for the effect that his current actions will have on his future payofts.
In particular, V' (.S,0) —V (D, 0) represents a part of the marginal benefits of today’s effort,
which, besides leading to a higher utility today, also helps to instill in the lenders the belief
to be dealing with a high-ability borrower. Thus, under limited records, and differently
from the other two informational arrangements (equation 3), all borrowers share a concern
for reputation, which arises endogenously and that can be capitalized in terms of higher
future payoff.

5 Comparative statics: default rates

This section presents a comparative statics exercise concerning the expected default rate
induced by the regimes of full disclosure, full withholding and one-period records. By
default rate it is meant the ex ante probability of default under the different equilibrium
interest rates and effort choices induced by the arrangement under study.?’ To give more
economic meaning to the analysis, we restrict our attention to the case p < %, which allows
high- and low-ability borrowers to be present at most in equal shares, otherwise it restricts
low-ability types to be more frequent.?! The next propositions pin down the sufficient
condition(s) for each informational arrangement to minimize the expected default rate.

20Note that we do not compare the arrangements in terms of the amount that is defaulted upon, but
only on the basis of the default events that are induced ex-ante.

2IFurther, when high-ability borrowers outnumber those of low-ability it is difficult to find conditions
under which full disclosure is outperformed by the other two arrangements.
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We start off with investigating whether full withholding ever leads to a lower default
rate than full disclosure. Normalizing the borrowers’ population to one, this would be the
case when,

pF(@(eh, ry)) + (1= p)F(@(er, 1)) = pF(0(€ko, 7)) + (1 — p) F(W(ero, 75))

The LHS represents the proportion of loans that are defaulted upon under the full disclo-
sure arrangement. More precisely, it sums up to the (expected) defaults from part of both
high-, pF(w(e};, r5;)), and low-ability borrowers, (1 — p)F(w(e},r5)). The RHS instead
displays the default rate under full withholding, and it has a similar interpretation.

Assuming a uniform distribution for the shock, w ~ UJ0, 1], the inequality above can
be rearranged to read,

plwler ry) — @(eLo,m0)] = 1= pl@(ero, 15) — @€, )] (11)

Equation (11) states that the rate of default is lower under full withholding if the im-
provement in the "default threshold" w(e},r}) — w(e}, r4) that is brought about for the
low-ability group by switching from the full disclosure to the full withholding regime (LHS)
is larger than the corresponding decrease for the high-ability group (RHS), weighted by
the proportion of high and low-ability borrowers in the market.

Given its importance in proving the following propositions, before proceeding we dis-
cuss the default threshold w(e,r) in further details. According to the definition given in
section 2, the default threshold is the shock which, for any e and r, delivers just enough
revenues to repay the loan plus the interests, and it is implicitly defined by Y(e,@(e,r))
= 1+ r. It follows that w(e, r) corresponds to the level curves of Y (e, -) evaluated at the
different 7’s of interest, that is, Q(r) = {(e,w) € [0,1] x [0,1] : Y(e,w) = 1+7r}. Due to
the concavity of Y (e,w), its (upper) level sets are convex sets.?? These properties can be
seen in figure A1 in the Appendix, which draws a few level curves for an arbitrary concave
function.

Each level curve (isoquant) is drawn holding fixed a value of r and it plots all the
combinations of effort and the threshold @w such that the realized revenues are just enough
to repay the interest rate r to which the curve corresponds. Note that for any pair (e, r)
there is only one threshold for which this is true. From the concavity of the revenue
function it also follows that the distance between the level sets of fixed increments in
the value of Y (or 1 + r) increases with (e,w). As mentioned, these considerations will
be important in proving the next proposition, that outlines a sufficient condition for full
withholding to induce a lower default rate than full disclosure.

22For the level set to be convex, the following has to hold: @’ @/’ — (&.)? > 0, or @2 > (& )% As

ee’ rr
the first term is positive, we can assume, respecting the condition above that @/ .(e,r) < 0, namely that
the marginal effect that effort has on lowering the default threshold (@, (e,r) < 0 as shown in footnote 8)

decreases with the interest rate.
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Proposition 5 Full withholding induces a lower default rate than full disclosure if r§ <
S(ry; +r}) holds.

The proof behind proposition 5 is fairly straightforward. We know that full withhold-
ing leads to a lower default rate than full disclosure as long as the decrease in defaults
from the low-ability group due to the shift from 7} to 7§ is higher than the change (in-
crease) in defaults for the high-ability group, accruing due to the shift from 773, to rg.
Then, the condition on r{, together with the concavity of the revenue function, and thus
the convexity of its contour sets, ensures that low-ability borrowers will increase their
effort supply by more than what the high-ability borrowers will reduce their own, thus
delivering the result.

The finding in proposition 5 paves the way to the question whether or not allowing
a one-period memory, when condition r§ < %(T?{ + r7) holds, would reduce the default
rates even further. Differently from the case of full withholding, the choice of a one-
period memory leads to two equilibrium interest rates, 7, and 7§, which depend on the
borrower’s credit report. Proposition 6 shows that the policy NV =1 can indeed lead to a
lower default rate than both full disclosure and full withholding, but only if an additional

condition holds.

Proposition 6 If ry < 1(rj; +1}) holds, limited records induce a lower default rate than
both full disclosure and full withholding if w(ep,,r},) — w(ehg, %) is small.

In words, when the policy of full withholding leads to a lower default rate than full
disclosure, the policy of limited records can outperform both alternatives, provided that
the additional condition on w(ej, ,r; ) holds. This second condition concerns the fact
that the new equilibrium interest rates r7, and rg, are such that r§ < rg but r7, > 7. In
proposition 5, we have shown that the condition 7§ < 1(r}; 4+ r}) is enough to make sure
that the shift from (773,77 ) to r§ leads to an overall lower default rate. The same condition
would remain sufficient for proposition 6 to hold if the r§ was the only equilibrium interest
rate, since we know that rg < rj. However, an additional condition is needed to make
sure that the shift from 7 to r}, does not undermine the result. To this end, it is enough
to require that the difference in default thresholds between the default state w(e)p, 7))
and the repayment state w(ejg, %) is small.

The next natural question, then, is whether limited records can outperform full dis-
closure when ¢ is not closer to rj; than to r}, in which case we know from proposition 5
that full withholding may not be preferable to full disclosure.

To this end, we can directly compare the default rate under full disclosure with that
under limited records. The latter is lower when,

— (% ax) (e} q,rs) i (el grs) ok "
p |96 71) — Tem e ) 2 1 e e — )

(12)

20



where equation (12) has been derived by assuming a uniform distribution of the shock,
and simplified using the equations in (10). Inequality (12) has the same interpretation as
inequality (11) and it requires that the absolute difference in the thresholds w(ej, ,r7)
between complete information and limited records for the low-ability group is larger than
that for the high-ability group, accounting for the proportion of high- and low-ability types
in the economy. In other words, the fall in the defaults of low-ability borrowers, accruing
from a decrease in the interest rates from r} to (r%,7},), should more than compensate
the increase in the high-ability defaults, that is brought about by the increase from 77, to
(r§,rD)-

It turns out that this result can be obtained under the same condition that was iden-
tified in proposition 6 for limited records to be preferable to full withholding, that is,

Proposition 7 If r§ > 1(rf; 4+ r}), limited records induce a lower default rate than full
disclosure if w(epp,15) — W(epg, %) is small.

Again, the proof behind this result is simple. Since by the concavity of the revenue
function the decrease in low-ability borrowers’ default rate is larger than the corresponding
increase in that of high-ability borrowers, to obtain the result it is only needed to make
sure that the possibility of ending in a default state does not upset the original result.

As mentioned in the beginning of the section, the results in propositions 5-7 are only
sufficient conditions, which moreover impinge on the assumptions of p < % and uniform
distribution of the shock, so they have to be taken with a grain of salt. However, they do
provide some insights regarding how a credit register should set the length of its records in
order to minimize the default rate, as displayed in Figure 2, which plots the informational
arrangements that minimize the ex ante default rate as a function of the market’s possible
equilibrium interest rates and default thresholds. In the figure, A is the point that satisfies
the condition "w(eyp,77,) — W(epg, rs) is small". When this is not the case, the policy
choice to minimize the ex ante default rate is between the full disclosure and the full
withholding arrangements. The latter is preferable if the resulting equilibrium interest
rate rj is below the threshold %(r}{ + r3). Alternatively, when the conditions on the
thresholds w is satisfied (i.e. 7§ and 77}, and the effort choices e} and e}, are such that
w(epp, ) — w(epg, rs) is small) limited records is always the informational regime that
minimizes the ex ante default rate.

Concerning the interpretation, it is possible to argue that among the three arrange-
ments studied here, full disclosure is always preferable in a market where adverse selection
is severe, or, at least, more severe than moral hazard. This is the case when {5 > %(r?{ +773)
and when (e}, 15) — W(epq, re) is large. Both statements, in fact, are true when the
difference in cost structure between the two types is large and when moral hazard is not
a particularly serious concern.??

23This last statement can be seen from the fact that since the default thresholds in the two states are
far apart monitoring works quite well.
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Limited records

Full withholding

Full disclosure

A - * * =, * *
@(epp, D) — W(egs, 75)

Fig. 2. Comparative statics: default rates

Instead, condition r§ < 1(r}; -7} ) is likely to hold in a market where adverse selection
is not particularly grave, that is, when the two types face similar costs of effort. When
this is the case, the full disclosure arrangement may excessively distort the effort choice of
the low-ability borrowers, without succeeding in eliciting from the high-ability borrowers
enough effort to compensate this distortion.?* Full withholding, on the other hand, may
successfully lead to an equilibrium interest rate that alleviates the moral hazard problem
for the low-ability group without distorting too much the effort supplied by the high-
ability borrowers.

However, as moral hazard becomes more severe, limited records becomes the arrange-
ment that delivers the lowest default rate. A situation of high moral hazard, and not
too high adverse selection, is captured in this model by the statement that w(ej,,r},) —
w(epg, %) is small. The fact that the two thresholds are close, in fact, means that mon-
itoring is noisy, and even when charged two different interest rates, the correspondingly
different effort choices do not lead to different outcomes in a clear-cut way. When this is
the case, limited records leads to the lowest default rate, by extracting the highest effort
from borrowers of both types, thus counteracting the moral hazard problem in the most
efficient way.?

24Recall that higher interest rates worsen the moral hazard problem more fore low-ability than for
high-ability borrowers (see discussion in section 3).

**The condition on &(ej, , 7, ) has other implications that are worth mentioning. First, it holds when
both types face similar moral hazard problems, and thus implicitly it makes sure that high ability types
do not have to cross-subsidize low ability types too much. Secondly, it is possible to argue that when it
holds, signalling (learning) is noisy, so it is more effective to enforce an arrangement that alleviates the
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Again, the interpretation just given is subject to all the assumptions of the model and
has to be subjected to further scrutiny. In particular, it has to be stressed that in this
model adverse selection and moral hazard are to a certain extent intertwined (as can be
seen in equation (1)), which calls for further care in extrapolating the results to the real
world.

6 Comparative statics: welfare

As agents are risk-neutral, welfare in this model is computed as the sum of the utilities
of all market participants. In a market characterized by adverse selection, full disclosure
looks appealing in terms of welfare, as it directly reduces the informational asymmetry.
However, such a policy does not deal with the problem of moral hazard, which results in
an inefficiently low choice of effort for both types and distorts in particular the low-ability
borrowers’ effort supply, as discussed in section 3.

As first shown by Vercammen (2002), the distortionary effects of moral hazard under
full disclosure could be mitigated by charging a higher interest rate to the high-ability
borrowers and simultaneously lowering the interest rate charged to the low-ability group.
This manipulation, in fact, can be shown to increase borrowers’ aggregate welfare while
leaving lenders’ aggregate returns constant. As discussed in section 3, a cross-subsidization
of this kind occurs naturally under full withholding where, thanks to adverse selection and
the fixed-investment assumption, the equilibrium interest rate rj falls in v}, < r§ < rJ.
Thus in line of principle, full withholding could lead to a higher aggregate welfare, which
may be interpreted as supporting strict privacy protection.

It turns out that under the assumptions of our model it is possible to write a sufficient,
nonnecessary, condition under which aggregate welfare is higher with full withholding than
with full disclosure. The proof is relegated to the Appendix, while here we only summarize
its fundamental steps. We begin with considering the full disclosure interest rates and

show that if r}; is increased marginally, while keeping constant the aggregate return for
dry,

. . . . '7 dry Lenders ,

such a marginal increase in rj; produces an increases in the borrowers’ aggregate welfare,

UA

dry;

the lenders, 77 necessarily decreases. That is < 0. Then we demonstrate that

. > 0, provided that a condition, which we call C'S for "cross-subsidization",
Lenders

holds. The C'S condition requires that % to be greater than one, but not too
Lo L

large, and it can be shown to hold if the two full disclosure interest rates are close to

each other. When this holds, the interest rate r that arises under the full withholding

equilibrium can be interpreted as the result of cross-subsidization with respect to the full

or

moral hazard problem. Finally, due to the high noise, the probability of an unfair transition (the case
in which a high ability borrowers defaults due to a high negative shock) to the low state is high, thus a
choice of N = 1 may be also preferable as it prevents borrowers from being trapped in states with high
interest rates.
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disclosure equilibrium rates rj; and ] and, according to the reasoning above, it leads to
a higher aggregate welfare. It follows that,

Proposition 8 Full withholding is ex-ante welfare-improving with respect to full disclo-
sure if the CS condition holds.

By making sure that the full disclosure default thresholds are not too far away from
each other, the C'S condition allows cross-subsidization to work in a welfare-enhancing
way. In particular, it implies that the decrease in effort from part of the high-ability
borrowers can be compensated by the increase in effort from the low-ability borrowers,
so that lenders’ expected returns remain constant. Moreover, it implies that the respec-
tive decrease and increase in high- and low-ability borrowers’ utility result in an higher
aggregate welfare for the group of borrowers. Further, in order to interpret correctly
Proposition 8, it is useful to recall that in this model moral hazard and adverse selection
are intertwined, because by assumption the moral hazard is less severe for the high-ability
borrowers, who face a lower marginal cost of effort. Thus, by requiring the interest rates
r7; and r} to be not too far from each another, the C'S condition also implicitly constrains
the two types not to be too unalike. Differently stated, the C'S condition is satisfied in a
credit market where adverse selection is low.

Informally, when the two types are not too unalike, the benefits from screening are
not large and under C'S they are outweighed by the costs of moral hazard. For this
reason, the full withholding interest rate may provide the low-ability borrowers with the
right incentives while not distorting "too much" the high type borrowers’ effort choices,
leading to a higher aggregate welfare.?® This result is essentially an instance of the theory
of second-best, here driven by the assumption of fixed investment-size that, by implying
the uniqueness of the equilibrium interest rate under the full withholding arrangement,
prevents adverse selection from causing net welfare losses.

In proving proposition 8, it has been shown that when the C'S' condition holds the
borrowers’ aggregate utility increases in 77, and we have argued that it is possible to
induce such an increase by withholding all the relevant information from the market, in
order to force the credit industry to offer a unique interest rate r§ € (rj;, ;). However,
this is an extreme scenario. The next corollary shows that for the welfare result to hold,
any policy that induces an increase in the interest rate faced by the high-ability types
and a decrease in that faced by the low-ability types leads to higher welfare than the
full disclosure case, provided that the original C'S condition is satisfied. In particular, a
policy mandating N = 1 leads to an increase in aggregate welfare. Thus, we have,

Corollary 2 Under C'S, limited records with N = 1 are ex-ante welfare-improving with
respect to full disclosure.

26Note that anyway in the full withholding equilibrium, however, high types will still be exerting a
higher level of effort, and will be having a higher probability of success than low types.
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The corollary directly follows from proposition 8 and the proof is omitted. If we let
the shock be uniformly distributed, it is possible to combine the results in the previous
section and the corollary above, to have,

Corollary 3 Under CS, limited records with N = 1 is the arrangement that guarantees
both the highest welfare ex ante and induces the lowest default rate.

When C'S holds in the full disclosure equilibrium, in fact, imposing a policy with
limited records improves on the default rate of the low-ability group, while not distorting
too much the effort supply, and hence the default rate, of the high-ability borrowers. This
follows because 1} € (r},77), and rj, r} are already close to one another by C'S. Then
from the previous section, we know that, by the concavity of the revenue function, the
positive effect on the performance of low-ability borrowers overcompensates the negative
effect on the performance of the high-ability group.

Corollary 3 means that it is possible to outline sufficient conditions for one-period
limited records to be the policy that performs best in both dimensions.?” Although this
result appears to speak in favor of limited records, we argued above that the C'S condition
may not be representative of all credit markets, and that N =1 is in itself a very simple
case. The question now becomes what are the effects of limited records, with N > 1,
on defaults and welfare. In general, limited records elicit higher effort from part of the
low-ability borrowers than full disclosure. In fact, if a lender knew the borrower’s type, he
would not offer him a lower interest rate because of his better records, since the borrower’s
future incentives would be unrelated to his credit history. Similarly, a borrower would
not anymore be able to influence his future payoff by choosing a higher effort, and he
would reduce it due to moral hazard. However, limiting memory also entails erasing past
information and accordingly it prevents any screening, impeding borrowers from being
charged the rate of interest that reflects the true value of their investment. This suggests
that limited records deliver a higher welfare if the high-ability types have enough room to
signal themselves out, and if simultaneously they provide low-ability types with the correct
incentives to deal with the moral hazard problem. The findings in this section support
these speculations, and suggest that censoring credit records is also viable alternative for
credit registers to reduce the overall default rate.

7 Extension: the equilibrium with multi-period records

Having characterized the equilibrium with one-period records, this section studies the
general case for finite choices of N. As argued for the case N = 1, to prove the exis-
tence and uniqueness of the stationary equilibrium defined in section 2.4, it is enough to

2TPrecisely, under C'S, limited records score better than full disclosure in both dimensions, by corollary
3 and proposition 6 and 7. With respect to full withholding, instead, limited records certainly score
better in terms of the default rate, proposition 6 and 7, while the effects on welfare are ambiguous.
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demonstrate that the value function defined in (2) has a unique fixed point. The next
proposition makes sure that this is indeed the case, and hence that the borrowers’ problem
has a unique stationary solution.

Proposition 9 There exists a unique stationary N -period equilibrium.

To replicate the results obtained for the case N = 1, the main technical difficulty is
posed by the fact that, for an arbitrary N, borrowers can find themselves in any of 2V
states, corresponding to the equally many possible credit reports that might have been
filed. As there is no natural way to order the different combinations of credit reports, the
following analysis studies effort choices, lenders’ beliefs and interest rates for arbitrarily
long pairs of credit reports that are alike in each entry but the less recent one.?® Reports
that only differ in the last outcome, in fact, are associated with the same continuation
payoff, since the last outcome will be erased by the passage of time. Thanks to this,
we can isolate the effect that today’s choice has on the agent’s future payoffs, which,
before the choice is made, are equivalent for different histories. All of the following results
accordingly apply only to an environment where borrowers have records of length N, with
N > 1 and finite, which only differ in the oldest displayed outcome.

To simplify notation, we define the following. Given a credit report cy, let cpy be
the same report with the most recent outcome erased and a default appended before the
last outcome displayed in the report. Similarly, let cgy be computed in the same way but
with a repayment appended. This notation allows to specify the possible reports which
the borrowers could have had the period before the current one. Precisely, assuming we
are in period t,

N =1 YN Y N1 Y1, Y
cpN =D, YN, Yo N1 Y1)
csN = {5, YNy Y- N11-, Y1}
In such a simplified world, borrowers solve a dynamic program similar to that in (6).

Here however, a borrower that finds himself in any state ¢y can move either to cyg or to
cnp, and the first order condition now becomes,

YZ(@,L«)) - BF'@é(e, TCN) (V(CNS7 9) - V(CND> 6)) = C/€<6, 9) (13)

According to equation (13), as in the case N = 1, the difference in future payoff streams
associated with repaying or defaulting, V(cyg,0) — V(cnyp, 0), changes with the state the
borrower finds himself in. By extending the analysis in the previous section, it is possible

281t is not clear, for instance, if report {S,S, D} is better than report {S, D, S} or {D, S, S}, in the
sense of being more likely to belong to high- rather than a low-ability borrower.
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to demonstrate (see proof of Corollary 4) that the optimal policy function solves the
following,

! =

UL (e 0 = - (o 6 14

eZSN<ecSN7TCSN’ )_F'(Dé* ezDN(ecDIWTCDN’ ) ( )
¢DN

for any two credit reports cgy, cpy that differ only in the outcome realized N periods
ago. Equation (14) confirms the results for the N = 1 case that borrowers exert more
effort when a repayment, rather than a default, is going to be erased in the next period.
That is, for any finite N > 1,

Corollary 4 In the stationary N-period equilibrium, ep. . > €. . for 0 = H,L and
€iren > €y Jor en € OV,

Lenders’ beliefs that a borrower is of high ability can be found by proceeding in the
same way as in the one-period case, leading to the expression for the equilibrium posterior
belief p

Pogr(cn)
Pogi (en)+(1 = py)gi(en)
which can be explained in the familiar way. Anticipating that borrowers will follow the
policy eg, . described above, lenders will use these beliefs to derive the equilibrium (zero
profit) interest rate menu <7’ZN ,

(15)

* —
ch_

Pey(€hen s Tony) + (L= pr )IL(€le 7)) =1+p (16)

*

where Il(ej, ,77.) is defined in equation (4). A policy of N > 1, then, leads to an
exponential increase in the number of interest rates, which, anticipating the results in the
next section, are also closer to one another. This consideration will be important when
gauging the effects of different choices of N on the welfare in the market.

The general case of N periods also preserves the feature that high-ability borrowers
are more likely to have better reports than low-ability borrowers, that is,

Proposition 10 G73; first-order stochastically dominates G .

The same considerations made in section 4 apply: the stochastic dominance demon-
strated in proposition 10 is the key to understanding why borrowers care about having
good reports. Given that lenders in equilibrium offer more favorable contractual terms to
borrowers with better reports, these will exert more effort in order to build themselves a
good reputation and enjoy the monetary benefits associated with it.

Concluding this section, it is worth pointing out yet again that the main novelty
brought about by the limited records arrangement is that it allows borrowers to link their
current effort choices to future gains, via building, maintaining and possibly restoring a
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reputation for being of the high type. For limited records to act as such a "reputational"
device both adverse selection and moral hazard are necessary. Thanks to the former
distortion, each borrower is in the position to influence his future contractual terms by
taking certain actions in the current period, while thanks to the second, the borrower can
actually affect the distribution of the returns.

7.1 Interest rates and effort choices with limited records

This section investigates the effects of the choice of different lengths N of the credit
reports on lenders’ beliefs, equilibrium interest rates and borrowers’ behavior. We begin
with the lenders’ beliefs. As can be seen from equation (15), for any possible credit report
cn, lenders form a corresponding belief p., that the report belongs to a high-ability
borrower. Denote with ¢y the ("clean") report of length N with only repayments, and
similarly cy the ("dirty") report with only defaults. Then, we have that the difference
in posterior beliefs assigned to the clean and the dirty record is larger the larger is N.
Further, for any two credit reports that differ only in the last outcome, the difference in
posterior beliefs is smaller the larger is V.

Lemma 1 p; — pfy increases in N and p; . —p;. decreases in N.

The result above has a direct repercussion on the structure of the interest rates. Any
of the 2V equilibrium beliefs, in fact, directly gives rise to an interest rate, rh.» defined
according to equation (16). The menu of equilibrium interest rates <r(’jN> falls in the
interval (r3;,75) bounded by the two full-disclosure interest rates. In fact, as N — oo
and pz, —p, the interest rates corresponding to the clean and dirty records approach the
boundaries.

The next Remark 2 follows from the previous lemma and equation (16). It shows
that the choice of a larger N induces a larger menu of more fine-grained interest rates,
of which those corresponding to the clean and the dirty record are relatively closer to
(r§, 7). Conversely, a smaller N results in a smaller and coarser menu of interest rates,
the extremes of which are relatively further away from (773,77 ). That is,

*

*
Remark 2 |ry; — 17 |,

* * s
r rCND| decrease in N.

|5 —riy| and -

This last remark and the previous lemma have implications for the difference in future
payoff streams associated with a repayment and a default, Vp(cys) — Vo(enp), which
appears in the borrowers’ first order condition, in equation (13). Lemma 1, in fact, states
that the difference in the posterior beliefs for any two credit reports that differ only in
the last outcome increases as N decreases. Remark 3 extends this consideration for the
interest rate schedule, that becomes coarser as N decreases. Then, we have that following
an exogenous decrease in N, the difference between the future payoff stream associated
with a repayment, and default, increases, while an increase in N acts symmetrically.
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Remark 3 V(cyg,0) — V(enp, 0) decreases in N.

Note that the remark above disregards the "size" of the future payoff streams, which
depends on the borrower’s credit score, and, for the clean (dirty) record becomes higher
(lower) as N grows. Rather, it states that the difference between filing a repayment rather
than a default is larger the smaller N is.

We are now ready to state the main result of this section. The next proposition makes
use of the remarks above to characterize how different choices of N affect the supply of
effort from part of the borrowers. It turns out that borrowers’ effort choices are most
responsive to limited records when N = 1, that is,

Proposition 11 For any N-period equilibrium, :—Z > :cﬂ
¢DN

To understand the proposition, consider a type-6 borrower’s first order condition (13),
which governs his policy function e, . Optimal effort results from solving the trade-off
between current and future benefit of marginal effort (LHS) and its cost (RHS). By looking
at the LHS of the first order condition, it is possible to see that the benefit of marginal
effort is increasing in the difference between the future payoff streams associated with a
repayment and a default respectively. By setting N = 1, the register contributes to giving
maximum value to today’s marginal effort. In turn, this implies that the borrowers care
a lot for not having a default in their records, and accordingly they exert their highest
effort when a repayment is about to be erased. Note that the fact that effort is higher
when a repayment rather than a default is about to be erased is true of any choice of
N, because in the former state the interest rate is lower. A one-period memory policy
further contributes to this effect, by maximizing the return of effort in terms of future
payoff streams.

Note that proposition 11 does not make any reference to the default rate, or the
welfare, that different choices of N achieve, but it just states that reporting only the
last-period performance is the policy that is most likely to elicit the highest effort from
the borrowers. A one-period limited-record policy, in fact, maximizes the difference in the
future payoff stream that follows from realizing a repayment rather than a default, and
thus it allows borrowers to internalize most of the value of their effort.

8 Conclusions

With this paper, we put forward a model that tries to assess the impact of data removal
legislation on credit markets, where it applies to the data on borrowers’ past behavior
stored by credit registers. We studied a stylized credit market wherein long-lived borrow-
ers repeatedly seek funding from short-lived lenders and where a credit register regulates
the disclosure of relevant information. By comparing different privacy protection arrange-
ments, we demonstrate that a policy of limited records may lead to both a lower (ex ante)
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default rate and a higher (ex ante) aggregate welfare than either full disclosure or full
withholding.

The model presented here is in an extremely stylized form and several extensions come
to mind. While we have tried to justify the most stringent assumptions, more realistic
modelling choices may improve our understanding of the reputational dynamics brought
about by data retention policies. In particular, the next topics on the research agenda
should include a thorough study of the design of credit registers’ optimal memory and
the relaxation of the assumption that borrowers are of a certain type which is fixed over
time.
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Tables and figures
The following table summarizes the notation used in the paper,

Table 2. Notation used in the paper

Notation Definition
c(e,0) cost of effort c:Ex{H Ly — R,
Y(e,w) revenues Y:ExQ—-Ry
rex) terest rate { e pON—> [0, Yl wi‘thou't l‘imited records
r: CV— [0, Y]with limited records
Ule,cy,0) utility U:RxCN x {H,L} - R,
w(e, cn) default threshold @ : E x R — [0, 1]
II(e,cy,0)  profits M:ExRx{H L} =R,

€, €095 e;CN equilibrium effort, in full disclosure, full withholding and lim. records

T9, 70 Ton equilibrium int. rate, in full disclosure, full withholding and lim. records
D, Dos pzN equilibrium beliefs, in full disclosure, full withholding and lim. records
CN credit report of length N

Note that r is a function of cy only when limited records are made available by the
credit register, otherwise it is a fundamental of the model. Notationally, first and second
derivatives are indicated with both the apostrophes and the subscripts, indicating the
variables with respect to which the derivative is taken. Subscript notation alone is used
to identify the equilibrium variables under different informational arrangements. This
should not create confusion because the latter will always be defined in the text and are
marked with an asterisk. In the recursive equilibrium, the apostrophe notation indicates
future values.

31



Figure A1 shows an illustrated example of the default thresholds. It displays the iso-
quants for an arbitrary concave revenue function Y, drawn in correspondence of constant
increases in r (precisely, 0.1,0.2,...,1). Note that the distance between the level sets of
fixed increments in the value of Y (or 1 + r) increases with (e, w).
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Figure Al. Level curves for Y(e,0) =1+
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Appendix

Here follows the proofs of the propositions, lemmas and corollaries in the text.

Proposition 1 The pairs (e3;,75) and (e},r}) are the unique stationary equilibrium of
the market under full disclosure. Further, ej; > e} and v <rj.

Proof. Equation (3) describes the borrowers’ conditional effort functions ey (r) and
er(r). As under full disclosure borrowers’ types are known, the equilibrium interest rates
ri;, 3 are found by solving the following zero-profit conditions, obtained by setting the
(expected) profit function I1(eq, ry) (equation (4)) equal to the opportunity cost,

H(6H7T;{) = 1"‘/)
O(ep,r5)=1+p

In equilibrium, borrowers correctly anticipate rj;, 7] and exert e}; and e}. Lenders cannot
deviate from offering rj, because charging a lower interest rate would mean incurring in
losses, while no borrower would accept a higher interest rate due to perfect competition.
At the interest rate 7 it is optimal for all borrowers to accept the contract. In partic-
ular, this happens because both types’ reservation utility is zero, meaning that a type 6
borrower’s participation constraint is,

1

/ Y (ehw) — (1L+ 1) dF(w) — c(e5.6) > 0

L:)(eg 7"")

which by construction is always satisfied, in expectation, by » = r;. The second part of the
proposition follows directly from the assumption on marginal costs, c.(e, H) < c.(e, L).
[ |

Proposition 3 There exists a unique stationary one-period equilibrium, with effort choices
€15y €irp» €15, €L, interest rates g, 1, and beliefs py. .

Proposition 9 There exists a unique stationary N -period equilibrium.

Proof. To prove these two propositions, we use Banach’s fixed point theorem to show
that the value function (2) has a unique fixed point. The proof will be carried out for the
general case of N-period limited records, and it applies similarly to the 1-period records.

The equilibrium in question can be thought as the fixed point of the value function (2),
and accordingly the proof shows that equation (2) can be seen as a contraction mapping
on a complete metric space which, by Banach’s fixed point theorem, has a unique fixed
point, hence proving the existence and uniqueness of the equilibrium.
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(1) Showing that the value function is a contraction mapping.
First we show that equation (2) is a contraction mapping, by proving that Blackwell’s
(sufficient) conditions apply:

Blackwell’s sufficient conditions: Let T be an operator on a metric space (5, dy)
where S is a space of functions with domain X and d, is the sup metric. Then T is a
contraction mapping with modulus § if it satisfies the following

- Monotonicity: For any pair of functions (V3,V32) € S, Vi(z) > Va(z) for all z =
TVi(x) > TVa(x)

- Discounting: For any function V(z) € S(X), positive real numbers ¢ > 0 and
B € (0,1) it is true that for any = on which V' is defined T(V + ¢) < T(V) + Se.:

We begin with describing the appropriate metric space for the case at hand and show-
ing that it is complete. Secondly, we show that the value function satisfies the conditions
of monotonicity and discounting.

(i) Defining the metric space (V,dy)
Abusing notation somewhat, the value function (2) can be thought as a functional
equation,

V(cn, 0) = maxU (e, 7ey, 0) + BZ Pr(cy | e,en)Va(cy, 0)

N
TV (cn,0)=maxUl(e, 1.y, 0) + BZ Pr(cy | e,en)Va(cy,0)

N

where T" defines a mapping with domain equal to the space of functions V. We can restrict
our attention to the space V of functions V' which are continuous and bounded. Given
that U is by assumption a continuous and bounded function, and so is V', TV is also
bounded. Furthermore, by the theorem of the Maximum, 7'V is continuous as well. Then,
the fact that the space of continuous and bounded real functions defined over some set
X7

B={V:X — R|V is continuous and m < V(z) < M,Vz for some m, M € R}
and equipped with the sup metric

doo(V1,V2) = sup | Vi(z) = Va(2) |

is a complete metric space, allows us to conclude that also (V,d,) is a complete metric
space. It follows that T is an operator that maps the metric space (V, dy,) to itself.

(i) Establishing that the value function is a contraction mapping
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To establish that 7" is a contraction, we are left with proving that it satisfies the
monotonicity and discounting conditions. Monotonicity can be proven as follows. Take
any two (Vi,V3) € V such that Vi(z) > V(z). Then,

TVi(ew) = maxU(e, ey, 0) + By Pr(cy | e, en)Vi(cy,6)
N

> maxU (e, ey, 0) + BZ Pr(cy | e,en)Vy(cy,0)
N

— T‘/Q(C]\U wt)

As for the Discounting condition, take any function V' (z) € S(X), positive real numbers
qg>0and € (0,1)

T(V 4+ q) = maxUl(e, ey, 0) + ﬁz Pr(cy | e,en) (V] (cy, 0) + q)
= maxU(e, cn,0) + 8)_ Pr(cy | e,ex)Vi(cy, 0) + BEY_Pr(cy | e,en)g
= maxU (e, cn, 0) + BZ Pr(cy | e,en)V{(cy,0) + Bq

‘N

=T(V)+ Bq

where Y Pr(cy | e,cy) = 1 by definition.
N
(2) Showing that the value function is a contraction mapping with a unique fixed point

Finally, as T is a contraction mapping on a complete metric space, we know, via
Banach’s Theorem, that is has a unique fixed point. m

Corollary 1 In the one-period equilibrium, e;q > ey, for 0 = H,L and e}, > e}, for

c=1{S,D}.

Proof. For the case N = 1, to compute explicitly the optimal effort schedule e, in
each state ¢; = {S, D}, the following system has to be solved,

((V(S,0) =maxUl(ejq,15,.0) + BE > Pr(c) | ejs.75)V (¢}, 0)
€ cy=8,D
V(D,0) = maxU(ejp,15,0) + BE >, Pr(cy | ejp,mH)V (e, 0)
€ ¢,=S,D
0= Hhetsl) 4 gppr i) (vV(S,0) — V(D,6))
_dU(eppr3.0) daw(eln,re)
| 0= # + BEF’# (V(S,0) —V(D,0))
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Assuming that borrowers have perfect foresight of the steady state interest rates (1%, 7)),
the system above consists of four equations in four unknowns, {V'(S,0),V (D, 0),e%, e}, }.
Rearranging the last two first order conditions, it follows that

F/ /
U (695’ TS) F'o ,95 U/(€;D> 7A*D)

€9D

dw

The expression F”
increase in effort. In the case N = 1, since @, < 0 and @ < 0 (see footnote 22) and as
rs < 1}, in equilibrium (as lenders correctly expect a borrower with a repayment to be
more likely to have filed a success instead of a default -see proposition 4), it is also true

that ‘F'M;*ﬂ"é) ‘ S |praeletrp)

72|, and we can conclude that for both types , e5q > ejp.

We now only have to show that e};. < e}, for ¢ = {S,D}. Take equation (8) and
rewrite,

dU(ec,re,0) _ dY(ec,w)  dc(ec, 0)
de, N de. de.

Since c(deeL) > 4 eeH by assumption, it follows that although the two types of borrowers
are charged the same interest rate, it the case that,

dU (€1, Te) - au(e; ., re)
dej;. dej..

meaning that the marginal value of effort is higher for high-ability borrowers rather than
for low-ability ones. It follows that e};, > e}, for c = {S,D}. =

Corollary 4 In the stationary N-period equilibrium, €., > €. . for 6 = H,L and
€iren > €1y Jor e € CN.

Proof. By extending the analysis above, it is possible to set up a system of equations
to prove the result of corollary 1 for a world where the records are of arbitrary length but
only differ in the less recent outcome. To facilitate reading, we substitute momentarily
the notation e with e*(cy), and we use cyg, cyp to indicate the report ¢y with farthest
outcome erased and S, D added in front of the most recent position,

[ Viegy: 0) =maxU(e*(cgy), 7" (csy),0) + 8 X Prleyl € (csy) " (csy))V(ey, )

/
CN=CNS,CND
/

Viepy:0) :maXU(e*<CDN) “(epn ) ) +8 X Pr (C;v| e (cpn)sm (cpn))V (e, 0)

cN—CNSWCND

dU (e*(c r*(c dw(e*(c *(c 14
V- dUE Ediiv();szv(() - +BF, i (: I(VC)%N)E(SN)))f (cns,0) — Vienp, 0))
e*(c r*(c 1 dio(e*(c c 1% V
\ 0= dgiV(CDN)DN BEF deD](VCDN) = ( (CNSa 0) <CND’ 0>)
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To prove the first part of the corollary 4 consider again the system in (17). Rearranging
the four equations, it is possible to find out that the policy function solves the following,

/1 dw
dU(e*(csn),m(csn), 0) _ F dg(eny dU(e*(cow),r* (con), 6) a8)
de*(csy) F aesteom de*(con)

for any two cgy, cpy. The expression F” jeai stands for the change in the default likelihood

that follows from an increase in effort. It is immediate to extend the considerations made

for the case N =1, i.e. that ‘F’%’ > )F'%), and we can conclude that for

both types , ejg > €jp-
We now only have to show that e};. < ej. for arbitrarily long c. Take equation (13)
and rewrite,
dU(ec,7c,0)  dY(e.,w) dc(ec,0)
de,. N de. de,.

Since dc(dee’L) > dc(;;H) by assumption, it follows that although the two types of borrowers

are charged the same interest rate, it is the case that,

dU (€7, 7e) - au(ej..re)
dey;. de; .

meaning that the marginal value of effort is higher for high-ability borrowers rather than
for low-ability ones. It follows that e};, > ej.. =

Computations of the equilibrium stationary density functions gy(cy)

Here we compute the stationary density function of the distribution of credit reports
at the population level (p. 13 , section 4), for the cases N = 1. Let the densities are g,
and gpy be in period ¢, then in the next period it will be the case that,

gu+1(S) = Pr(S | eyys, H)gui(S) + Pr(S | ey, H)gm:(D)
9gre1(S) = Pr(S | 1.5, L)grs(S) + Pr(S | efp, L)gr4(D)

and similarly for gy,.1(D), gri11(D). In steady state, the densities (gy) solve,

90(5) = Pr(S5 | €55,0)90(S) + Pr(S | €5p,0)g0(D)
90(D) = Pr(D | eg,0)g0(S) + Pr(D | €5p,0)g6(D)
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Since go(D) = 1 — go(.S), the steady state distribution can be rewritten as

PI"(S | 62D79)
1+ Pr(S|e;p,0) —Pr(S|epq,0)
— 1 - F(@(%D,?‘D))
1= (F(w(egp.rp)) — F(@(egs, 7))

96(5) =

Proposition 4 G, first-order stochastically dominates G7 .

Proof. We momentarily suppress the asterisk notation to indicate equilibrium vari-
ables, with the understanding that (eq.,) and (r.,) indicate equilibrium quantities. Take
any two Gp¢, Gr. Next period distribution is given by,

Grir1 =TGme
GLt+1 = TGLt

and

GOtJrl(S) = G@t(S)(l — F(@(egs, 7“3)) + th(D)<1 F((I)(@gD,TD))
Gorr1(D) = Goi(S)(F(w(eps; Ts)) + Gor(D)(F((egp, rp))

We consider in order the cases of (a) Gr(D) = Gu(D), (b) Gri(D) > Gpi(D) and

(¢) Gry(D) < Ggy(D) and show that in either one it is the case that Gp,1(D) —
Grir1(D) > 0, namely that Gy first-order stochastically dominates G,

Case (a) Let us assume that Gp(D) = Gg¢(D) so at time ¢ high- and low-ability
borrowers are distributed in the same way over the credit reports S and D. Then in the
next period,

Grit1(D) — G (D) = G (S)(F(w(ers,rs)) + Gri(D)(F(w(erp,rp))
— Gu(S)(F(w(ens,rs)) — Gur(D)(F(w(enp:rp))
= G(5) [F(w(eLs,rs) — F(w(ems,rs))]

+ Gt(D) [F( (GLD,TD) - F( (eHD7TD))]
>0

where the last step follows from the assumption on marginal costs that makes sure that,

F(@(eLCUTCl)) > F((’D(eHCl?TCl))

in any equilibrium, and for any ¢; = {5, D}.
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Case (b) Let us now assume that G.(D) > Gy(D) so that at time ¢ the distribution
of L borrowers is already dominated by that of H borrowers. Then,

Gri+1(D) = G (D) = Gre(S)(F(w(ers, rs)) + Gre(D)(F(@(eLp,rp))
— Gm(9)(F(w(ens,rs)) — Gu(D)(F(w(erp;rp))
= Gu(D)(F(@(erp,rp)) — Gue(D)(F(w(erp,rp))
+ (1 = Gr(D))(F(w(ers,rs)) — (1 = Gm(D))(F(@(ens,Ts))
= Gr(D)(F(w(erp,rp)) — Gui(D)(F(w(enp,Tp))
+ (F(w(ers,rs)) — Fw(ens,rs))

+ G (D)) (F(@(ens, rs) — Gr(D))(F(@(eLs, rs))
>0

where the last step follows from acknowledging that,

Gri(D)(F(w(eLp,rp)) — Gue(D)(F(0(enp,rp)) + (F(@(ews, rs)) — F(w(ens,7s))
> Gr(D)(F(&(ers,rs)) — Gu(D)(F(@(ens, s)

Case (c) Finally, consider the case G4(D) < Ggy(D). Using the same algebra as in
case (b), we have once again that G 1(D) — Gg1(D) > 0. m

Proposition 10 G73; first-order stochastically dominates G .

Proof. In proving stochastic dominance for the case N = 1, we demonstrated that
regardless of whether G4(D) § Gu(D) in period t, the equilibrium strategies are such
that in the following period ¢ 4 1 it is going to be the case that Gr;11(D) > Gyi1(D).
To prove the current proposition it is enough to apply the same computations to each
cy € CV -recalling however that we are considering records of arbitrary length which
differ only in the less recent outcome-, with the difference that now, the expressions

G9t+1<S) = G@t(S)<1 — F(J}(eHs, Ts)) + G@t(D)<1 F((D(eHD,TD))
Gorr1(D) = Gau(S)(F(w(ens,rs)) + Go(D)(F(w(enp, D))

become (using a slightly different notation),

Gorr1(ens) = Gorlesv) (1 — F(w(eg(csn), m(csn))) + Gorlepn) (1 — F(w(eg(cpn), m(cpn)))
G9t+1(CND) = Get(CSN)(F(@(Ge(CSN)7 T(CSN)) + Get(CDN)( ( (ea(CDN), T(CDN)))
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Using the same algebra it is possible to show that regardless of whether Gp:(cy) §
Gpi(cny) in period ¢, in the next period Gpuyq will first-order stochastically dominate

Grir1- =

Proposition 5 Full withholding induces a lower default rate than full disclosure if 5 <

S(ry; +r}) holds.

Proof. Take any two separating full disclosure equilibrium interest rates, r; and rj;.
We know from Proposition 1 that r}; < r} and ej; > ej. Further, by (5) we have that
the full withholding equilibrium interest rate lies in 7§ € (r},773). Under the condition
ry < 5(rj; + 173 ), we can write,

|7 — ol <lrp =gl
from which we also have that, for any e € [0, 1],
|w(e, o) —@(e, 7)) < |wle,r) —@(e, )]
by the concavity of the revenue function. Together, the inequalities above lead to,
e — eoul < lez — egrl

as W (e,r) < 0.

Then, using the convexity of w(eg,r9) and knowing that rj;, < r§ < r} implies e}, <
e < €5y < €5 (where the intermediate step follows from the assumption on marginal
cost), we also have that,

('D(e*HOﬂﬂg) - @(62,7“2) < @(627T2) - @(62077“3)

which proves the proposition whenever p < % [

Proposition 6 If r§ < 3(rj;+ ;) holds, limited records induce a lower default rate than
both full disclosure and full withholding if w(ejp,r},) — w(epg, 5) is small.

Proof. The proof unfolds in two parts. First, we show that under the conditions above
limited records induce a lower default rate than full disclosure; secondly, we compare
limited records with full withholding.

(1) Limited records vs. full disclosure

By the same computations as for (11), the limited records arrangement with N = 1
leads to a lower default rate than full disclosure when,

—( 5% * 5(3* 17"*) Q(e* ) — ( % *
p W(GL;TL) - 1_(5(621777‘%?_5(62377.2))] > (1 - p) [1_(Q(e*HDng§_@S(e;{sur§)) — UJ(BH,TH)
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1

5 (15 +71), the following

From the previous proposition, we already know that, under r§ <
inequality holds,

plw(er,r) — wlero, o)l = (1 = p) [w(€po, 76) — @(er, )]

so to demonstrate the proposition we only need to show that,

@(G*LSvTZ‘) (19)
1= (w(epp: rp) — wlegs; 75))

E)(BES,TE)
1= (@(€hp, D) = @€l 75))

@(6207 TS) >

w(e*HOv TS) >
is verified. By (10), we know that,

Pp < Po < Ps

due to the lenders’ updating process and the stochastic dominance of Gy over G;. Then
it follows that,

re <ry <1
which implies that w(e,rf) < w(e,rs) by the concavity of the revenue function. By
comparing the first order equations for the cases of full disclosure (equation (3)) and for
limited records N = 1, (equation (7)), it is possible to see that ej, < e;s. Then, it follows
that,

@(6257 TZ’)

(D(GBS, Tg)

(D(e*LO’ TS) >
@(6}{07 TS) >
which together with the assumption that w(e} ., r}) — w(ejp, %) is small proves the in-
equalities (19) and hence the first part of the proposition.

(2) Limited records vs. full withholding

Limited records with N = 1 leads to lower default rate full withholding when the
following holds,

— (% x\ o(erg.rs) . o(efg:Ts) A% *
p[“’(%”’o) 1—(w(ezD,r;5>—w<ezsmg>>] > (1-p) [1—@(6;@,%)7@(6;{5%)) W(€H07T0>]

Under r < L(r3 + %) and ©(e)p, rh) — @(ehg, %) small, this which follows directly form

(19). m

Proposition 7 If r§ > %(7‘}{ +17), limited records induce a lower default rate than full
disclosure if w(ejp,13) — w(eps, rs) is small.
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Proof. Having assumed that w(e}p, 75)) — @(ejq, 75) is small, to prove inequality (12)
we only need to show that w(ej,r}) — w(ejq, %) is greater than w(ej;q, rs) — w(efy, riy)-
When 7§ > 3 (r}; +r}), we also have that, [r§ — %] > |r§ — r} | which means that,

(e, m9) — w(e,rs)| > |w(e,ro) — w(e,rL)|

Further, the assumption on w(e)p,7}) — @(epg, 75) implies that w(e,rp) — w(e,rg) are
close, which means that,

’(D(eza 7"2) - w<62R7 T;)’ > ‘@(6}}57 T;) - LD(e*Ha T;I)’

Then if w(e},, rp) — w(ejg, rs) is small enough, inequality (12) holds. =

Proposition 8 Full withholding is ex-ante welfare-improving with respect to full disclo-
sure if the C'S condition holds.

Proof. The proof unfolds in three steps. In order to simplify the notation, we suppress
the asterisks that denote equilibrium variables (such as e}, ), with the convention that
variables are understood in equilibrium unless otherwise stated.

Step (i) In the full disclosure equilibrium, allowing for a marginal increase in r}; and
for a marginal reduction in r} keeps lenders’ aggregate returns constant.

We begin with considering the full disclosure equilibrium, to show that a marginal
increase in 7y leads to a marginal decrease in 7, holding the lenders’ aggregate return
constant. We suppress the time index, with the understanding that we are referring to
the same period t. The lenders’ aggregate break even (BE) condition reads,

pIl(@(em, ra), eq,ra) + (1 —p)l(@(er,rr), e, mn) = 1+ p

and its total derivative is given by,

(20)

dBE:p(dBEdH diw deyg  dBE dw deg  dBE deg dBE) dr

dIl dw deg; dry e dey dry + dey dry + dr

) ABE dll, do dey, | dBE d& dey | dBEde, | dBEY
PIN\TAIL, “do degdry * dw depdr | dey drp | drp )"

Setting dBE = 0, in order to hold the return for the lenders constant, the above can be
rearranged into,

dBE dll di dey | dBE do dey | dBEdey | dBE
p

dry, dll dw deg drg do deg dryr ' degr drg | drg (21)
dry 1 —p (dBEdU, do de, | dBE dw de, |, dBEde, , dBE
Lenders A, do depdry ¥ do depdry | de, drp T dry
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which describes how 7, changes following an increase in ry. Next, we proceed with

computing separately the terms within brackets. In doing so, we will suppress the type

index because each term is referring to the same type. For the time being, we will also
dBE dIl dw de

suppress the p, to reintroduce them later. Beginning with“ =929, it turns out that

this term disappears in both numerator and denominator, since,

=Y (e.a(e.N)f@(e,r) — (L+7)[(@(e,r) = 0

where we made use of the fact that dF(w) = f(w)d(w), and because by assumption
Y(e,(e, 7)) = (1+7). We now consider 2E424¢ " pipgt note that the shock @ affects the
BE condition only through II. Then, the derivative can be rewritten as %Z—f% and by
the same reasoning as before, this is equivalent to zero. We now turn our attention now
to %%. The effort e of type 0 affects the BE only via the expected profit function II,

so that,

w(e(r),r) 1
dBE d
L / ¥ (e, w)dF (w) + / (1+ r)dF(w)

@(e(r),r)

=]

by Leibniz rule. Since % = ¢,(r), we can write,

w(e,r)
dBE de ,
= [ Yewdrwem

0

Similarly we can compute dg;E as,
T

w(e(r),r) 1

dBE d

vl / Y (e, w)dF(w) + / (1+ r)dF(w)
0 w(e(r),r)
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The first derivative can be found by using the chain rule,

w(e(r),r)

= (L+r)wp(e(r), r) f(@(e(r)

The second derivative can instead be computed using the Leibniz’ rule,

=
~—
~—
~—

1

o [ s = —saer)mEenna e+ [ fed
w(e(r),r) a(e(r),r)
= (14 1) e(r), ) @lelr). 1) + 1~ F(@(elr). )

[ay

Thus,
dBE

dr
Merging the results above we get that for each type 6,

= 1= F(@(e(r),r))

d dodedr | do dedr T de dr | dr
=Y + (1 - F(w(e(r),r)))

(dBE dildwde dBEdwde dBEde dBE)

~ @(e,r)
where Y = [ Y/(e,w)dF(w)e,(r). This expression describes lenders’ marginal return
0

with respect to ry and is positive in equilibrium. Reintroducing the types’ indexes, equa-
tion (21) now reads,

drgy _ Do Y + (1 — F@(ex(ru),mn)))
ATH | Lenders - 1—po YL + (1= F(o(er(ry),r))) <0 (22)

demonstrating that in the full disclosure equilibrium a marginally higher value of ry
necessarily implies a marginal reduction in 7.

Step (ii) Deriving the conditions under which a marginal increase in rj; has a positive
marginal impact on the borrowers’ aggregate welfare.

Aggregate borrowers’ welfare W, in a group of (1 — pg) N low-ability borrowers and
poN high-ability, risk-neutral borrowers can be written as,

Wy = poNU(@(em,ru), e, ra) + (1 —po) NU (@ (ep,rr) e, L)
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where,
1

Ule,r,0) = max / Y(eg,w) — (1 +19)dF (w) — c(e, 0)

e€[0,1]
@(69 7T)

Writing down the total derivative and rearranging, we get,

[ dU dz deg  dU dey | dU
dry P\ Ao dey dry  dey dr | dra
AU do de;,  dU dey  dU\ dry
1—p)N [ @)
(1= po) (dw depdry | dey dry er)

dTH

We can now make use of equation (22) and (3) to rearrange and simplify, yielding,
UA . pgN
dra Yy + (1 — F(@(er(rg),rr)))

(YfH (1= F(@(er,rp))) + chler)er(re)] = Yo [(1 — F(@(em, ru))) + chlen)er(rm)]
dUu d@H dU d€L>

(23)

+(1 = F(w(er, TL)))EE — (1= F(w(en, TH)))EE

where as before where 379 has been defined above.

When equation (23) is positive, raising the interest rate for the high-ability group (and
thus lowering it for the low-ability ones) results in higher aggregate utility for borrowers,
while leaving lenders’ expected returns constant.

We have already argued in step (i) that the denominator is positive. It remains to
establish the conditions under which the term within brackets is non-negative. This is
the case when,

Vi [(1 = F(@(er,rr))) + coler)e (rr)] + (1 — F@@LJL)))%%

> V1 [(1 = F(@(eH, ra)) + cen)es(ri)] + (1 — F(@(en, TH”)%Z_Z

or, rearranging, when,
(1 - F(w*(e(ry),rr))) (YH + ——> + YHcg(eL)er(rL)

> (11— FWw*(e(ry),rn))) (YL + ——) - YLc;(eH)er(rH)
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Consider first Yy¢,(er)e,(ry) and Yic.(ex)e (ry), and rearrange and expand the first

1

term to [ Yo(e(rw),w)dF (w)eq(rg)c.(er)e,(rp) and proceed in the same way with
w(ey,rH)

the second. Since in equilibrium ry < rz, e, (ry) > el(ry), and c.(e, L) > c.(e, H) for all

e € [0, 1] it follows that,

)A/Hc'e(eL)eT(rL) > ?Lc;(eH)er(rH)

Since we are after a sufficient, not necessary, condition, we can focus on when the following
holds,
- dU dey o ~ dU dey,
Yy + —— > F(wg, Y+ —— 24
H+d€Hd’f‘H_ (WH WL)< L+d6LdTL> ( )
1—F(@(eH,rm))
1-F(w(eL,rr))
their counterparts in the LHS, and since

where F(wy,wr) = > 1. Since all the terms in the RHS are larger than

1—F(@(cH.rn))

) 1—F((Z‘(€L,7’L))

sufficient condition for gr— > ( is given by constraining
H

one, but not too large.

satisfies the model’s hypotheses, a

lfF(cD(eH,rH))

P ) be greater than

Step (iii) Full withholding is ex-ante welfare-improving with respect to full disclosure
if the C'S condition holds.

When there is incomplete information in the market, lenders in equilibrium offer a
single contract rj, which falls in 7}, < r§ < r7. When the full information interest rates
(ry) satisfy the C'S condition, any r{ such that (15 —r73;) and (] — ) is compatible with
equation (22), incomplete information increases ex ante aggregate welfare. =

Corollary 3 Under CS, limited records with N = 1 is the arrangement that guarantees
both the highest welfare ex ante and induces the lowest default rate.

Proof. The first part of this corollary follows from corollary 2. The second follows
from proposition 7, since the condition C'S below,

1— F(@(6E7T}k{))
1= F(&(eg, 7))

may be taken to imply that, under a uniform distribution of the shock,

> 1 but not too large

w(ep,ry) — w(ey, ) > 1 but close

which also implies,
w(epp,rp) — w(epg, rs) small

Then, under C'S, the result obtains. =
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Lemma 1 p; — py increases in N and p; . —p: . decreases in N.

Proof. The proof is articulated in two parts.
(1) Demonstrating that p} = — piy increases in N
Denote with ¢y the "clean" report of length N with only repayments. Consider the
statement,
Dey — Pey_, > 0 for any finite N

This is true as long as,

gu(Cn) - polgn(cy) — gr(en)) + gr(Cn)
gu(en-1) ~ polgu(en-1) — gr(Cn-1)) + gr(cn-1)
_ pogu(en) + (1 —po) gr(Cn))
pogr(cn-1) + (1 —po) gr(Cn-1))

To prove that the inequality above holds for any (finite) N, consider first that, thanks to
the assumption on costs and the stochastic dominance result, we have,

gu(En) =1—= Y gulen) >1—= > gulen) = gu(en)

CNF#CN cN#EN

Further, for any cy,
gen-1) = glesn) + g(cpn)
because when the register discloses one period less (moving from N to N — 1), effectively
it collapses into the same density, g(cy_1), the densities of the two credit reports of length
N equal in everything but in the farthermost outcome, g(csy) and g(cpy). So we have
that,
go(en) < go(Cn-1)
Together, these results demonstrate the initial inequality holds, and that pz, — pz,_, >0

for any finite N (because py € (0, 1)).
Building on these results, we have that,

pEl < p@z < p53 < ...

implying that the longer the history of repayment, the higher the belief in the high ability
of the borrower. A similar reasoning can be applied to the report with only defaults, cy,
to conclude that,

Pey > Pey > Peg > -

Thus, putting these two results together,

bz, _pgl < Pz, _pg2 <...< Py _p§N71 < Dbzy _pQN
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which demonstrates the first part of the lemma.

(2) Demonstrating that p} . — pi.  decreases in N.

As for the second part of the proof, we have to show that Pes, — Pep decreases in N.
This is equivalent to showing that,

PogH(CNs) _ pogH(CND)
pogr(ens)+(1 —py)grlens)  pogu(enp)+(1 —py)grenp)

—0as N — o0

or, that,
go(cns) — go(enp) — 0 as N — o0
Note that,
glen-1) = glesn) + g(epn)
for any cy. That is, when the register chooses to disclose one period less (moving from N
to N — 1) effectively it collapses into the same density, g(cy_1) the densities of the two

credit reports of length N equal in everything but in the farthermost outcome, g(csy)
and g(cpy). Then, we have that,

90(S) — go(D) = (96(SS) + go(DS)) — (9o(DD) + go(SD))
= (90(SS) — 9o(SD)) + (9a(DS) — go(DD))

Thus,

90(S) — go(D) > go(SS) — go(SD)

96(5) = go(D) = go(DS) — go(DD)

Applying recursively this decomposition, it is easy to prove that gg(cys) — ga(cnyp) — 0
as N —o00. m

Proposition 11 For any N -period equilibrium, Z—S > :cﬂ
D CDN

Proof. To prove the proposition consider the results in corollaries 1 and 4. For N =1,

r dio(es,rs)

dU (e, r5,0) ' —as = dU(ep,175,0)
de, - prelehrp) det
de*D

while for any arbitrary choice of NV,

F’d‘:}(e:SN’TZSN)

dU(€gysTogn:0) 1 7 derg dU(er, e, 00)

CSN’ CSN’ — €SN CDN’ CDN’
) * *
deﬁSN F dw(ecDN’TCDN) dGZDN

*
deCDN

48



Since

prdelesry) F,dw(eZSN,rZSN)
de* de}
s CSN
da(ety,rt) da(e r¥ o)
F/—-D D’ E °DN’ DN
deD deZDN

because |rs — rp| > |regy — Tepy| and @e < 0 and @, < 0. it follows also that

dU(e5.r%.0) dU(eggy ey 0)
deg > detsn

dU(ep.h.9) dU(ef e p a9
dep dezpn

meaning that the ratio of the marginal value of effort between a state where a success is
about to be erased (numerator) and one where a default is about to be erased (denomi-
nator) decreases with N. Then it follows that,

k *
e_S > _GCSN

* *
eD ecDN

demonstrating that borrowers are most responsive to limited records when N = 1. m
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