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Abstract

This paper presents an endogenous growth model with intertemporally dependent
preferences and “Ak” technology. We derive sufficient conditions for a balanced growth
path to be an equilibrium, provide a full characterization of the equilibrium dynamics of the
economy, and explore the implications of habit formation for the patterns of cross-country
growth and convergence. Finally, we show that the alternative departure from the standard
assumption of isoelastic preferences represented by the use of a Stone-Geary utility function
can be interpreted as a special case of the model with habit formation. Our results highlight
the importance of preferences in the dynamics of growth, a point neglected in most of the
literature.
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1. Introduction?®

This paper presents an endogenous growth model that departs from the assumption of
time-separable, constant intertemporal elasticity of substitution (CIES) preferences almost
ubiquitous in the literature. The idea, shared with Ryder and Heal (1973), is rather that it is
intuitively plausible to assume that past consumption choices and/or the social environment
affect the utility an individual derives from consuming a given bundle of goods, we assume
that the representative agent’s instantaneous utility « is determined by comparing current
consumption ¢ to some reference stock, or standard, z, called alternatively “consumption
experience”, “habits’, or “customary consumption”, so that u(c,z). With 2 taken to be a
weighted average of past consumption levels, this choice leads to preferences that Ryder and
Heal termed “intertemporally dependent”.

These preferences represent atractabl e departurefrom the hypothesis of atime-separable
utility function, and have been used in a variety of different contexts. To mention just a
few, Ryder and Heal (1973) and Boyer (1975, 1978) investigated their implications for the
neoclassical optimal growth model, showing that they lead to a richer dynamic behavior of
the main variables around an unchanged steady-state (the modified golden rule). Time non-
separable preferences can help to reconcile rational choice theory with apparently irrational
behavior (Becker and Murphy, 1983), to explain various time-series features of consumption
data (Deatonl, 1992), and to shed light on open economy macroeconomic issues (Obstfeld,
1992; Mansoorian, 1993). Finally, time nonseparable preferences have more recently been
used mainly in finance, often in the attempt to resolve the “equity premium puzzle’. This
growing literature includes contributions by Constantinides (1990), Boldrin et al. (1995),
Campbell and Cochrane (1999), where instantaneous utility is assumed to be a power function
of the difference between current consumption and habits, and by Abel (1990) and Gali (1994),
where it is supposed to be a power function of the ratio between current consumption and the
reference stock.

1 Wethank seminar participants at the Bank of Italy, Bocconi University, the 1999 SED Conference in Al-
ghero, Italy (June 27-30, 1999) and the 7th Viennese Workshop on Optimal Control, Dynamic Gamesand Nonlin-
ear Dynamics (May 24-26, 2000). Errorsare our own. The opinions expressed in this paper do not necessarily re-
flect those of the Bank of Italy. E-mail: giuseppe . ferraguto@uni-bocconi.it, pagano.patrizio
@insedia.interbusiness.it.



In this paper, we introduce the assumption of intertemporally-dependent preferences in
an otherwise standard Ak growth model. While the two hypotheses of a linear production
function and preferences belonging to the Ryder and Heal class make our setting closely akin
to the one recently investigated by Carroll, Overland, and Weil (1997), our analysis differs
from theirsin many, substantial respects.

In fact, while these authors assume from the outset a specific functional form for the
instantaneous utility function (incidentally, onethat — contrary to what they state — is not
concavefor thevalues of parametersthey assumein their smulations), wework with ageneric
u, and provide sufficient conditions that this latter has to meet for a balanced growth path to
qualify as an equilibrium when preferences are intertemporally dependent. This also alows
us to unveil the difference between the “adjacent” and “distant” complementarity cases, and
the ensuing dynamics, which are central to most of the literature on habit formation. Under
adjacent complementarity, an increase in consumption experience induces the individual to
want to increase current consumption, so that ¢ and = will be positively related in equilibrium.
The opposite is true when preferences are such that complementarity is distant. We choose to
focus mainly on the case of adjacent complementarity, as we regard the addictive behavior
it implies as more relevant in the one-sector framework we consider, where ¢ has to be
interpreted as consumption of awide bundle of goods. Besides being theoretically plausible,
this case seems also to be empirically relevant, as Fuhrer and Klein (1998) — who provide
evidence suggesting that habit formation characterizes aggregate consumption behavior among
most of the G-7 countries by testing a model that implies adjacent complementarity —
have recently shown. Nevertheless, our analysis aso encompasses the opposite case of
complementarity, and all the results we present can be readily extended to consider the
implications of this aternative behavioral assumption.

Furthermore, we adapt and extend agraphical device first introduced by Obstfeld (1992)
in his analysis of a small open economy facing a constant world interest rate, to provide a
pictorial representation of the equilibrium dynamics resulting from our growth model with
intertemporally dependent preferences. This representation is, we believe, both smple and
transparent, and helps to grasp in an intuitive way the somewhat tangled interactions among
variables that set in under habit formation.



Finally, and more importantly, Carroll et al. mainly focus on the difference between
what they term “inward-looking” and “outward-looking” cases. Intheformer, an individual’s
habits are accumulated by his own consumption; in the latter, they reflect aggregate per capita,
or average, consumption choices. While this difference isinteresting, the two caseslead to
qualitatively similar transitional dynamics of the economy toward its balanced growth path.
For this reason, focus on the case by now standard in the literature (of “inward”, or “internal”
habits), and — having provided a full characterization of equilibrium dynamics under habit
formation — expand on the patterns of cross-country growth and convergence implied by

intertemporally dependent preferences.

We show that the latter are consistent with two kinds of convergence of a country’s
per capita income to its long-run growth path: a convergence “from above”, with growth
and saving rates increasing over time and approaching asymptoticaly the constant value
they will assume in balanced growth, and a convergence “from below”, with growth and
saving rates initialy high, but then declining over time. The model predicts that the first
type of convergence will be displayed by countries that start with a higher ratio of initial
endowment of consumption experience to physical capital; on the other hand, convergence
“from below” should be found in countries characterized by an initially lower ratio of
consumption experience to physical capital. Under adjacent complementarity, the latter will
initially save alot, growing along the transition at higher rates, though declining towards a
constant, steady-state level.

The available evidence suggests that both kinds of convergence actually occur. It also
shows that there is no clear association between the starting level of per capitaincomein a
country and the type of convergence it latter will display along the transition. Our model is
consistent with this fact. For instance, a country that is “poor” at time zero could also have
alevel of reference consumption which is low in absolute terms, but high when compared
with its endowment of physical capital — maybe because of the lower bound placed on =
by subsistence consumption, or because its consumption standards are set by a comparison
with richer countries with which it interacts closely. It will therefore converge “from above”
in the very same way as a “rich” country that starts off better endowed with both customary
consumption and physical capital, but hasasimilar initial habits-to-capital ratio.
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These different patterns of convergence make the model consistent with a variety of
outcomes in terms of time evolution of income differences among countries characterized by
different initial conditions on the state variables: they include divergence, convergence, and
leapfrogging. We also show that, although these different patterns of growth and convergence
are consistent with the neoclassical model with an exogenous rate of technical progress, the
latter has counterfactual implications that are absent in our setting.

We aso compare the results of our model with those derived assuming a Stone-
Geary instantaneous utility function — a different departure from the hypothesis of CIES
preferences that, in a growth setting, has been proposed by Christiano (1989) and Rebelo
(1992). We show that these preferences can be interpreted as belonging to the intertemporally
dependent class, once one assumes that the stock of habits is constant over time. However,
whilein this case there is the implication that the rates of saving and growth must necessarily
be increasing during the transition (so that, using the terminology introduced above, countries
are predicted to converge “from above’), alowing the dynamics of habits to feed back to
consumption and accumul ation choices opens up the possibility of both kinds of convergence.
Since the empirical evidence suggeststhere isno clear, common pattern with which countries
converge to their long-run growth path, thisleads usto prefer our model with habit formation

over the aternative Stone-Geary specification of preferences.

It is worth emphasizing that our model does not intend to propose anovel explanation of
long-run growth: asinthe standard Ak model, thislatter isdriven by the absence of decreasing
returns on physical capital. Rather, we think its main contribution lies in the analysis of the
rich dynamics stemming from a plausible, and tractable, departure from the assumption of
time-separable, isoelastic preferences. These dynamics should be superimposed on those
implied by models that give a more realistic account of the production side of the economy,
allow for the existence of barriers to the international diffusion and adoption of technology,
take into account the role played by Governments and ingtitutions and, more generally, the
countless factors we deliberately neglect, but that which undoubtedly play an important role
in the process of growth.

The rest of the paper is organized as follows. Section 2 presents the model. Section
3 introduces the concepts of equilibrium adopted and gives sufficient conditions for the
existence of a steady-state balanced growth path. In Section 4, through a normalization
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of variables, we transform our original problem into one that involves only variables that take
on constant values in balanced growth, and provide a full characterization of the equilibrium
dynamics of the latter. In Section 5 we present a graphica device that helps determine the
equilibrium dynamics of the economy starting from an arbitrary set of initial conditions on the
state variables, and provide the economic intuition for the transitional dynamics implied by
intertemporally dependent preferences. In Section 6 we describe the dynamics of the original
variables implied by the solution of the transformed problem, and discuss the implications
of our model in terms of patterns of cross-country growth and convergence.  Section 7
presents two examples of instantaneous utility functions belonging to the intertemporally
dependent class and compares our results with those derived from the assumption of Stone-
Geary preferences. Section 8 concludes.

2. The model

We study a closed economy with an unbounded horizon, populated by infinitely
living, identical individuals. The representative agent has preferences defined over his own
consumption ¢, as well as on consumption experience, or habits, z, and maximizes the

objective functional:

Ule,2) = [ e Mutett), 2(0)at, M
0
where u is the instantaneous felicity function, and § the (positive and constant) rate of time
preference.

Asin Ryder and Hea (1973), we assume that consumption experience is a weighted
average of the representative individual's past consumption levels ¢,

¢
2(t) = zpe "' + p/ e P9 ¢(s) ds, 2
0

where p > 0 isaconstant that measures the rate of habit adjustment, and z(0) = 2z, > 0 is
the exogenously inherited standard of living at the initial date. The larger isp, the higher the
weight given to past consumption in determining the current level of consumption experience,
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and vice versa

Differentiating equation (2) with respect to time, it follows that habits evolve according
to

() = ple(t) = 2(1)]. 3)

that allows for a difference between the rate at which consumption accumulates habits and
that at which the latter decay over time (). Since it can be shown that our results are not
qualitatively affected by the choice of setting o = p, we opt for the simpler specification in
(3). A more substantial modification would stem from the assumption that the representative
agent’s stock of habits is a weighted average of the aggregate per-capita (or average, or
the Joneses') past consumption levels y, rather than of his own past consumption c¢. The
implications of this aternative assumption are studied by Carroll et a. (1997) and Ferraguto
and Pagano (1999). Since the representative agent takes x as given, although x = ¢ must hold
in equilibrium, it introduces a*consumption externality” that breaks the equivalence between
the centralized and competitive solutions of the model, with potential policy implications
which are absent when habits evolve according to (3). Aside from this, the assumption that
habitsare accumulated by ¢, x, or by aweighted average of the two does not change the steady-
state growth rate of the economy, and does not lead to qualitatively different transitional
dynamics to the balanced growth path that are the main object of the present paper.

We impose the following conditions on the instantaneous felicity function «, assumed
to be twice continuously differentiable:

Ul wu.>0; lina u. = 00, 2 € (0,00);
U2, u, # 0; ue, # 0;

U3, e <0, Uee sy — u2, > 0;

cz — >
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Ud, u.+ (-=)u, >0 Vg >0.

ptg

Assumption U2 redtricts preferences to the intertemporally dependent class, and
Assumption U3 amounts to the requirement of concavity of « in (¢, z), and strict concavity in

C.

Finally, aswill be shown infootnote 3 below, Assumption U4 (which, given Assumption
U1, isaways satisfied whenever « happensto be an increasing function of z) guaranteesthat a
uniformly maintained increase in the level of consumption along a balanced growth path will
increase utility.

Thereis only one good, which can be either consumed or invested, and whose output at
each point in timeis the result of the linear production function

y(t) = Ak(), (4)

where y and k are per-capita output and capital, respectively, and A is apositive constant. We
assume that individuals directly operate the economy’s technology. Omitting from now on
time indices whenever this choice does not risk confusion, it follows that the representative
agent faces the budget constraint:

k= Ak — ¢, (5)

where, for simplicity, depreciation of physical capital has been assumed away — or
incorporated in A. Constraint (5) captures the fact that, in the closed economy with no outside
assets and identical individualswe are about to study, capital accumulation isthe only possible

use of savings.

Finally, inorder to be ableto retrieve the standard “ Ak” -results as a special case of our

model, we also assume;

T1. A>6.
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3. Equilibrium

Given the above definitions and assumptions, we have the following definitions of
competitive equilibrium and balanced-growth equilibrium, respectively.

DEFINITION 1. A competitive equilibrium is a set of paths {c(t), z(t), k(t)} that solve the

maximization problem:

max Ufe, 2)
st. k=Ak—ec, k(0) = ko >0 given, (PD)

Z=plc—2), 2(0) =20 >0 given.

DEFINITION 2. A balanced, or steady-state, equilibrium is a solution {c(t), z(t),k(t)} to

the optimization problem (P1) so that c(t), z(t) and k(t) grow at a constant rate g > Q.

Equipped with these definitions, in Appendix 1 we prove the following

PROPOSITION 1. Given Assumptions Ul through U4, and T1, a sufficient condition for
constant, positive steady-state growth is homogeneity of degree v < 1 of the instantaneous
felicity function u. The degree of homogeneity v and the steady-state growth rate g of the

economy will be related according to:

(6)

That ¢, k and z will grow at a common rate g in a balanced equilibrium, as stated in
Definition 2, can be readily verified by dividing the laws of motion of physical capital and
habits by £ and = respectively, and noting that the resulting growth rates of these variables will
be constant if and only if the ratios ¢/k and ¢/ are also constant. As seems to be the rule
in growth models where the utility function depends on a stock variable, Proposition 1 states
that homogeneity of the instantaneous felicity function of the degree v implicitly defined by
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equation (6) is a sufficient condition for a balanced growth path to quaify as an equilibriun?.
In the proof of this Proposition given in Appendix 1, we also show that, when the economy
evolves along this balanced path, one must have

g< A (7

for the transversality conditions associated with problem (P1) to be satisfied. 1n other words,
the steady-state growth rate has to be less than the maximum “sustainable” rate that would be
associated with zero consumption (see (5)).

Finally, it should be noted that, athough Proposition 1 gives conditions under which
a balanced path qualifies as an equilibrium, it does not imply that the economy will ever
converge to it. As will become clear in the next Section, additiona restrictions have to be
placed on « to make sure that the economy asymptotically approaches a steady-state with
constant, positive growth.

4. The transformed problem

Given the above results, from now on we shall assume an instantaneous utility function
that is homogenous of degree v < 1. This assumption aso alows us to reformulate problem
(P1) in away that greatly simplifies the analysis, and to give a graphical representation of the
equilibrium evolution of the economy. To this end, following Caballé and Santos (1993), we
introduce the normalized variables

2 For an example of a model that resorts to the assumption of homogeneity of the instantaneous felicity

function in a growth setting, see the one with endogenous leisure choice proposed by Rebelo (1991) aong the
lines of Heckman (1976). Inthat model, the momentary utility function depends on human capital; inour case,
the stock variable on which istantaneous utility dependsis consumption experience.
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These new variables will remain constant along a balanced path, and {é*, *, k*} will
denote their steady-state, balanced growth values. They will also be referred to as “de-
trended” variables, since the normalization factor e ~9* removes from the non-normalized ones
the exponential growth trend that these latter will exhibit in a balanced equilibrium.

Next, we exploit the degree-» homogeneity of « to transform (1) into afunction of (¢, 2):

where

b=686—gu. (8)

Writing the dynamic constraints in terms of de-trended consumption, habits, and

physical capital, wearein aposition to reformulate (P1) asfollows:

st k= (A—g)k —¢, ko=ko >0 given, (PL)

F=pi—(p+9)Z, Zo=2z20>0 given,

and to write the corresponding current-value Hamiltonian function:

H=u(@2)+ X (A=g)k—¢| +R|pé— (p+9)Z].

The necessary conditions:
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Uz + ppt = A, 9)
A= (6— A+ g)A, (10)
fr="(6+p+g)i—us, (12)

are, with the laws of motion of k and %, also sufficient for a maximum if the following

transversality conditions are met:

lim e *A(t)k(t) = 0,
t—o0 ) (12)
lim e *(t)Z(t) = 0.

t—o0
While the co-state variable ) is the shadow value of normalized capital, /i, that — from

(11) — can be written as

() = [ e G (o), 2(5)) d, 13)

t

which is the shadow value of an additional unit of Z. Condition (9) implies that, along an
optimal path, at each time ¢ the current marginal utility of consumption, plus the contribution
of greater time-t consumption to the utility stream derived from future consumption experience
— a contribution that is positive if u; > 0, and negative in the opposite case — must be
equal to the time-t shadow value of capital. We define the sum (u: + pft) “the time-¢ full
marginal benefit of ¢” to distinguish the present setting from the time-independent case, where
the contribution of greater time-¢ consumption to the objective functional is given by the term

ug only.

In the steady-state, \ hasto be constant. This requires
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apositive quantity by (7). Using (8), it follows that:

an expression that gives the same steady-state growth rate of the economy derived in
Proposition 1. From these results, it can immediately be verified that A will be constant
throughout, at alevel that we shall denote by A" and whose expression will be derived below.

The differentiation of (9) with respect to time, using (10) and (11) and taking into
account the laws of motion of Z and k, results in the following autonomous system of

differential equationsin (¢, 2, k):

(14a)
(14b)
(14c)

From the last two equations, the steady-state levels of the detrended habits and capital

are:

N*_< p > "

Z=—)-

p+g

- 1

= —— )
<A—9> ‘

To derive ¢*, notice that (14a) implies that, in the steady-state,

U,g(é*, 2*) +

(15a)

(15b)
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a positive quantity®.  Given (2*/é*) = (-2 ), the homogeneity of degree (v — 1) of
pta

uz and u; implies that the left hand side of the above equation is equal to (¢*)*~! -

ue(L, 25) 4 (525) - us(1, ﬁg)} , so that:

1

A >] . : (15¢)

[Ug(l, p%g) + (ALH) ' Ug(l, p%g

We show in Appendix 2 that ¢*, and therefore \™, * and k*, are uniquely pinned down
by the need to satisfy thetransversality conditions (12), given theinitia conditions on the state
variables. Thisresult, and the assumptions placed on «, imply that the steady-state equilibrium
just derived is unique’.

To investigate the dynamic evolution of the economy and the stability properties of the
steady-state just characterized, in Appendix 2 we linearize system (14) around the steady-state
(15), and show that thislatter is a saddlepoint provided that

_ At g+ 2pJug; +puz; (At p)(p+9)

Uz p

(16)

where starred derivatives are evaluated at the steady-state.

The crucial role played by the sign and size of j in determining the dynamic evolution
of consumption and habits in a model with intertemporally dependent preferences was
first pointed out by Ryder and Hea (1973). In their terminology, one has “adjacent
complementarity” — that is, complementarity between consumption at adjacent dates, a
property of preferences that Becker and Murphy (1988) identify with addiction — if ;7 > 0,

3 Thisis aso true when the marginal utility of habits happens to be negative. In this case, since g < A,

assumption U4 impliesthat u} + (555 )ul > uf + (555)u; > 0.

1 Evauated at this steady state, istantaneous utility isu(¢*, 2*) = u(c*, (555)¢"). The derivative of this
expression with respect to ¢* is u} + (ﬁ)ug, which is positive by Assumption U4. To see what this latter
implies, let us assume that the economy is on a balanced growth path, with consumption and habits growing
over time at a constant, positive rate g, and consider the two sequences {c(t), z(¢) }52, and {c'(¢), 2'(¢) }32,,
with ¢/(s) > c(s) and é(t)/c(t) = ¢(t)/c(t) = g, t = s,...,00. Assumption U4 amounts to the (in our
opinion, sensible) requirement that the second sequence will yield greater utility to the individual. Notice that
this assumption is the generalization to a growth setting of the non-satiation condition in Ryder and Heal (1973,

p.3).
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and “distant complementarity” if 7 < 0. Notice that assumption U3 impliesthat j is always
negative if uz; < 0. To have j > 0, one needs u; > 0 and large enough. When thisis
the case, condition (16) places an upper bound on the degree of adjacent complementarity
consistent with saddlepath stability of system (15). We show in Appendix 2 that values of j
that violate condition (16) lead to instability, or to aviolation of the hypothesis of concavity
of u; both instances are ruled out by assumption in the present analysis, so that (16) always
holds.

For this case, inthe same Appendix we show that equilibrium normalized consumption,
habits and physical capital evolve according to:

&ty — & =[éo— & -e V", (174)
() — 3 =wy - [6(t) — &, (17b)
k() — k" = wy - [6(t) — &, (17¢c)

where —v is the negative, real characteristic root associated with the linearized version of
system (14), and

p 1
lei, Wy = —(/—.
p+g—1 A—g+1

Whilew, > 0 aways, in Appendix 2 we prove that w; hasthe samesign as ;. We also show
that steady-state de-trended consumption is given by:

) [_i ot - k] , (18)

while 2* and k*, which are increasing in &*, can be computed using (18) in equations
(154) and (15b).> Finally, the difference between optimal time-0 and steady-state normalized

5 When complementarity is adjacent —w,, j > 0 —thelinearization imposes an upper bound on the value
that theratio of initial conditions may takeon. Namely, and asisclear from (18), for an optimal program to exi<t,
(20/ko) hastobelessthan (zo/ko)™™ = p[(A — g+ v)/(p + g — ¥)]. Values of (zy/ko) above this quantity
imply so much consumption at time¢ = 0 that ¢, &, 5 become zero in finite time. In terms of the diagrams we



21

consumption that appearsin (17a) can be written as:

L (p+9) p(A—yg)
—er= T - Ty, 19
T T AT P L2 (p+9) o 19
Equations (17)-(19) imply the following facts about the equilibrium dynamics associated

with the solution of the transformed problem (P1’).

PROPOSITION 2.  In equilibrium:

(i) normalized consumption, habits and physical capital converge monotonically over
time to the steady-state c* | Z*;

(it) the steady-state levels of the same variables are decreasing in zy under adjacent
complementarity (7 > 0), and increasing in zo under distant complementarity (j < 0),
independently of the sign of j, ¢*,z* and k* increases with ko;

(itt) when j > 0, normalized consumption increases (decreases) over time towards its
steady-state level if £ < (>)%. The opposite conclusion holds when 7 < 0,

(iv) in the transition to the steady-state, ¢ and kwill albways covary positively; normalized

consumption and habits Z will covary positively if j > 0, and negatively if j < 0.

5. Picturing transitional dynamics

In this Section, we introduce a simple diagram to illustrate the transitional dynamics
implied by our model and to provide the economic intuition for the results derived so far,
and summarized in Proposition 2. Although we choose to focus on the case of adjacent
complementarity, which we regard as most relevant, the same arguments can be used to
give an account of the dynamic evolution of the variables in the model when complementarity
isdistant.

Assuming j > 0, inFigure 1 we draw four loci:

introducein Section 4, for agiven kg it is possible to identify the maximum stock of initial habits consistent with
the existence of an equilibrium as the value of zo that, in Figure 2, generates a saddlepath S'S” in the upper

quadrant crossing the 7 = 0 locus & (2, &) = (0,0).



Figure 1

c(?)

23

(A= gk

0 > z(1)
Zo 2 pA-glko  =*
pt+g

k (1)
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— the (£ = 0)-locus, which — see equation (14b) — is a straight line originating with
slope (p + g)/p > 1 inthe (Z,¢)-plane, Z will be increasing over time above this locus,
and decreasing below it;

— the stable saddle path in the same plane, obtained by combining equations (17a)
and (17b); in the upper quadrant, it is the arrowed path labeled SS°, with Sope
(p+g—1)/p, positive and smaller than the slope of the Z = 0 locus;

— the saddlepath in the (k, %)-plane is obtained by combining equations (17b) and (17¢)
—theline T'T" with slope 22410,

— therelationship between steady-state levels of normalized habits and physical capital
that isimplied by (14a) and (14b) — the straight line originating in the lower quadrant,

0 p(A—g) p(A—g+1)
with slope 571 (< £5-10).

It should be noted that those shown in the figure are not standard phase diagrams. This
is because the steady-state levels of ¢, Z and k — and, with them, the location of the two
saddlepaths SS" and 71" — depend on the set of initial conditions (2o, k), asis clear from
(17)-(19).

To understand how this graphical device helps determine the equilibrium dynamics for
arbitrary initial conditions on the stock variables, let us assume that the economy starts off
with the pair (29, ko) given by point 7" in the lower quadrant of the figure. Notice that the
assumed configuration of initial conditions is such that (zo/k¢) < %. The steady-state
pair (k*,5*) — point 1" — is found as the intersection between the line emanating from 7'
with slope 2-12) and the steady-state locus 2* = 22k, Giventhe 2* so determined,
one uses the (2 = 0)-locus in the upper quadrant to find the pair (3*,¢*) — point S". The

saddlepath in the (%, &)-plane is then the line going through S” with sope (1 /w;) = ”*ifjw
(a positive quantity, under adjacent complementarity); finally, one determines the optimal
time-0 choice of consumption, ¢y, asthe value of ¢ that, along this line, is associated with

the assumed 2.

From the figure, it is clear that, as stated in Proposition 1, a stable dynamics calls for
levels of normalized consumption, habits, and physical capital to rise over time. In fact,
given (zo/ko) < %, optimal time-0 consumption is lower than thelevel (A — g)ko which
— through (14c) — would yield £(0) = 0, and point S is located above the (Z = 0)-locus.
It follows that both normalized physical capital and habits will be increasing at time zero.
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The next instant — which, for simplicity, wecal ¢t = 1 —, the economy will therefore
start off with larger beginning-of-period % and z. All other things being the same, alarger
capital stock will exert apositive wealth effect on time-1 consumption, ¢;. Inaddition, under
adjacent complementarity theindividua has afurther incentive to raise his consumption level
at timet = 1 because of theincrease in the stock of habits. For both reasons, ¢; > ¢

To understand why anincreasein Z leadsto an increase in the optimal choice of ¢, notice
that (13) impliesthat what we have termed the "full marginal benefit” of current consumption

can be written as:

us(¢(t),2(t)) + p /OO e WD 4 (&(s), 2(s)) ds. (20)

t

Since, for s > ¢, one has

2(3) = N(t)e(pﬂz)(st)_l_p/ e (pro)(s—) C(T) dr,

t

the derivative with respect to Z(¢) of (20) is’:

usz (1), 2(t)) + p /00 e A2ty (E(s), 5(s)) ds. (22)

t

Evaluated at the steady-state, (21) reducesto

Upz + ui; = (—ug) - (A+g+2p) -7,
ey (—uze) - (A+g+2p) -]

an expression which has the same sign as j. It follows that, in the local anaysis of the
equilibrium dynamics under adjacent complementarity we are carrying out, the full marginal
benefit of ¢ will movein the samedirection as Z, and the individual has an incentiveto increase

6 This step involves the computation of the “Volterra derivative’ of the functional in (20). For a definition
of Volterra derivatives, see Ryder and Heal (1973), pp. 3-4.
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¢ when Z rises.

Having shown that, for the assumed configuration of initial conditions, ¢; > ¢, itis
straightforward to verify that, at timet¢ = 1, thishigher level of consumptionisstill consistent
with the accumulation of capital and habits, although at a slower rate than in the previous

period. The same processis repeated the next instant and the economy converges over time to
the steady-state (S', 7"") along the arrowed paths in the two quadrants.

Suppose now that the economy starts off with an unchanged level of physical capital, but
witha 2, > 2. If, asassumedinthefigure, thisincreaseininitial consumption experienceis
such that (z,/ko) isstill lessthan the critical level 25—, we end up with the new saddlepaths

given by the dashed lineslabeled S”.S™ and "1™, and with lower steady-state levels of ¢, 3
and k.

That the steady-state levels of the variables are decreasing in z, when 5 > 0 simply
reflects the higher marginal benefit of consumption associated with higher initial habits. The
individual will consume more at time 0, and will accumulate less capital’. This smaller
accumulation will — via a wealth effect — cause a smaller increase in consumption, and
therefore habits, during the transition to the steady-state, aswell aslower levels of the variables

1 1

in the new balanced growth equilibrium (S, 7).

On the other hand, when z, is so large that (zo/ko) > ”(ﬂgg) the whole dynamics is
reversed. Asshown in Figure 2, under adjacent complementarity the individual will choose
to consume so much at time zero that & will be decumulated (¢ > (A — g)ko). De-trended
habits will decrease as well, since the economy starts off at point S, which is now below the
% = 0 locus. although the individual consumes alot, the optimal initial choice of consumption
— onethat is consistent with the transversality condition on  — does not add to consumption

experience enough to compensate for the depreciation term (p + g)zo, Which is large because

7 That & isincreasingin Z, simply reflects the fact that consumption isincreasing in habits under adjacent
complementarity. It follows that, as shown in the Figure, point S is located to the north-east of point S. This
can be proved asfollows. Firgt, eval uateat timet = Othe expronsfor thetwo loci 77 " and S5, obtaining

Fo—5* = %(kx) k*) and é — M(zo 5*). Next, differentiatetotally the first expression,

setting dkg = 0 and dk* = (&J’g))dz to get di* = %d% Finaly, differentiation of the
- - (o () A—g)(ptg— +9)(p+g—t

second expression, using dc* (ppg)dz L 9)(pw(9lfﬁ)g ) d3o , yields dég/dzg = (o Zgﬁfﬂf’) ) > Q.

The same result can be derived, in a more straightforward fashion, usi ng the explicit expresion for &, given by
(A.2.12) in Appendix 2.
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2o IS large. In this case, normalized consumption, habits and physical capital will decrease
over time toward their steady-state levels.

The same diagram can be used to determine the effects of changesin &, for a given z,.
For instance, and going back to Figure 1, anincreasein ky would cause aparallel, downward
shift of the 77" locus and an upward shift of the SS” locus, thus leading to an increase both
in the initial optimal choice of ¢, and in the steady-state levels of the three variables on the
axes. If theinitial configuration of initial conditionsisthe one shown in Figure 2, anincrease
in ko such that the ratio (z/ko) remains above the critical value % leads to qualitatively
similar displacements of the 77" and the S.S" loci, and, once again, to higher steady-state
valuesof &, 3%, and k*.

More generally, to assess the impact of simultaneous changes of &y and zy, or the
gualitative properties of the transitional dynamics of the variables starting from an arbitrary
pair (zo, ko), al that mattersis how the ratio (29/ko) comparesto % — or, ingraphical
terms, whether the point that denotes the initial conditions on the two stock variables in
the lower quadrant of the Figure is located above or below the locus z* = LAg)px - f,

ptg

by accident, (z0/ko) = 22, the economy jumps immediately on the steady-state. In
general, however, consumption, habits and physical capital converge to a balanced growth

path increasing or decreasing over time, depending on whether (zo/ko) < 22

Finally, theresultsone gets under the standard assumption of time-separable preferences
can be retrieved as a special case of our model.

To see this, first notice that, if v; = wuz = 0, so that Assumption U2 is violated,
onehasjp = 0, u; = A'Vt. It follows that the right-hand side of equation (144) is zero,
and the saddlepaths 5.S'and T'I" become flat at the levels of consumption é = (A — g)k
and capital k= ko, respectively. Regardless of initial conditions, this implies that de-
trended consumption and physical capital will be constant over time, and that — as in the
standard “ Ak” model — ¢ and k& will always grow at the steady-state rate g = 1{;‘;. Given the
usual time-separable, isoelastic instantaneous felicity function % which is homogeneous
of degree v = 1 — o, thisisjust the familiar growth rate %.8

8 If, for given kg, 29 # £ ;A+’gg)k0, there will be atransitional dynamics of the stock of habits, however,

thiswill not affect consumption, capital, nor utility levels.
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6. Dynamics in the original problem

The analysis in the previous Sections provides afull characterization of the equilibrium
dynamics of what we have termed “normalized”, or “de-trended”, variables. In order to go
from the latter to the behavior over time of “actual” consumption, habits, capital, and output,
one has simply to remember that the generic variable = isrelated to its normalized counterpart

z accordingto = = €%z, or, interms of growth rates:

8 K-

T
X

Since normalized variables converge monotonically over time to a steady-state where
they take on constant values, the growth rate of the actual ones will converge asymptotically
to ¢g. In the trangition, their growth rate will be above or below this value, depending on
whether their de-trended counterparts converge to the steady-state increasing or decreasing
over time — an information one can readily retrieve from Proposition 2, or the first row of
Table 1.

Inturn, itis possibleto infer the behavior of the growth rate of per-capita output, g, by
noticing that:

Gy (22)

I ;e

Il
SSJINSS

Using these results, the last two rows of Table 1 summarize the transitional dynamics
of g, under adjacent complementarity. The growth rate of per-capita output is decreasing in
(z0/ko), and can initially be negative for values of this ratio that are very high, while still
being consistent with the upper bound mentioned in footnote 4.° For values of (zq/kq) below

9 Since g, asymptotically approaches g > 0, g, < 0 is possible only during the first stages of transition.
Furthermore, the possibility of anegative growth rate depends not just on the size of theratio (2o /4o ), but also —
through ;7 and ¢ —on the characteristics of the instantaneous utility function. With reference to the two functional
forms that will be introduced in Section 7 below, one can for instance show that g, < 0 for somet is possible
when u takes on the functional formin (23), whileg, > 0 V¢ when w isgiven by (24).
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(above) thethreshold 442 g, will be larger (smaller) than g, converging asymptotically to

this constant, positive value.

Finally, defining the saving rate as:

It follows that s will take on the constant value s* = (¢g/A) < 1 in balanced growth,
and that its transitional dynamics will be qualitatively identical to that of the rate of growth
of per-capita output: the saving rate will be initialy "high” — and decreasing over time —
when 32 < 2A-9) - ang relatively "low”, but increasing toward its steady-state level, for the

(ptg)
opposite configuration of initial conditions.

Using these results, in Figure 3 we compare the time path of the log of per capita
output for various sets of initial conditions and identical values of the parameters in the
model. In panel (a) we assume a given zp,, and consider four different initial conditions
on the capital stock: ki > k§ > 89z > k> ki Inpand (b), we keep ko
constant, and show the effect of various levels of initial consumption experience — with

2 < 2 < Ba8ky < 2§ < 2 — onthe egilibrium path of output.

If one interprets these diagrams as showing the time paths of per capita output for
countriesthat differ only intermsof their initial endowment of physical capital or consumption
experience, and defines convergence as the tendency for cross-country income differences to
decrease over time, it is clear that the model with intertemporally dependent preferences
predicts divergence. However, if one realistically alows for differencesin both ko and zo,
the model is consistent with a wider range of possibilities: they include divergence, as well

as convergence and leapfrogging.



Table 1

Transitional dynamics

20 _ pP(A—0) z0 < P49

. kE < (ra) kg ~ (pta)
N >0 <0
Gy >4 <g
Gy <0 >0

Toillustrate some of these possibilities, in panel (c) of Figure 3weassumekg > k3 > ki
— so that, from the standpoint of time 0, country 1is“rich”, country 2 isrelatively “poor”,
and country 3 “middle-income” — and differences in z, leading to (23/k3) < (25/k2) <

A9 < (2} /kj). Although country 1 starts off with alot of capital, it also has avalue of z
so high that its ratio of initial conditionsis above the critical level 22-9): it follows that its

(pt+g) ~
saving and growth rates will beinitialy low. On the other hand, country 2 is assumed to be

better endowed with z than country 3: this differenceininitial consumption experience more
than offsets the difference in capital endowments, sothat (z3/k3) > (23 /k3).

For the assumed configuration of initial conditions, the model predicts convergence
between countries 1 and 2, and divergence between countries 2 and 3. Countries 1 and 3 will
first converge, criss-cross, and then diverge.

This variety of possible outcomes clearly results from the fact that, depending on the
sizeof (z0/ko), the model with intertemporally dependent preferences generates equilibrium
paths for thelog of per capita output that can be either convex or concave when plotted against
time, with logy approaching its long-run path “from above” in the first case (as country 1 in
panel (c) of Figure 3), and “from below” in the second (countries 2 and 3 in the same diagram).
Figure 4 — where the figures on the time path of the log of real GDP per capitafor the years
1950-92 are from the Summers and Heston data set — suggests the empirical occurrence of
both kinds of convergence. The European countriesin the first panel, aswell as Switzerland
in the third, seem to be converging to their steady-state “from below”, with growth rates
declining over time. Thailand, Indonesia and Koreain the second panel, but also Canadain
thethird, display what we have termed “convergence from above’. Inthelast two panels, we
also show two instances of criss-crossing.
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It should be stressed that the patterns of cross-country growth and convergencein Figures
3 and 4 are aso consistent with other models — for instance, the neoclassical model with
time-separabl e preferences and an exogenous rate of technical progress (see Durlauf and Quah
(1998), p.18). However, to generate cross-country differences in the position of the long-
run paths of output, the neoclassical model has to assume differences in preferences or
technology parameters, or in the initial level of technology. Furthermore, and assuming
away such differences, it predictsthat only countries that start off with arelatively high stock
of capital — and therefore, only countriesthat are relatively “rich” at time zero — can display
" convergence from above”, aresult that is not consistent with the evidence presented in Figure
4. Onthe contrary, intertemporal dependenceimpliesthat countries having accessto the same
technology and with identical preferences converge to different — albeit parallel — long-run
paths just because of differences in the initial relative endowments of z and £. In addition,
since it is the ratio between the initial conditions of these two variables that determines the
transitional dynamics of the saving and growth rates, both kinds of convergence may be
displayed by “rich” and “poor” countries alike. For instance, acountry so poor at ¢t = 0 as
to have a stock of physical capital close to zero could also have a z, which is low in absolute
terms, but high inrelation to k3. This could be the case because of the lower bound placed
on z by the level of subsistence consumption, or — embracing the extended interpretation
of the law of accumulation of habits mentioned in Section 2 — because its » aso reflects
consumption standardsin other, richer countrieswith which it interacts due to their geographic
or cultural proximity. Starting off with arelatively high (z,/ko), thiscountry, no matter how
“poor”, is predicted to converge “from above” by our model.

Admittedly, this latter neglects a host of factors that surely play a magjor role in the
explanation of actual growth performances. Nevertheless, we think it is remarkable that the
simple, and tractable, modification of preferences studied in the present paper is able to
generate dynamics that are not inconsistent with the empirical evidence. These dynamics
should be superimposed on those implied by other models, which usually give a fuller and
more realistic account of the role played by supply-side factorsin the process of growth.

7. Two examples, and comparison with Stone-Geary preferences

In this Section we consider two specifications of preferences belonging to the
intertemporally dependent class and compare the implications of our model with those



associated with a different departure from the assumption of CIES preferences, proposed
by Christiano (1989) and Rebelo (1992).

Consider first the utility function used by Abel (1990) and Carroll, Overland, and Weil
(2997):

leasz(lfa)

, (23)

ufe,2) =

witho > 0,7 <0, v(1 — o) + ¢ > 0. For valuesof (¢,~) satisfying these restrictions, (23)
is homogeneous of degree v = (1 — 0)(1 — ) < 1, and satisfies assumptions (U1)-(U4).
The implied steady-state growth rate of the economy isg = W(ﬁﬁ , which is positive for
A > 6.1° Notice that when v = 0, so that habits do not affect utility, we are back to the
standard time-separable case, with CIES preferences. Setting 6 = 0.05, v = —0.5, ¢ = 0.5,
p =0.1and A = .0505 (with A chosen to be consistent with a steady-state growth rate g of
2% per year, given the assumed 6, v, and o), it can be shown that «., > 0, j = 0.165 > 0,
so that « displays adjacent complementarity. These same parameter values imply a speed of
convergence to the steady-state — as measured by ¢» — of 2.7% per year, and a steady-state
saving rate close to 0.4, which is reasonable given the broad concept of capital implied by the
assumption of linear technology. Table 2 — in which we consider different values of p —
shows that both the degree of adjacent complementarity and the speed of convergence to the

steady-state increase with p.

10 Carroll, Overland, and Weil (1997) assume a positive -y, and erroneously state that (23) is concave in

(e,2)for0 < vy <1, o > ﬁ However, if one wants v to be positive, it is easy to show that concavity
requiresy > 1, o > —ﬁ. As a matter of fact, for the parameter values they use in their smulations (see

their fn. 9, p.366), itturnsout that u,, > 0, uc.u,, —u2, <0, sothat they work with a utility function which
isnot concavein (¢, z) —and strictly convex in z.

More generally, given the functiond form in (23), one cannot have concavity in (¢,2), v > 0, and a
positive and finite steady state rate of growth ¢ for A > 6. Infact, the conditionsy > 1, o > —ﬁ imply that
concavity requires y(1 — o) + o < 0. Since the left-hand side of this inequality isv — 1, an expression that
appears at the denominator of g, one must havey(1 — o)+ o < 0for g to befinite. However, v(1—o)4+0 <0
and A > é imply anegative g. For thisreason, in the text we assume~ < 0. Finaly, notice that, althoughin
this specific case the instantaneous utility function must be strictly concave if the economy has to have a positive
and finite g, thisisnot truein general, asthe next functional form we consider in the text —concavein (c, 2),
but nor strictly so— proves.



Table 2

Degree of adjacent complementarity and the speed of convergence

for various values of p

0.1 0.3 0.5 0.7 0.9
0.165 0.339 0518 0.698 0.878
0.027 0.088 0.150 0.213 0.275

RSN o

As asecond example, we consider the functional form:

, forc > z, (24)

witho > 0 and # 1. Thisutility function — proposed by Constantinides (1990) in his attempt
to solve the equity premium puzzle and used, among others, by Detemple and Zapatero
(1991) — implies that only the excess of consumption over the standard of living is valued.
Since CPZQOUC = o0 adz >0, ¢t > 2z > 0Vt. Inaddition, u,, u., u,, < 0,
U, — u?, = 0, assumption U4ismet, and j = A+ g+ p > 0, sowe are awaysin
the adjacent complementarity case. Findly, given1l — v = ¢ > 0, the steady-state growth

rate of the economy g = 4% ispositivefor A > 6.

With this utility function, onehasw; = 1, we = (1/A4), ¢ = g¢. Itfollows that &

evolves according to:

ke — k* = (ko — k*)e ™,

where;
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and that the upper bound on the ratio of initial conditions mentioned in footnote 4 above now

becomes (z /ko) < A. Using k, = e9'k,, the growth rate of per-capita output is:

k 4 (pPtg
gy = E = (kt> 1 <—A—|— p> (Ak‘() — Z())egt > 0.
Notice that:
2
. o (r+y p(A—g) ¢
— L _ B S Y Hi IO 2
Gy = (k) <A—|—p> (Ako ZO)[ZO e (25)

which is negative for (zo/ko) € (0, 24-2)), and positivefor (z/ko) € (252, A).

The first attractive property of the functional form under consideration is that these
equilibrium paths — derived using (17a)-(17c), and therefore alocal approximation around
the steady-state — coincide with the globa dynamics of the variables that one gets by solving
system (14a)-(14c) directly .

The second concerns the fact that the results obtained with time-separable, Stone-Geary
preferences used in agrowth setting by Christiano (1989) and Rebelo (1992) are aspecial case
of our model with instantaneous utility given by (24) and p = 0.

To appreciate this — and following Rebelo, who works with an Ak technology and
whose model is therefore closest to ours—, consider the Stone-Geary utility function:

(c—@e)t°
= >0 1
u(c> 1 — g ) g J % ?

where the positive constant  is the subsistence level of consumption, and ko > k, k = (¢/A).
Since an Ak technology isassumed, & can be interpreted as the amount of capital needed to
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produce the subsistence level of consumption.

Itis easy to show that, given thisutility function, in equilibrium:

ke =+ (ko — B)e,

gy = (k:t)flg(kro — l;:)egt >0,

gy = (k) 2% (ko — k)e%"k > 0, (26)

whereg = % . These are the same solutions that would be obtained assuming the functional
form (24) and setting p = 0, sothat z, = 2y = ¢ Vt, implying that customary consumption
is just constant at the subsistence level ¢. Comparing (25) and (26), it isclear that —
bacause it allows a changing level of = — (24) is generally consistent with a wider range
of possibilities in terms of transitional dynamics toward the steady-state growth path: while
p = 0 (and therefore a Stone-Geary utility function) yields the implication that the growth
rate of per-capita output and the saving rate must necessarily be increasing over time along
the transition, they can be either increasing or decreasing when p # 0 and the dynamics of
habits feed back to consumption and accumulation choices. Since the evidence documented in
Figure 4 suggests that there is not a clear, common, pattern with which countries converge to
their long run growth paths — with some countries seemingly converging “from above”, and
some “from below” —, in our opinion this makes the model with intertemporally dependent
preferences more appealing than the departure from CIES preferences represented by the use

of a Stone-Geary utility function with a constant reference level of consumption.

8. Concluding remarks

In this paper we studied an endogenous growth model with intertemporally dependent
preferences and “Ak” technology. Working with a generic instantaneous utility function, we
first provided sufficient conditions that this latter has to meet for a balanced growth path to
qualify as an equilibrium when preferences are intertemporally dependent. We then provided
afull characterization of the equilibrium dynamics of the economy, focusing on the situation of
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“inward-looking”, or “internal” habits and unveiled the difference between the “adjacent” and
“distant” complementarity cases, which is central to most of the literature on habit formation.
We chose to focus mainly on the case of adjacent complementarity, so that ¢ and =z will be
positively related in equilibrium, as we regarded the addictive behavior it implies as more
relevant in the one-sector framework we considered.

Finally, we explored the implications of habit formation for the patterns of cross-country
growth and convergence, showing that these latter are consistent with two kinds of convergence
of a country’s per capita income to its long-run growth path: a convergence “from above’,
with growth and saving rates increasing over time and asymptotically approaching the constant
value they will take on in balanced growth, and aconvergence “from below”, with growth and
saving ratesinitially high, but then declining over time. The model predicts that countries that
will display the first type of convergence are those whose initial endowment of consumption
experience in relation to that of physical capital is high; on the other hand, countries
characterized by an initialy relatively low ratio of consumption experience to physical capital
should converge “from below”. Under adjacent complementarity, the latter will initially save
alot, growing during the transition stage at rates which are high, but declining towards a
constant, steady-statelevel.

Our model is consistent with available evidence that suggests of the empirical occurrence
of both kinds of convergence and the absence of aclear association between acountry’s starting
level of per capitaincome and the type of convergence it will display along the transition. For
instance, acountry that is“poor” at time zero could also have alevel of reference consumption
which is low in absolute terms, but high when compared with the endowment of physical
capital — maybe because of the lower bound placed on z by subsistence consumption, or
because its consumption standards are set by a comparison with richer countries with which
it interacts closaly. It will therefore converge “from above” in the very same way as a “rich”
country that starts off better endowed with both customary consumption and physical capital,
but having a similar initial habits to capital ratio. Although these different patterns of growth
and convergence are cons stent with the neoclassical model with an exogenousrate of technical
progress, thislatter has counterfactual implicationsthat are absent in our setting.



Appendix 1

Proof of Proposition 1

The current-value Hamiltonian for problem (P1) is:

H=u(c,z) + MAk — ¢) + pp(c — 2),

where A and ¢ are the co-state variables associated with k£ and z, respectively.

It followsthat, among the necessary conditions for (P1), we have:

U+ pp = A (A.11)
A= (6— A\ (A.12)
o= (p+6)p—u,. (A.13)

By differentiating (A.1.1) with respect to time, and using (A.1.2)-(A.1.3), one gets:
Ueel + Uey 2 = (6 + p)ue — (A + p)A + pu,
which can be rearranged as follows:
cUee(¢/c) + 2uc, (2] 2) A u

=(6+p)— (A+p)—+p—. (A.1.4)

Z
Ue Ue Ue

To be an equilibrium, abalanced growth path must satisfy (A.1.4). Sincec and z grow
at the common rate g in balanced growth, in steady-state equilibrium (A.1.4) becomes:

CUee + ZUes A Uy
g lil =(+p) —(A+p)—+p—. (A.15)

Ue Ue Ue
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Let us assume that « is homogeneous of degree v in (¢, z), o that u. is homogeneous
of degree (v — 1) inthe same variables. Euler’s theorem then implies:

ClUee + ZUcy | U1
U ’

so that the left-hand side of (A.1.5) is a constant. For a balanced growth path to be an
equilibrium, the right-hand side of (A.1.5) must also be constant. Since homogeneity of
implies that the term (u./u.) isafunction of theratio (¢/z) only — aconstant in steady-state
growth — thisrequires:

Ue _ A
D)

Ue

I

or, using (A.1.2) and evaluating at the steady-state the rate of change of the marginal utility of

consumption,

glv—1)=6—-A.

By rearranging, one obtains v = % + 1, or the equivalent expression for the
relationship between g and the degree of homogeneity of « given by equation (6) in the text.
Notice that the requirement of positive steady-state growth and Assumption T1imply v < 1.

Finally, it is easy to verify that, in steady-state growth, (/i) = (A/X) = 6 — A. It
follows that, for abalanced growth path to satisfy the transversality conditions associated with
problem (P1),

lime Nk, = 0,

t— o0

bt
lime “"pu,2ze = 0,

t— o0

one must have A > g. We restrict the parameters in the model so as to make sure that this
inequality always holds, implying that the balanced growth path just characterized satisfies al
the necessary — and, given our assumptions, sufficient — conditionsfor an optimum.



Appendix 2

Derivation of equations (17a)-(17¢)

Since & does not enter (14a)- (14b), we begin our local analysis of the equilibrium
dynamics associated with system (14) by focusing on the pair (¢, %). The dynamics of & follow
recursively, through (14c).

By linearizing (14a)-(14b) around the steady-state, one gets:

lj _J. l;”: 21 , (A2.1)

where

/= [A::p —(p_ig)]’

and j is given by (16) in the text. The two roots of the characteristic equation associated with

system (A.2.1) are:

(A.2.2)

where

A= (A-g+4A+p)(p+g) — 4pj
= 4-{[(A;rg)+p1 —pj}.

Using the definition of j:
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A ? 1 A ? A
[( ;rg)er] —pj=<u*>-{[%+p] %ﬁ%l%ﬁ]%ﬁp%ﬁg}ZO,

(A

because the term in curly brackets is a quadratic form in [ ;g) + p} and p, and the Hessian

of u IS negative semidefinite.

It follows that concavity of the instantaneous felicity function implies:

pj < [“‘2*9) +p] | (A.23)

so that A> 0, and thetwo rootsin (A.2.2) arereal.

Given thisresult, and the fact that Trace(J) = A — ¢ > 0, the sign of these roots can
be determined on the basis of the sign of the determinant:

| J=pi—(A+p)(p+9)

When j < 0, the Jacobian determinant is negative and we have two real roots of
opposite sign. To make sure that the system is also saddlepath stable in the case of adjacent
complementarity (j > 0) on which we focusin the text, we assume:

pj < (A+p)(p+g),

which amounts to the restriction on j in (16). Notice that, given (A + p) (p + g9) <
2

[L;g) + p} , any value of j consistent with saddlepath stability is also consistent with

concavity of u, and the upper bound that this assumption imposes on j (see A.2.3).

We shall use ¢ to denote the positive characteristic root associated with the linearized
version of system (14), and, as stated in thetext, use —1 to denote the negative one:
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-9 \/lL;W i p] i (A2.4)

Notice that, although j depends on the second partial derivatives of « evaluated at the
steady-state (¢*, 2*), homogeneity of « implies that these roots are not a function of theinitial
conditions (ko, 20). Infact,

(A4 g+ 2p)usz(1, 52-) + puzz(1, 52-)

' ptg
’U,gg(l —) '

It follows that changes in the initial conditions will determine paralel upward or
downward shifts of the saddlepathsin Figures 1 and 2.

We a so define the two constants w; = While the second one is

— 1
o V2 = Tgree
always positive, the sign of w; depends on that of (p + ¢ — ), which is the same as the sign

of j. To seethis, noticethat, using (A.2.4):

o= [@”} _\/[@ﬂ)r—pj,

where we know that the term under theradical is positive. It followsthat (p + g — ) =2 0 as
jz0.

These definitions and results imply that the general solution of system (A.2.1) can be

written as follows:



&G —& = Me V4 Qe (A.2.5)

Zg — g’* == lelefwt + <ﬁ> QQGCt, (A26)

where Q; and €2, are arbitrary constants, to be determined using the initial conditions on the
state variables and the transversality conditionsin (12). Using (A.2.5) inthelinearized version

of the law of motion of & and solving the resulting first-order, non-autonomous differential

equation, yields:
l;?t — l;:* = |:(l{70 — l;:*) — CUQQJ €(A7g)t + u}291€7wt +
Q
<m> (G(Aig)t — ect). (A27)

Given ) constant, the first transversality condition in (12) requires:

lim 67(A7g)tl;7t = thm {ei(Aig)tl;?* + |:(l{70 — l;'*) — CUQQJ +

t—o00
{2y > (1 —els-(A-altpy — g,

wo ) 67(A7g+w)t + <
298] g—A—I—C

Since¢ — (A —g) = > 0, for the transversality condition on the capital stock to be met

one must have:

Qy = 0, (A.2.8)
0 = <i> (ko — k*), (A.2.9)

W

which imply that, inequilibrium, (A.2.7) becomes:

ke — k* = (ko — k*)e . (A.2.10)
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Now noticethat, using (A.2.8) in (A.2.5)-(A.2.6), evaluating at time¢ = 0 theresulting
expressionsfor (¢; — ¢*) and (Z, — 2*) and, taking (A.2.9) into account, one obtains:

o — & = <wil> (20— 2) = <w%> (ko — k*). (A.2.11)

By plugging the expressions for s*and k* as a function of &* given by (15a)-(15b) into
the second of these equalities, one gets:

thisresult, used in the first equality in (A.2.11), yields:

. (ptg)

0 =

. (A—yg)

Finally, itis easy to verify that (A.2.5), (A.2.6) and (A.2.10) can be written as (17a)-
(17¢c) in the text, with ¢y and ¢* taking on the values just derived. Since these equilibrium
paths imply convergence to a steady-state in which all variables assume constant values, they
also satisfy the second transversality condition in (12).
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