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Abstract

Low interest rates can hurt capital reallocation and reduce aggregate productivity and output
in economies that rely strongly on intangible capital. This insight is obtained in a model in which
productive credit-constrained firms can only borrow against the collateral value of their tangible
assets and there is substantial dispersion in productivity. In a tangibles-intense economy with
highly leveraged firms, low rates enable more borrowing and faster debt repayment, reduce
misallocation, and increase aggregate output. Conversely, an increase in the share of intangible
capital in production reduces the borrowing capacity and increases the cash holdings of the
corporate sector, which switches from being a net borrower to a net saver. In this intangibles-
intense economy, the ability of firms to purchase intangible capital using retained earnings is
impaired by low interest rates, because they increase the price of capital and slow down the
accumulation of corporate savings. As a result, the emergence of intangible technologies, even

when they replace significantly less productive tangible technologies, may be contractionary.

Keywords: Intangible Capital, Borrowing Constraints, Capital Reallocation, Secular Stagnation
JEL Classification:

* We thank Andrew Abel, Andrea Eisfeldt, Antonio Falato, Maryam Farboodi (discussant), Fiorella de Fiore
(discussant), Simon Gilchrist, Adam Guren, Matteo Iacoviello, Arvind Krishnamurthy, Tim Landvoigt (discus-
sant), Guillermo Ordonez, Enrico Perotti, Vincenzo Quadrini and Stephen Terry, and seminar participants in
Boston University, Boston College, the Federal Reserve Board, the 7th Biannual Meeting of the Macro Finance
Society (UCLA 2016), the 2016 Barcelona Summer Forum Workshop on Financial Markets and Asset Prices,
the 2016 NBER SI Workshop on Macro, Money and Financial Frictions, the Bank of Spain, the Midwest Macro
Meetings, and the Cleveland Fed Day-Ahead Meeting on Productivity for very helpful comments. We thank
Christoph Albert for excellent research assistanship. Andrea Caggese acknowledges financial support from the
Ministry of Economics of Spain and from Resercaixa. The views expressed in this paper are solely the respon-
sibility of the authors and should not be interpreted as reflecting the views of the Board of Governors of the
Federal Reserve System or of anyone else associated with the Federal Reserve System. All errors are of course
our own responsibility.



1 Introduction

Real interest rates have decreased in the last decades, while economic growth has fallen short
of previous trends, developments that have been linked to a process of ’secular stagnation’
(Summers (2015), Eichengreen (2015)). At the same time, the developed world has experienced
a technological change towards a stronger importance of information technology and knowledge,
human and organizational capital, which has gradually reduced the reliance on physical capital
(Corrado and Hulten (2010a)), and which has been linked to the significant decrease in corporate
net borrowing (Falato, Kadyrzhanova, and Sim (2014), Déttling and Perotti (2015)).

This paper argues that the increased reliance on intangible capital and the low real interest
rates interact to hurt capital reallocation and reduce productivity and output growth. Aggregate
productivity depends on an efficient reallocation of resources from declining or exiting firms to
new entrants or expanding firms. The rise of intangible capital implies a growing importance of
the reallocation of intangible assets such as patents, brand equity, and human and organizational
capital. These assets cannot be collateralized, and their acquisition has to be financed mostly
using retained earnings. As a result, the corporate sector borrows less, holds an increasing
amount of cash, and switches from being a net borrower to a net saver. We show that this
shift not only adds additional downward pressure on interest rates, but also alters the dynamic
relationship between interest rates and efficiency in the allocation of capital. The decrease in
interest rates increases the price of these intangible assets, and reduces the ability of credit
constrained expanding firms to purchase them. Lower interest rates also decrease the rate at
which non-investing firms can accumulate savings to finance future expansions.

This alternative explanation of secular stagnation is consistent with crucial stylized facts
about recent trends in industrialized economies, such as declining interest rates, below-potential
growth, and large increases in net corporate savings and asset prices over GDP, and has poten-
tially important policy implications.

We formalize this intuition by developing a stylized model of an economy in which a pro-
ductive sector uses a technology with tangible capital, intangible capital and labor as com-
plementary factors in the production of consumption goods. We follow Kiyotaki and Moore
(2012) in assuming that this sector is populated by a continuum of firms that can only invest

occasionally. Firms suffer from financing constraints that prevent them from issuing equity, or



from borrowing any amount in excess of the collateral value of their holdings of tangible and
intangible capital. They have finite lives, and this prevents them from accumulating enough
savings to overcome their financial constraints. In equilibrium, they save as much as possible
in non-investing periods, and invest all of their accumulated net savings plus their maximum
available borrowing in investing periods. Any residual capital not absorbed by the productive
firm sector is used by an unproductive alternative sector, which as a result of being the marginal
buyer of capital also prices it. Therefore, aggregate productivity in this economy depends on
the ability of growing high-productivity firms to absorb the assets liquidated by the exiting
firms. The consumer sector is modelled as overlapping generations of households displaying a
realistic life cycle, modelled in a way that enables us to obtain an equilibrium interest rate in
the steady state which is not necessarily equal to the household rate of time preference.

We first inspect the analytical solution of a simplified version of the model to describe four
channels through which lower interest rates interact with the intensity of intangible capital in
firms’ production function to affect the steady state equilibrium of our economy. First, a debt
overhang channel allows net borrowing firms to pay down their debt more easily when interest
rates are low, and helps capital reallocation. Conversely, a savings channel operates when the
firm sector is a net saver, and reductions in the interest rate decrease the speed of accumulation
of savings and hurt capital reallocation. Third, lower interest rates that increase the price
of tangible and intangible assets reduce the amount of capital firms can purchase for a given
amount of net worth and borrowing capacity, a capital purchase price channel. Fourth, a lower
interest rate increases the present value of the collateral pledged next period, and reduces the
size of the downpayment necessary to purchase capital, improving capital reallocation through
a borrowing/collateral value channel. The analytical solution of the simplified model provides
a clear illustration of the main theoretical finding of the paper: in an economy with relatively
low collateral value of capital, the negative channels dominate and a drop in the interest rate
worsens the allocation of resources and reduces aggregate investment, productivity and output.

In the remaining sections of the paper we calibrate and simulate our full general equilibrium
model to study how the parallel developments in the household and the corporate sector have
interacted to generate aggregate patterns consistent with the secular stagnation hypothesis. In

the household sector, we model a progressive decrease in individuals’ rate of time preference,



which puts downward pressure on the equilibrium interest rate. We interpret our exercise as
a shortcut for a collection of different factors, such as population aging, wealth and income
inequality, financial deepening and foreign sector developments, which have contributed to in-
crease households’ demand for savings in the last 40 years. In the corporate sector, we introduce
a gradual shift in the reliance on intangible capital of firms, from the pre-1980 economy, in which
intangible capital accounted only for 20% of aggregate capital, to the post-2010 value of 60%
of total capital (1 = 0.6) (Corrado and Hulten (2010a), Falato, Kadyrzhanova, and Sim (2014),
Dottling and Perotti (2015)). Since we assume that intangible capital is more productive than
tangible capital, this gradual shift is consistent with the notion of the transition to intangible
capital as a privately optimal choice of firms adopting more productive technologies.

We find that while the household sector developments in isolation and the corporate sec-
tor developments in isolation are both expansionary, the combination of both developments is
contractionary. The increase in household net savings puts downward pressure in interest rates
and, even though it encourages capital creation and increases high-productivity firms’ ability
to borrow and pay down their debt, affects capital allocation negatively by increasing capital
prices. Firms’ increased reliance in a type of capital which attracts less external finance de-
creases corporate leverage and tightens firms’ borrowing constraints significantly. Firms switch
from being net borrowers to being net lenders, and the share of output produced by the high-
productivity firms drops significantly. The lower corporate borrowing puts downward pressure
on interest rates, which amplifies the misallocation of capital through a capital purchase price
channel and a savings channel. Despite the fact that capital creation increases strongly, and
that the economy is shifting to a higher reliance on a type of capital which is significantly more
productive, the output drop caused by the combination of both developments is in excess of
1%.

We interpret this comparative static exercise as capturing the developments in the US econ-
omy following the rise in the share of intangible capital and the rise in net household and foreign
sector savings in the last 40 years. In this respect, this simple model is remarkably consistent
with a series of well documented trends during this period: i) net corporate savings increased as
a fraction of GDP; ii) household leverage increased as a fraction of GDP; iii) the real interest rate

fell; iv) intra industry dispersion in productivity has increased; and v) output and productivity



progressively declined relative to their previous trends. While the importance of the rise in
intangible capital for stylized facts i)-iii) has been already shown by Falato, Kadyrzhanova, and
Sim (2014) and Dottling and Perotti (2015), this paper is the first to show that it is potentially

very important in explaining the low growth.

Related Literature

The secular stagnation hypothesis as an explanation of recent economic trends has been
proposed, amongst others, by Summers (2015) and Eichengreen (2015). One prominent example
of a formalization of these ideas is Eggertsson and Mehrotra (2014), who show how a persistent
tightening of the debt limit facing households can reduce the equilibrium real interest rate
and, in the presence of a zero lower bound and sticky prices, generate permanent reductions in
output.1

Common to most of these accounts of secular stagnation is that the excess savings arise from
the household or the foreign sector, but not from a decrease in the demand for those savings
from the corporate sector. For example, Summers (2015) and Eichengreen (2015) mention
factors such as population aging and a rise in savings of developing economies. An exception is
Thwaites (2015), who explains the decrease in interest rates as a result of the decrease in the
relative price of investment goods. In our model, a realistically calibrated increase in the use
of intangible capital can achieve a substantial decrease in interest rates. More importantly, our
paper identifies a novel misallocation effect of endogenously low real interest rates which has
important policy implications, different from those of other existing secular stagnation theories.

The rising use of intangible capital has been documented by Corrado and Hulten (2010a),
and its relation to the decrease in corporate borrowing and the rise in corporate cash holdings has
been shown empirically by Bates et al. (2009). Falato et al. (2014) and Dottling and Perotti
(2015) introduce models that describe how the rise in intangibles can lower the equilibrium
interest rate by decreasing firms’ net borrowing. Giglio and Severo (2012) link the decrease in
interest rates caused by the rise of intangibles to the appearance of asset price bubbles. Our
contribution to this literature is to describe a mechanism through which the rise in intangibles

can have a negative impact on aggregate capital reallocation and growth.

LOther recent theoretical papers with alternative explanations of secular stagnation are Bachetta et al (2015)
and Benigno and Fornaro (2015).



Finally, our paper is related to the literature on the determinants of aggregate investment. A
broad class of investment models predict that lower interest rates reduce the user cost of capital
and stimulate investment. However, a large body of empirical research finds very little evidence
of this negative relation (e.g. see, Caballero (1999), and Schaller (2007)). More recently,
Kothari, Lewellen and Warner (2015), using a multivariate regression framework that includes
as additional determinants of investment corporate profits, stock market returns, credit spreads
and GDP growth, find a positive relation between lagged risk free interest rates and aggregate
investment up to 2 quarters into the future. In our general equilibrium model, aggregate capital
and interest rates are both endogenous and they may correlate positively or negatively with each
other depending on the relative importance of tangible and intangible factors of production, with
a positive relation which prevails, because of the rise in intangibles, during the post-1980 period.

The rest of the paper is organized as follows. Section 2 introduced the empirical evidence
that motivates this paper. We describe a very simple model in Section 3 that conveys the basic
intuition of the mechanisms we introduced in this paper, and develop a full-fledged general
equilibrium extension in Section 4. The steady state and calibration of the general equilibrium

model are described in Section 5 and the simulation results in Section 7. Section 9 concludes.

2 Empirical Motivation
In this section we summarize the key stylized facts that motivate our model.

1 - Developed economies are significantly more reliant on intangible capital now
than in the 1980s, and this technological shift has been linked to the simultaneous

transition of the corporate sector from net debtor to net saver

The developed world has experienced a technological change towards a stronger importance
of information technology and knowledge, human and organizational capital, which has gradu-
ally reduced the reliance on physical capital (Brown and Petersen (2009), Corrado and Hulten
(2010a), Falato, Kadyrzhanova, and Sim (2014)). In the U.S., intangible as a share of total
capital went from around 0.2 in the 1970s to 0.5 in the 2000s ( Falato, Kadyrzhanova, and
Sim (2014)). In parallel, there has been a shift in the net financial position of the nonfinancial
corporate sector from a net borrowing position roughly before the year 2000 into a net saving

position (Armenter and Hnatkovska (2016), Quadrini (2016), Chen, Karabarbounis and Neiman



(2016), Zetlin-Jones and Shourideh (2016)).

The empirical evidence suggests that these two trends are related. The process of techno-
logical change has been linked to a lower availability of collateral for the corporate sector, which
has lowered its debt capacity. Brown, Fazzari, and Petersen (2009) document that U.S. firms
finance most of their R&D expenditures out of retained earnings and equity issues, an obser-
vation in line with the conclusion in Hall (2002) that R&D-intensive firms feature much lower
leverage on average than less R&D intensive firms. Gatchev, Spindt and Tarhan (2009) docu-
ment that, in addition to R&D, also marketing expenses and product development are mostly
financed out of retained earnings and equity. This is in contrast to tangible assets, which are
mostly financed with debt.? The process of technological change has been linked to an increase
in the precautionary motives for cash accumulation to avoid future financial shortages (Bates,
Kahle, and Stulz (2009), Falato, Kadyrzhanova, and Sim (2014), Falato and Sim (2014), Dot-
tling and Perotti (2015), Begenau and Palazzo (2016)).> As a result of lower debt and higher
cash holdings, net debt in the nonfinancial corporate sector has decreased significantly, and,
under some measures, turned negative.*

Furthermore, firm level empirical evidence suggests that the observed link between intangible
intensity and high cash holdings is driven by financial frictions. Begenau and Palazzo (2016)
introduce evidence showing that an important determinant of the increase in cash holdings of
public firms is the increase in frequency of new firms that are very R&D intensive, and suggest
that these trends are consistent with a model where cash holdings are driven by financial frictions

of the R&D intensive firms and costly equity financing. Similarly, Falato et al. (2014) show

*Inventory investment and investment in machinery and equipment are mostly financed with debt, which has
been shown empirically to be the case. This is perhaps most clear in the case of leases, which can be interpreted as
collateralized debt financing in which the debtor can very easily repossess the leased asset in case of default. The
structure of lease contracts, designed to facilitate repossession and redeployment of the leased asset, suggests that
they are most useful in the case of assets that are not highly firm specific and can easily find alternative uses.
Eisfeldt and Rampini (2009) report that a big share of machinery, equipment, buildings and other structures
are financed with leases. Inventory investment and other assets with short maturities under one year attract
substantial debt finance in the form of trade credit and bank credit lines (Petersen and Rajan, 1997; Sufi, 2009).
Finally, investment in commercial real estate is primarily financed with mortgage loans (Benmelech, Garmaise,
and Moskowitz, 2005). Furthermore, these authors find, consistent with the results in this paper, that higher
asset redeployability leads to larger loans with longer maturities.

3Lack of access to debt financing of firms that rely on intangible capital could be compensated by easy access
to equity financing. While easy access to equity financing would be consistent with the observed lower leverage of
these firms, it would be harder to reconcile with the remarkable accumulation of cash holdings. A large body of
evidence shows that external equity financing is significantly costly (Altinkilic and Hansen (2000), Gomes (2001),
and Belo, Lin and Yang (2016)).

4Different authors use slightly different measures of liquid financial assets in corporations’ balance sheets,
leading to different measures of net debt positions. The trends however are robust to alternative definitions of
net debt.



empirically that the relation between reliance on intangible capital and cash holdings is stronger

among firms for which financing frictions are more severe.

2 - Productivity dispersion has increased in intangibles sectors during recent

decades, while it has remained roughly constant in tangibles sectors

Kehrig (2015) analyzes establishment level manufacturing data from the US Census, and
documents a significant increasing trend in the dispersion of productivity across firms within
sectors over the last 40 years. The research mentioned above shows that the rising intangible
capital share is related to an increase in firm level cash holding to overcame external finance
constraints. If the misallocation of resources caused by financial constraints is a factor con-
tributing to the increase in productivity dispersion, we should expected the latter to be more
pronounced in sectors with higher intensity of intangible capital.

In order to investigate on the relation between intangible capital and productivity dispersion,
we use accounting data of 34,900 US corporations obtained from COMPUSTAT covering the
period 1980 to 2015, containing 379,318 firm-year observations. We define intangible capital as
the sum of knowledge capital and organizational capital. We follow Falato et al. (2014), and
measure the former by capitalizing research and development (R&D) expenses, and the latter
by capitalizing Selling, General and Administrative (SG&A) expenses weighted by 0.2.°¢ The
expenditures are capitalized applying the perpetual inventory method with a depreciation rate
of 15% for R&D and 20% for SG&A. In order to get a measure for tangible capital, we also use
the perpetual inventory method to capitalize tangible capital expenses with a depreciation rate
of 15%. We drop firms that are only observed once, firms that are not observed in a continuous
time period and exclude regulated, financial and public service firms. We consider sectors at the
2-digit SIC level, and drop those with less than 500 firm-year observations. We measure output
by sales, labor input by the number of employees, and total capital by the sum of capitalized
tangible and intangible capital.

We consider two alternative productivity measures: labor productivity (y) and TFP (A),

% A portion of SG&A expenses capture expenditures that increase the value of intangible capital items such as
brand names and knowledge capital. Part of SG&A expenditures however do not affect the value of intangible
capital, so Falato et al (2014) follow Corrado, Hulten, and Sichel (2009) and assume the portion relevant to
intangible capital is around 0.2.

SFalato et al (2014) also consider informational capital. However, they state that their results do not depend
on its inclusion. As informational capital can only be measured at the industry level but not at the firm level
using Compustat data, we choose not to include this type of capital.
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Figure 1: Within industry dispersion in firm-level labour productivity, Compustat Data

which is defined as the residual of a Cobb-Douglas production function with a capital share of
income equal to 0.35 (Kurtzman and Zeke (2016)). To control for outliers we drop firms in the
first and 99th percentile of the distribution of labor productivity. Our measure of misallocation,
the productivity dispersion, is computed by the standard deviation of the difference between
the logs of the productivity of firm ¢, and the aggregate productivity of the industry s firm ¢
operates in.

Figures 1 and 2 plot the dispersion of labor productivity and TFP, respectively, in 2-digit
SIC industries over time (normalized by the value in 1980). In both figures the left graph
shows average dispersion for all sectors, and it replicates the upward sloping trend already
documented by Kehrig (2015) using establishment level data. In the right graph the orange line
shows the mean of the dispersion measure across industries (weighted by sales) in the top 50%,
and the green line in the bottom 50%, of the distribution of the industry-wide ratio of intangible
capital to total capital (averaged across years).” Both figures show that the constant rise in the
within-industry dispersion of productivity is driven by the sectors with higher average share

of intangible capital. This evidence is consistent with the hypothesis that intangible capital

"The high intangible share sectors are: Chemicals and Allied Products; Industrial and Commercial Machinery
and Computer Equipment; Electronic & Other Electrical Equipment & Components; Transportation Equip-
ment; Measuring, Photographic, Medical, & Optical Goods, & Clocks; Miscellaneous Manufacturing Industries;
Wholesale Trade - Durable Goods; Home Furniture, Furnishings and Equipment Stores; Miscellaneous Retail

Business Services; Engineering, Accounting, Research, and Management Services.

The low intangible share sectors are: Oil and Gas Extraction; Food and Kindred Products; Paper and Allied
Products; Rubber and Miscellaneous Plastic Products; Stone, Clay, Glass, and Concrete Products; Primary Metal
Industries; Fabricated Metal Products; Wholesale Trade - Nondurable Goods; General Merchandise Stores; Food
Stores; Apparel and Accessory Stores; Eating and Drinking Places.
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Figure 2: Within industry dispersion in firm-level total factor productivity, Compustat Data

Labour productivity Total Factor productivity

w

- e |
2 2
Ew <
g z
= B
8 2

@ @

1980 1985 1990 1995 2000 2005 2000 2015 1980 1985 1990 1996 2000 2005 2010 2015
Data Year - Fiscal Data Year - Fiscal

%0% of sectors with lower average sales growh
50% of sectors with higher average sales growth

Figure 3: Within industry dispersion in productivity for high growth and low growth sectors,
Compustat Data.
exacerbates misallocation problems caused by financial frictions.

One alternative explanation could be that the "high intangible share" sectors do not have a
worse allocation of resources, but rather are more dynamic and fast growing, and the increase
in dispersion of productivity reflects this higher dynamism. However in Figure 3 we show that
sectors with high average sales growth have lower productivity dispersion in the whole sample
period.

Furthermore, Table 1 shows regression results where the dependent variable is a measure
of productivity dispersion for each 2-digit sector-year observation. Among the regressors we
consider: the dummy "High share", which is equal to one if the sector belongs to the 50%

2-digit industries with highest average intangible share, and equal to zero otherwise; a time
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Table 1: Intangible share and dispersion in productivity. Regression analysis.

(1) (2) (3) (4)

VARIABLES TFP TFP y y
Time trend -0.000892 0.00316%**
(0.000837) (0.000737)
Time trend*High share 0.00558%** 0.00370%**
(0.000622) (0.000548)
High share 0.0897#** 0.110%**
(0.00990) (0.0144)
Observations 828 828 828 828
R-squared 0.112 0.632 0.134 0.869
Industry FE no yes no yes
Year FE yes yes yes yes

trend; year and sector fixed effects. In columns 1 and 2 the dependent variable is the dispersion
in total factor productivity. Column 1 includes year fixed effects, and shows that the dispersion
is significantly larger for sectors with higher intangible share. Column 2 includes a time trend,
interacted with the High share variable, and both sector and time fixed effects. It shows that the
trend in dispersion over time is significantly more positive in the 50% most intangible sectors
than in the other sectors, confirming the significance of the result shown in Figures 1 and 2.
Similar results, across the two groups of high and low intangibles sectors, are obtained using

labor productivity, as shown in columns 3-4.

3 Simple and Intuitive Explanation of the Mechanisms

We introduce in this section the simplest possible model that can describe our proposed mecha-
nisms and deliver analytical results. Our main interest is studying how exogenous interest rate
variations affect the allocation of capital and aggregate output depending on the degree of tan-
gibility of capital. This framework is extended in Section 4 in a full-fledged general equilibrium
setup that can be used for realistic quantitative analysis.

Consider an infinite-horizon, discrete-time model of an economy. Firms use capital, which is
in constant aggregate supply F, to produce a homogeneous consumption good using a constant
returns to scale technology. There are two types of firms, high-productivity and low-productivity.

Efficiency is determined by the share of K allocated to high-productivity firms. Here we present
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the aggregate steady state equilibrium conditions, and introduce the details of the derivation of
this simple model in Appendix A.

Aggregate output in the steady state is
Y =YP4+Y"+Y"=z2K+2"(K-K), (1)

where z captures the productivity of high-productivity firms, and z* < z captures the produc-
tivity of low-productivity firms.
Aggregate capital holdings K of the high-productivity firms, which are assumed to be finan-

cially constrained, are
A¢(1+r)+Y°

K = (2)
[
0<6<1
where
Zu
== 3
1 r4£& (3)

is the price of capital. Low-productivity firms, which are financially unconstrained, have aggre-
gate capital holdings of K — K, are the marginal buyers of capital, and price it according to their
marginal productivity. The parameter & captures a pricing wedge (such as a risk premium).8

The numerator of (2) captures the total funds available to high-productivity firms to invest,
and is assumed to be positive in equilibrium. It is equal to the aggregate net savings or liabilities
of the high-productivity firms A¢(1 + r), including their return r this period, plus output
generated when young Y©? The denominator of (2) captures the downpayment necessary
to purchase one unit of capital. High-productivity firms can borrow using one-period debt up
to a fraction 6 of the value of capital next period, and have to pay ¢ per unit.

We now describe the four main mechanisms through which interest rates interact with the
degree of reliance on intangible capital to affect the allocation of capital and aggregate output.

We capture reliance on intangible capital by two features: positive A¢ and low 6. Intangible

capital is poor collateral (low 6), so firms that rely on intangible capital instead accumulate

1n the full general equilibrium model of Section 4, a positive wedge ¢ arises endogenously because of capital
depreciation and because of decreasing returns to scale in the low-productivity firms’ production function.

“Equation (2) is derived in Appendix A from the equilibrium of a model in which overlapping generations of
firms live for two periods, and receive an endowment of A°(1 4 r) 4+ Y® when they are born.
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retained earnings and are more likely to be net savers (A° > 0). Tangible capital has a high
collateral value (high 6), so firms that rely on tangible capital are able to borrow more and
are more likely to be net borrowers (A° < 0). Importantly, this negative relationship between
tangibility of capital 6 and financial wealth of productive firms is consistent with the empirical
evidence, which we discussed at length in the previous section, and it arises endogenously in
the full model derived in Section 4.

If A° > 0, an exogenous increase in r benefits capital allocation by increasing available
savings to high-productivity firms to invest. That is the savings channel. If A® < 0, an increase
in 7 hurts capital allocation by decreasing available savings to high-productivity firms. That is
the debt overhang channel. The capital purchase price channel is the mechanism through which
increases in r hurt capital reallocation by increasing ¢ and making capital more expensive.
Finally, the collateral value channel is the channel through which increases in r hurt capital
reallocation by decreasing the value of firm’s collateral (the term 6/ (1 + r)) and tightening the
borrowing constraint.

How do these four channels depend on the intensity of intangible capital? Inspecting dK/dr,

dK A° L 0
[r+§ (I+r—-0)(1+r)

o p + K
)
we can identify the four channels described. The first term is positive if A€ > 0, capturing the
savings channel, and is negative if A¢ < 0, capturing the debt overhang channel. The first term
inside the square brackets captures the capital price channel and is always positive. The second
term inside the brackets represents the collateral value channel and is always negative.
How does the tangibility of capital matter for the effect of variations in r on the efficiency

of this economy? For clarity of exposition, assume that a tangibles intensive economy is one

in which A¢ < 0 and 6 > 0, and an intangibles intensive economy is one in which A¢ > 0 and

0 = 0. Then,
. dK A€ 1 0 .
o [ dr (ta"g'ble)] a m MR Py yrra AL (6) met, ()
1+r >0 <0
and
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dK A®  Af(1 Ye 1
S’Lgn |:W (intangible):| == 7 + < +;) + r +£ > 0 alWayS. (5)
>0 >0

% > 0 in an intangibles economy, meaning that a reduction in r is unambiguously con-

tractionary. It is instead most likely expansionary in a tangibles economy, particularly if the
responsiveness of ¢ to r is limited (£ is high) and the borrowing capacity is large (0 is high).
More specifically, a decrease in r is unambiguously expansionary if the following condition is

satisfied:
14+2r+12
14+2r+¢&°

(6)

Taken together, this analysis suggests that the degree of tangibility of capital in an economy
matters importantly for how exogenous variations in the interest rate affect capital allocation
and output, and describes four important channels through which these effects occur. It shows
that these effects can change sign, and falling interest rates can become contractionary in an
economy that relies on intangible capital.

Section 4 analyses these four channels in a full-fledged model in which we endogenize firm
financing constraints, firm saving and borrowing, investment, the interest rate, wages, the price
of capital, and household consumption and savings.

The Investment Demand Curve

To provide a deeper understanding of how the features of the equilibrium of this economy
change as a result of a transition from an economy reliant on tangible capital to one in which
intangible capital acquires a larger importance, we represent the equilibrium in the credit market
in Figure 4. The main objective is to provide an empirically relevant assessment of the slope of
the investment demand curve for different values of 8. To do so, we calibrate the parameters at
the annual frequency to be broadly consistent with observed moments of US data. We postpone
a more thorough calibration to the full model developed in Section 4. We study a range of the
real interest rate between r = 6% and r = 0%, consistent with the observed evolution of
real rates between the early 1980s and the present. We normalize the productivity of low-
productivity firms to z* = 1 and the output endowment to Y¢ = 1. We consider a tangibles
economy to feature a pledgeability parameter of capital § equal to 0.9 and a net borrowing

position equivalent to 20% of output (A° = —0.2). We consider an intangibles economy to
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Figure 4: Credit Market Equilibrium.

feature a pledgeability parameter of capital 6 equal to 0.4 and a net saving position equivalent
to 20% of output (A° = 0.2). The interest rate wedge £ is set at 20%, and is meant to capture
a combination of factors such as risk premia, default premia, and capital depreciation.

In the graph, the upward sloping savings curve captures the combination of the (unmodelled)
net savings of the household sector. Higher interest rates induce households to save more, under
the empirically realistic assumption that the substitution effect dominates the income effect for
them. The demand for capital by the investing firms is equal to the amount borrowed by
them plus (minus) the savings (debt) they carry over from the previous period. This curve
can be upward or downward sloping depending on the relevance of intangible capital in the
production function. In an economy where capital is interpreted to be of a tangible nature
(0 = 0.9 and A° = —0.2), an increase in aggregate savings has the effect of lowering interest
rates and increasing capital purchases from expanding firms. When there is a shift outwards in
the savings curve, the economy moves from point A to point C. The collateral value channel and
the debt overhang channel dominate. As a result, a larger share of the capital stock is in the
hands of the high-productivity firms, which improves the allocation of resources and increases

aggregate productivity and output. Instead, in an economy where capital is interpreted to
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be of an intangible nature (6 = 0.4 and A° = 0.2), the demand for capital curve is upward
sloping due to the strength of the capital price and savings channel. As interest rates rise,
firms demand more capital because they have larger savings and because the price of capital is
lower. In this case, an outwards shift in the savings schedule generates a decrease in equilibrium
capital purchases, because the decrease in interest rates it generates hurts reallocation of capital
towards high-productivity firms. The economy moves from point A to point B, worsening the

allocation of resources and reducing aggregate productivity and output.

4 (General Equilibrium Model

We introduce an infinite-horizon, discrete-time economy populated by an intermediate sector
which produces capital, by a final good sector in which firms use labor and capital to produce
consumption goods, and by households, who provide labor and own both sectors. There are
several important extensions to the simple model analyzed in Section 3, and we describe here the
main ones. We introduce an intermediate capital producing sector that allows us to endogenize
in equilibrium the aggregate stock of capital. In the final good sector, we model explicitly
tangible and intangible capital, and we derive endogenously the accumulation of financial and
physical assets of firms that live multiple periods. The household sector is a modelled as a life-
cycle framework, which allows us to endogenize the interest rate and study how it is affected

by demographic changes and other demand side factors.

4.1 The Capital-producing Sector

A representative firm in this sector chooses investment in tangible and intangible capital, re-

spectively I and I/, in order to maximize profits:
7o (HY
mpeant! 1 ()

where ¢ > 1,b/ > 0, and ¢ J¢ is the price of type of capital J € {T,I}. We allow for b7 and bl

to be time varying in order to capture trends in the evolution of the relative price of capital.
1

The first order condition yields I = ¢ (%) et , and profits are:
t

T
a7
J Jit
T = J;( _1)
bt el



At the beginning of period t total capital available is ftT and Ft[ . New capital I and I}
is produced and sold in period t, so that the aggregate dividends generated by the capital-
producing sectors are:

Df:ﬂf+7rt[

During period t tangible capital and intangible capital depreciate at the rates 0 < or <1

and 0 < ¢! < 1, respectively. And the law of motion of aggregate capital is:
—T —T
K =1 +(1-0"E,
—I —I
Ky = I/ +(1- 6K,
4.2 Final Good Sector

There are two types of final good producing firms: high-productivity and low-productivity.

4.2.1 The high productivity firms

There is a continuum of mass 1 of high productivity firms.

Technology and financing opportunities
High-productivity firms produce a final good using a constant returns to scale production
function which is Cobb-Douglas in labor and capital. The firms use two different types of
complementary capital, tangible and intangible. For simplicity, we assume that they are perfect
complements. The production function takes the form:
p_ (=) [ . kry k1"
)
where 0 < o <1, 0 < o < 1. The terms kr; and kj; represent tangible and intangible capital
installed in period ¢ — 1 that produce output in period ¢t. Finally, z; is a productivity parameter,
and ny is labor. The Leontief production structure implies that in equilibrium intangible capital
as a share of total capital in the high-productivity firms is equal to p. The only other difference
between the two types of capital is that we assume tangible capital to have an higher collateral

value than intangible capital.
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The budget constraint for high-productivity firms is given by the following dividend equation:
dy = yf +(1+r)ape—agier —qre (braer — (1= 0 kry) —are(kri — (L—6")kr ) —wing. (8)

where 7; is the interest rate paid or received in date ¢, g7 and gr; are the prices of tangible
and intangible capital, respectively, and w; is the wage. The term af; > 0 indicates that the
firm is a net saver, and ay; < 0 indicates that the firm is a net borrower.

High-productivity firms are subject to frictions in their access to external finance. They are

unable to issue equity, which means that dividends are subject to a non-negativity constraint:
dy > 0. (9)

They can issue one-period riskless debt, subject to the constraint that they can pledge, as
collateral, the fractions 7 and 6! of tangible capital and intangible capital, respectively. This
translates into the following borrowing constraint:

0T qr i 1krivs + 0 qr i1k
14 rea

afiy1 > — (10)

where 0 < #7 < 1 and 0 < 87 < 07" In reality, firms finance part of their investment with equity
issues, which could be captured in the model by assuming that dividends can be negative up
to a fraction of the firm’s value. However, rather than complicating the model further, in the
calibration section we consider equity financing by assuming larger values of 67 and 6! than
are normally assumed in the literature. This assumption is without loss of generality, because
assuming instead negative dividends proportional to the firm’s value and lower collateral values
of capital would not change our qualitative and quantitative results.

From the Leontief structure of the production function it follows that kr; = 1—;£k‘ 1.+~ There-
fore, from now onwards, we use this result to express all equations as a function of intangible
capital only. At the beginning of each period, both types of capital are predetermined and in
their optimal ratio k7 = I_Tuk[’t, and therefore the production function can be written as:

o =z~ () )

After producing, the firm’s technology becomes obsolete with probability ¢. In this case,
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the firm liquidates all its capital, and pays out as dividends all of its savings, including the
liquidation value of capital, and exits.

Firms cannot invest every period. More specifically, they can only invest in a given period
with probability n. This assumption, in addition to capturing the realistic feature that firms’
investment is lumpy (Caballero (1999)), is meant to allow firms to have the opportunity to
accumulate significant amounts of liquid savings, in line with the empirical evidence.

Optimization

Firms choose their investment and savings in order to maximize the net present value of their
dividends. Let A\ and ¥ be the Lagrange multipliers of constraints (9) and (10), respectively. We
define the value functions conditional on investing and not investing, respectively V7t (kr¢, ary)

and V= (kr4,ar,), as follows:

o7 k o' k
Vit (kg ape) = max (L4 A+ 9 (apgg + ATl T ALV
’ ’ ne,dtag t41,K1,t41 ’ 147
1 )
Thrn (1= )Viga (kr g1, ag ) + 0diTY] (12)
and
- 0T qri1kriir + 0 qriiikr i
Vi (kl,t,aft) = max (1+)\t)dt+19t afi+1 + ’ ’ ’ :
’ Nt Qf 41 ’ 14+ 741
1 )

+m (1= ¥)Viga (krg, apesr) + 0diTy] (13)

where d§7% is the dividend in case of liquidation and exit from activity:

. 1 _
dfmt — yf + (1 + ’rt)af,t + (1 — 5)QT,t a

krg+ (1 —0)qrikrs — wi, (14)

and Viy1(kr¢41,ar,+1) is the value function conditional on continuation but before the invest-

ment shock is realized:

Vier(kres1,afi41) =0V (ks aper) + (L =)V (krit1,ap441) (15)

The firm solves (12) or (13), subject to (8), (9) and (10). We next provide a characterization
of high-productivity firms’ optimal choices under the assumption that they are permanently

financially constrained. We claim — and check later in our calibrated simulations — that in
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equilibrium the marginal return on capital for high-productivity firms is always higher than its

user cost:

1— _ _ Iop
3yf+1 B aztﬂngﬂa) <k1’t+1>a 1 y (thl —u N q”> B (1-9) <QT,t+1 m +QI,t+1>'

Okrep1 1 7 1L+ 741

(16)

The implication of assumption (16) for investing firms is that the borrowing constraint (10)

is binding, and that firms choose not to pay dividends, so that the equity constraint (9) is also
binding. Making d; = 0 in budget constraint (8), using (8) to substitute for af.1 in (10),

assuming (10) is binding, and solving for k741, we obtain their level of investment:

vy —wing + (L+r)aps + (1 —96) <QT,t1_;H + QI,t> krt

1—p . T 4r,t+1 1*& I q1,t4+1
qart M Tare (9 T+rep1 +0 1+ri4a

(k141 | invest) = (17)

The right hand side of equation (17) is the maximum feasible investment in intangible capital
for a firm. The numerator is the total wealth available to invest. The denominator captures
the downpayment necessary to purchase one unit of kr ;41 and 1—;’1 units of k7 41. The term
qT,tl—;H + g1+ represents the total cost necessary to purchase these amounts of both types of
capital, and the term 67 fo“ iy gl lqi;“ is the amount that can be financed by borrowing.

Investing firms in equilibrium borrow as much as possible, and:

) qra+1 L—p 5 qri+
a invest) = — ( 67 == + 6 : k < 0. 18
(afi+1 | ) ( [ T Tt+1> 1,41 (18)

The implication of assumption (16) for non-investing firms is that they will not sell any of

their capital, and for these firms the law of motion of capital is:
(k141 | not invest) = (1 — 6)kry. (19)

Regarding the dividend and cash accumulation policy of non-investing firms, the first order

condition for cash holdings af ;41 is:
(T4+XM) =1 =) [n(L+ N +9) + (L—n) (L+ A q +9)] + 9, (20)

Substituting (20) recursively forward, it is clear that if the firm expects 9J; to be positive

now or in the future, then A\; > 0, and a non-investing firm will always retain all earnings and
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d; = 0. It is important to note that this is so because there is no cost of holding cash. Cash

holdings for non-investing are obtained by substituting d; = 0 and (19) in (8):

(afit1 | not invest) = yf + (14 7¢)ass — winy. (21)

Equations (18) and (21) determine the wealth dynamics of firms. A firm that invested in pe-
riod t—1 but is not investing in period ¢ has debt equal to —ay¢ = <9T 1(11;:1 Lu 4 gt f_ﬁ;:l) krit1.
It uses current profits y¥ —wyn, to pay the interest rate on debt —ra 7.+ and to reduce the debt
itself. As long as the firm is not investing, the debt —a; decreases until the firm becomes a net
saver and has ay; > 0. At this point, wealth accumulation is driven both by profits y¥ —wyng and
by interest on savings riay, until the firm has an investment opportunity and its accumulated
wealth (1+7;)ay, is used to purchase capital (see equation (17)). This discussion clarifies that
a lower interest rate r; helps the non-investing firm to repay existing debt (the debt hangover
channel), but it slows down the accumulation of savings after the firm has repaid the debt (the
savings channel).

Finally, the first order condition for ny, for both investing and non investing firms, implies
that given the wage w; and its predetermined capital k7 ¢, a firm will choose the profit maximizing
level of labor, which determines the optimal capital labor ratio:

w >
T:“[(1—;)zt] (22)

4.2.2 The low productivity firms

There is a mass one of identical low productivity firms who have access to two production

functions. Each production function combines capital k,;; with specialized labor nt JXJ

using
a constant returns to scale technology, where J = {I,T'} captures the tangibility of the capital

used. The total amount y;* of the homogeneous final good produced is then:

w _ ud 1—x71X1 uTleXT
Y =2 Ny Kyl et 20 gy Kt

where x; and xr determine the capital shares. We do not introduce the assumption of perfect

complementarity between tangible and intangible capital (which we do introduce for the high
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productivity firms) to gain tractability in the pricing of capital, as will become clear in the next
section. This is without loss of generality.
This sector is assumed to be able to finance capital with equity from the household sector

and to pay out all profits as dividends dj* to households every period:
dif =y — w;d”ul,t - w%LTnuT,t —dit (k‘?,tﬂ —(1- 5)]‘3%) —daqrt (k%,t+1 —(1- 5)k%,t) , (23)

in addition to remunerating households for their labor services (w;’g” Nl ¢+ wanuT,t).

The first order conditions for the two types of labor implies that given wages wi! and

w¥Tand a firm’s predetermined capital stocks kY, and k% ,, a low productivity firm will choose
the profit maximizing level of each type of labor, which determines the optimal capital labor

ratio: )

kqut:[ wi” ]_J (24)

Mudyt (1—xs) 2"
Given that low productivity firms are financially unconstrained, and provided that their
marginal return on each of the two types of capital is lower than for the high productivity
firms, the low productivity firms are willing to absorb all the capital not demanded by the high

productivity firms, at a price equal to their marginal return on capital.

4.2.3 Aggregation of the Firm Sector, and Pricing of Assets

We assume (see section 4.3) that the aggregate supply of all types of labor is normalized to
N = Ny; = Nur = 1. Since all high-productivity firms produce at the optimal capital labor
ratio determined by equation (22), and the production function is constant returns to scale, we

can aggregate production across firms to obtain:

K [e%
VP =z (f) . (25)

The wage is determined in competitive markets by the marginal return of labor:

w = (1—a) 2 (%)a (26)

and aggregate wealth W} of the high-productivity firms at the beginning of period ¢ is:

1—
Wi =YP —wi+ (14+r)Aps + (1 -0) <QT,t . = QI,t> K. (27)
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Aggregate capital is determined as follows. A fraction (1 — 1) of high-productivity firms
continues activity and a fraction 7 of those has an investment opportunity. They have a fraction
(1 — ) n of total wealth Wy, which they use to buy the amount of capital given by equation (17).
A fraction v of high-productivity firms exits, and is replaced by an equal number of firms with
an initial endowment of Wy and no capital. A fraction n of new entrants invest. Therefore, we
define total intangible capital in the hands of investing agents at the end of period ¢, expressed

in aggregate terms, as nK 111;7 Jyl, where K IU;[ +V1 is:

: _ ql
(ame =07 B ) 23 ane— 0

The (1 — n) fraction of surviving firms that do not have an investment opportunity continue

to hold their depreciated capital. Therefore aggregate capital for the next period is equal to:
Krprn =K+ (1 =68) (1 =) (1—n) Ky, (29)

It follows that aggregate tangible capital of the high-productivity firms is equal to:

1—
K = W 'UKI,tH (30)

Furthermore, we can aggregate the output of low-productivity firms, substituting labor

supply Ny = N7 = 1, and obtain:

— X — X
A (K’ - K,,t> Tyt (KT - KT,t> . (31)

The marginal return of capital in the high productivity firms is as follows. In order obtain

o oYp K\ @1 e : :
a marginal increase R = %zt < lﬁ ’t> , these firms purchase one unit of intangible capital

and I_T“ units of tangible capital. The equilibrium described above requires that the high-

productivity firms have the highest return on capital, or:

a (K N (el xi=b 1= g =T xr—1
;z,s - > 27 X <K —Kl,t) + . 27 X (K —KT,t> , (32)

where the right hand side of this inequality captures the marginal return of one unit of tangible

capital and 1—;’i units of intangible capital in the low-productivity firms.
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If condition 32 is satisfied, then it follows immediately that the prices of capital are:

w.l —7 xr—1 1-96
=0 (KK ) b ——2 i, 33
are = 27" X1 ( It Tt gy 1 (33)
and
—T xr—1 1-9§
qri = 2 xr (K _KT,t> +———qrit1, (34)
T+7e4a
By substituting (33) and (34) into (32), it follows that:
[0 K;t—&—l ol 1—5 1—,u 1—5
& (Lt -9 - -9 35
qut < P ) > qr 1+ riee qri+1 + y <QT,t 1+ 741 qT,t+1> ) (35)

which implies that the claim (16) is correct.

To compute aggregate financial assets of the high-productivity firms A1, we take into
account that, among the fraction 1 — ) of continuing firms, a fraction 1 — 7 simply accumulates
savings, while a fraction 7 borrows up to the maximum to invest. Among the fraction v of
new firms, a fraction n borrows up to the maximum, while the rest save their initial endowment

W :

Apprr = (=) [A=n) (V' + A +r) Az —w)] + ¢ (1—n) Wo

qre+1 L —p  op Qe INV
(T 2 B el I g . 36
g ( I1+rr p + 14 Tt+1> L+l (36)

At the aggregate level total investment (qT,tl—;’i + th) (K141 — (1 — ) K1) is also equal

to total resources available to invest:

(qut ! ; £y q1,t> (Kriv1 —(1=0)(1 =) Krg) = [(1 =) n (Y —we + (1+74)Ay) +hmWo]

qri+1 1—p 7 4It+1 INV
—— 6 = KNV, 37
i < I+r p * 1+ Tt+1> L+l (37)

Substituting (37) into (36) we obtain:

Af,t+1 = (1 - w) (Ytp —wy + (1 + Tt)Af,t)‘HbWO_ <QT,t £ + QI,t> (Kl,t+1 - (1 - 5) (1 - w) KI,t) )
(38)

Finally, total dividends paid out by exiting high-productivity firms to households are equal
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to:

DY =4 <Ytp —wi+ (1 +m)Ar + <QT,t £y QI,t> KI,t) — YW, (39)

and the dividends paid by the low-productivity firms are:

— T —T —T —T
Dy =Y —wiH —wiT —qp 4 {(K - Kl,t—H) - (K - KI,t)}_QT,t KK - KT,t+1> - <K - KT,t)} ;
(40)

4.3 Households

We consider a life-cycle model with two types of households, young and old, with measures
HY and H°, respectively, whose sum is normalized to 1. Young households supply 3 types of
differentiated labor: high-productivity firm labor (in exchange for wage w;), low-productivity
intangible technology labor (in exchange for wage w!), and low-productivity tangible technol-
ogy labor (in exchange for wage w¥’). There is an inelastic aggregate supply of one unit of each
type of labor. Young households receive a fraction v of the aggregate dividends. Households
remain young for N periods, and become old after N + 1 periods, so that there is a constant
fraction ¢ = % of young households for every age between 1 and N, and every period a measure
¢HY of households becomes old. Old households cannot work, receive a fraction (1 — ) of ag-
gregate dividends, and die with probability 0. The measure of old households H? is determined
as follows:

H® = (1—-0)H®+ ¢HY, (41)

while the measure of young households is:
HY = (1— )HY + NV, (42)

where NV is the constant measure of newborn households. From the assumption that Hy +H§” =
- %o -9 y_ o
1 follows that N¥ = et HY = ot and H} = Sio-
We follow Blanchard (1985) and Yaari (1965) in assuming that households participate in
a life insurance scheme when old. The insurance scheme works within a cohort, so that the
survivors within a cohort pay the debt of the dying (if they are in debt), or alternatively receive

the savings of the dying. An old household begins a period with net debt (1 + r;)b?. The

insurance contract specifies that the p fraction of old households that die transfer their assets
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(or debt) (14 r)b? to the life insurer. Among the fraction (1 — g) of households that survive,

if they are net savers (bf < 0) then they receive a return 1%@(1 + 7¢)b¢ on their assets, while if

they are net debtors (b¢ > 0), they make a payment of 1%Q(l +7¢)b¢ to the life insurer. For the

detailed solution of the households maximization problem, see Appendix B.

5 Steady State
5.1 Equilibrium

We consider a steady state equilibrium and drop reference to the time subscript t. We can

compute aggregate household borrowing as:
B=B°+ BY, (43)

where savings of the old B¢ is:

o_ _0 i A retiremen (1_9) B A 1—0p
B_¢+@N[<ﬁ+rﬂ—1+bt t)l—(l—g)ﬁ(lm Frr—1 o |

and savings of the young BY is:

o 1 A vd +w + wt + wiT
1

— - —A A bretirement 45
p+oN T 26N+ 48 (45)

BY

A, Ay, Ag, As,cy and bretirement are nonlinear functions of exogenous parameters, where the
latter is the borrowing (if positive) and savings (if negative) of a retiring young household. For
a detailed derivation of these terms, see Appendix B.

Total output of the high-productivity and low-productivity firms is, respectively,

VP — - (%)a (46)

and

Yt gl (FI . KI)XI 7T (FT - KT> X (47)
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Dividends d are given by:
d = DP + D" + D, (48)

where

DY =Y — i T g5 (FI . K1> —grd (FT — KT>

Dp:¢<OéZ (%) + (1 +7)Ap + <QT1;M+QI> KI) — YW,

DF = (i 1 i 1
- bT 11 ( - )+ bI 11 ( - )
== =

Aggregate cash holdings of the high-productivity firms in the steady state can be obtained

by combining (38), (25) and (26) to obtain:

(1= ) aze (52)" 4 uWo — (arzt +ar) [0+ 6(1 - )] Ky

i

A = (49)
! 1= (=) (14 7)
Aggregate borrowing is equal to aggregate savings, or
Af =B, (50)

and by Walras’ Law, the aggregate resource constraint is satisfied. In order to determine the

aggregate capital of the high-productivity firms, equation (29) in the steady state is equal to:

(1 =)W + ¢y Wo

lar (1-25) 2 +ar (1- &) |1 - (1= 9)(1 =) (1 = n)]
where W is defined using equation (27) in steady state:
_ Kr\* — 4
W:azt 7 +(1+7’)Af+(1—5) qr +qr K] (52)

We can also express (51) as

n(l—v) (aZt (%)a +(1+ T)Af) +nYWo

o (125 ) St +ar (1-£5) | 6 +v (1= 0] = (ar 5 + ars ) n(L = 9)(1 =)
(53)

Kr =

)

which has an intuitive explanation. The numerator is the aggregate amount of liquid resources

of investing firms. The denominator is the downpayment necessary to support one unit of
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capital in the steady state. It requires the replacement of the depreciated capital and the lost
capital of exiting firms (a fraction § 4+ v (1 —d)), and can benefit from using existing capital
held by the investing firms as collateral (fraction n(1 — §)(1 — 1)).

Finally, the prices of capital are determined by recursively iterating forward equations (33)

and (34):

—7 xr—1
ar = ——=""y (K'=k1)™ (54)

r+0

and

g -1
ar 2Ty (KT _ KT>XT : (55)

:7"—|—5

where aggregate capital and investment are given by

K= % (56)
and
1o () &
for J €{I,T}.

The steady state values of W, Ay, B, Ky, qr, qr, and r are jointly determined by equations
(43), (49), (50), (51), (52), (54), and (55).

5.2 Discussion

Assuming for simplicity that ¢r = ¢ = ¢, the collateral value of one unit of capital is

9 1
1+r p

[(1 0 07 + po! ] Since #7 > @', a technology that relies more on tangible capital
(lower p) places a higher weight on the collateral value of tangible capital 67, thus increasing
the overall collateral value of the firms’ capital. Such an economy has a lower downpayment in
the denominator of (53) and more capital K for a given total wealth at the numerator.
Equation (49) determines financial wealth Ay, which is equal to the net earnings of the

productive firms, in the numerator, multiplied by a multiplicative factor which

1
1-(1—4¢)(1+r)>
measures the future value of one unit of wealth saved today by these firms. The net earnings
are the endowment of the new firms ¥Wj, plus the net earnings of continuing firms. The

(0%
term (1 — ) azy <%) is retained earnings, net of wage payments, and is concave in Kj. The

term ( gr +qr + — 1 1s total expenditures to replace the depreciated capital o
e (1 Ky 1 di lace the depreciated capital of
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Table 2: Benchmark Calibration - Parameter Choices

Parameter Symbol Value
Discount factor I} 0.95
Capital share, productive firms « 0.4
Capital share, unproductive firms, tangible capital X1 0.4
Capital share, unproductive firms, intangible capital XT 0.4
Intangible share of total capital W 0.20
Unproductive firms, TFP tangible technology zy T 10
Unproductive firms, TFP tangible technology ztu 1 10
Years households remain young N 40
Probability of death of old households 0 0.25
Productivity parameter z 25
Collateral value of tangible capital 67 1
Collateral value of intangible capital o' 0.6
Probability of an investment opportunity 7 0.07
Additional productivity of intangible capital K 0.25
Adjustment cost convexity () 4
Adjustment cost parameter (intangible) br 0.00018
Adjustment cost parameter (tangible) br 0.00004
Exit probability of high-productivity firms Y 0.19
Endowment of new firms Wo 5
Depreciation of capital 0 0.15
Share of dividends to young households 0% 50.2%

continuing firms (1 — ) K7, and the capital liquidated by exiting firms ) K7, and is linear in
K. A high average collateral value of capital in a tangible economy increases K; and makes it
likely that the sum of the two last terms is negative, and since YW is very small, it makes also
Ay negative: the productive firms are on aggregate net borrowers. Conversely in an intangible
(high 1) economy, Ay is likely to be positive.

The above discussion clarifies that the exogenous assumptions made in the simple model in
section 3 are endogenously derived in the full general equilibrium model. Moreover, even though
a change in the interest rate affects aggregate capital K in (53) through the same four channels
identified in the simple model in section 3, it is important to emphasize that the endogeneity of
financial assets amplifies the strength of the savings channel. When Ay is positive, a reduction
in the interest rate reduces investment both through a reduction in the return on savings rAy,

and through a reduction in the multiplicative factor m
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6 Calibration

For the purpose of evaluating the qualitative and quantitative importance of the channels ex-
plained above for the real economy, we calibrate the model on US data. Our benchmark
calibration, illustrated in Table 2, is meant to capture the US economy during the period im-
mediately preceding 1980, with a small share of intangible capital and high real interest rates.
In this respect we follow Falato et al.(2014) in setting p = 0.2, so that the share of intangible
capital over total capital is 20%. We set the share of dividends that are paid to the working
age population, v, so that we obtain a real interest rate r = 5%. The elasticity of output with
respect to capital for productive firms «, and for unproductive firms x and x;, are set equal to
0.4. The pledgeability parameters of tangible capital 7 and intangible capital 87 are equal to 1
and 0.6, respectively. Thus we assume tangible capital to be fully collateralizable, in line with
Falato, Kadyrzhanova, and Sim (2014). Moreover we set 67 at a relatively high value compared
to the literature. We do so to capture the fact that in reality firms finance their acquisitions
in part with equity issues and other forms of external financing beyond collateralized debt. An
alternative approach would have been to assume a value of #; much closer to zero, in line with
Falato et al (2014), and allow dividends d; to be negative, with an associated equity issuance
cost proportional to the amount financed. This approach would have slightly complicated the
model and yielded very similar quantitative results.

The TFP of unproductive firms, 27 and z%!, is normalized to 10. The TFP of productive
firms z; is modeled as follows:

2z =14 (p—0.2)k] 2, (58)

For the benchmark value of p = 0.2, it follows that z; = z. The parameter k¥ measures the
increase in TFP associated with adopting a more intangible intensive technology. We choose a
value of k = 0.3, so that an increase in y from 0.2 to 0.6 raises z; by 12%. A positive value of
K is consistent with the notion of the rise of intangible capital as a privately optimal choice of
firms, and allows us to be able to make conservative and robust statements about the potential
for negative effects of the shift to intangibles.

The depreciation factor ¢ is set equal to 15%. This value is appropriate for both intangible

and tangible capital, where the latter is assumed to include also inventories, and is consistent
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with the depreciation rates used for the perpetual inventory method in section 2. The probability
of having an investment opportunity 7 is set equal to 7%. This value is consistent with the
empirical evidence from the lumpy investment literature. The initial endowment of newborn
firms Wy is equal to 5, which corresponds to 2% of average firm output.

For the capital production sector we assume ¢ = 4, which implies that in equilibrium, a
marginal decline of r by 1 percentage point increases aggregate investment by around 1.5%.

There are four remaining parameters to calibrate in the firms sector: the other two para-
meters of the capital production function b7 and b!, the efficiency of productive firms z, and
the probability of exit . b7 and b! determine the aggregate supply of tangible and intangible
capital, and their equilibrium prices. Conversely, z and 1 determine the ability of the produc-
tive firms to expand, absorb more capital, and increase their leverage, because exiting firms
are forced to pay back all their debt, and newborn firms start with positive financial assets.
Therefore these four coefficients are jointly chosen to satisfy the four following criteria: first,
the relative price of tangible to intangible capital is normalized to one; second, output of all
productive firms is roughly 50% of total output; third, the interquartile productivity differen-
tial is 2.5, which is consistent with the cross sectional dispersion in productivity for US firms
in the 1970s.'% Fourth, net leverage in the productive firms is around 35%, consistently with
Compustat data for the 1975-1980 period. It is worth noticing that the probability of firm exit
1) is calibrated to the relatively high value of 0.19. Even interpreting this as plant rather firm
exit the value is still substantially higher than the average plant turnover in the US. One way to
justify this high value is to assume that the productive firms are indeed productive because are
new and dynamic businesses specializing in very innovative project with high return if successful
but also high risk of failure.

Among the parameters in the household sector, the discount factor [ is set equal to 0.95.
The number of years households are young N is set equal to 40, which corresponds to the
working age period between 25 and 65 years old. The death of probability of old households
o is set equal to 0.25, in order to match life expectancy pre-1980, and it implies that the old

households are the 33% of the total population.

10Syverson (2004) examines plant level data from 1977 and finds an average interquartile difference in labour
productivity around 2 for 4 digit US manufacturing sectors. Since dispersion of productivity is larger for less
narrowly defined sector, a value of 2.5 is probably a very conservative estimate of the dispersion of productivity
across all firms.
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7 Simulation Results

In this section, we introduce comparative static exercises that capture parallel developments
in the household and the corporate sector. In the household sector, we model a progressive
decrease in the rate of time preference (an increase in ), which puts downward pressure on the
equilibrium interest rate. We interpret this exercise as a shortcut for a collection of different
factors, such as financial deepening, wealth and income inequality, and foreign sector develop-
ments. In the corporate sector, we introduce a gradual shift in the reliance on intangible capital
of firms, from the pre-1980 United States, in which intangible capital accounted only for 20% of
aggregate capital (1 = 0.2), to the post-2010 value of 60% of total capital (u = 0.6) (Corrado
and Hulten (2010a), Falato, Kadyrzhanova, and Sim (2014), Déttling and Perotti (2015)).

In order to explain in detail all the different effects at play, we first consider two counter-
factual exercises: one in which households’ propensity to save gradually increases but the share
of intangible capital is constant at u = 0.2, and one in which the household sector has constant
preferences but in the corporate sector p increases from 0.2 to 0.6. Our ultimate goal is then to
analyze these two developments simultaneously and show how they have interacted to generate
aggregate patterns consistent with the secular stagnation hypothesis.

In each of these three simulation exercises we report selected equilibrium values of the
economy over time. Since we abstract from long run growth considerations, the graphs that
show relative changes in total output should be interpreted as deviations from long run trends.

In Figure 5 we introduce the household sector developments in isolation. We increase 3
gradually from the initial value of 0.95 in 1970 to a final value of 0.9875 in 2010, in an economy
in which intangible capital intensity is as in the 1970s (u = 0.2). The increase in households
propensity to save puts downward pressure in the interest rate, which follows a pattern consistent
with the empirical evidence and fall from 5% to 1%. This increases the price of capital (middle
graph in the 2nd row) and encourages capital creation, so that aggregate tangible and intangible
capital stocks increase by more than 5% (middle row, right graph).

The last row of Figure 5 analyzes the implications for reallocation of capital and efficiency.
The bottom left graph shows that the high productivity firms, which are financially constrained,
are able to expand their capital holdings by 2.5%. High productivity firms are leveraged, and are

net borrowers (top row, right graph). Therefore, the decline in the interest rate benefits them
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Figure 5: Simulation exercise: households’ propensity to save gradually increases but the share
of intangible capital is constant at p = 0.2.
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Figure 6: Simulation exercise: the household sector has constant preferences but in the corporate
sector i increases from 0.2 to 0.6.
both because it is easier to pay back the debt (the debt hangover channel) and because they
can borrow more when they invest (the collateral value channel). These two channels prevail
over the capital price channel, which operates in the opposite direction, and imply that the drop
in r benefits high-productivity firms. They can absorb a higher share of existing capital, thus
improving the allocation of resources. Overall, output increases by close to 2%, both because
of the positive reallocation effect and because of the increase in the overall aggregate capital
stock.

In Figure 6 we implement the gradual shift to intangible capital, but do not consider any
developments in the household sector. High productivity firms demand progressively more in-
tangible capital, and less tangible capital, thus increasing the price of the former and decreasing

the price of the latter.!! These firms increasingly rely on a type of capital which attracts less ex-

"n order to limit the rise of intangible capital prices, we also progressively increase the efficiency in the
intangible capital production sector, so to generate a rise of intangibles both in the productive firms as well as
in the economy as a whole. The central panel of the second row shows that intangible capital prices increase by
around 10%. About half of this increase is due to a higher demand from productive firms, and the remaining is
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ternal finance, and this decreases corporate leverage, and tightens firms’ borrowing constraints
significantly. In fact, firms switch from being net borrowers to being net lenders, consistent
with evidence in the U.S. for corporations (Armenter and Hnatkovska (2016), Quadrini (2016),
Chen, Karabarbounis and Neiman (2016)). This increase in corporate savings reduces interest
rates to ensure that households borrow more and absorb the excess savings. Aggregate capital
in the productive firms shrinks by as much as 40%, thus substantially worsening the allocation
of resources. This contraction in the aggregate amount of capital allocated to high productivity
firms is not only the result of the reduction in their borrowing capacity and the increase in
price of intangible capital, but also of the additional negative effect of the endogenous decline
in r (described in detail below). Despite the fact that the rise of the intangible share in high
productivity firms increases their TFP by up to 12%, their output falls by up to 7% (bottom
row, middle graph). Nonetheless, aggregate output grows moderately, by around 0.2%, due to
the large increase in aggregate capital, which is mostly allocated to the low productivity firms.

Figure 7 analyses both developments simultaneously. The decrease in rates caused by house-
hold developments has increasingly negative effects on capital allocation as the economy shifts
into a higher intangible intensity regime. High-productivity firms shift from being net borrowers
to net savers, so lower rates benefit them initially by decreasing their debt overhang, but hurt
them as they become savers and low rates hurt their ability to accumulate savings. In addition,
higher capital prices decrease their ability to purchase capital from exiting firms, worsening
capital reallocation. Initially, the increase in capital creation and the fact that the economy
is shifting to a higher reliance on a type of capital that is significantly more productive help
aggregate output expand. However, the negative reallocation effects eventually prevail, and
from its peak in the mid 80s until 2010 output falls gradually by up to 2%.

Figure 8 compares the output dynamics in the 3 exercises analyzed above. The left graph
compares the % change of total output of the high productivity firms. In the case of the increase
in intangibles intensity (dotted blue line), output falls by 7%. While household sector develop-
ments in isolation raise high productivity firms’ output by 1%, the combination of household
sector developments and an increase in intangibles intensity result in a significantly stronger

decline in output, which is as large as 13% (red line). The negative interaction between these

determined by lower interest rates. Morover, the same graph shows that tangible capital prices fall by around
25%, which is consistent with the empirical evidence from the 1970-2010 period.
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INCREASE IN INTANGIBLE INTENSITY AND HOUSEHOLD SAVINGS
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Figure 7: Simulation exercise: households’ propensity to save gradually increases and in the
corporate sector p increases from 0.2 to 0.6.
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OUTPUT IN THE THREE SIMULATIONS
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Figure 8: Summary of the three simulation exercises.

developments in the firm and household sectors is also very clear in the right graph, which shows
the % changes in aggregate output. While the two effects in isolation are expansionary, they
are jointly contractionary, reflecting the dynamics of the four channels illustrated before: a re-
duction in interest rates, which is expansionary for highly leveraged productive firms, hampers
reallocation and growth once the economy relies more on intangible and less collateralizable
capital.

The contraction in output happens despite our assumption that intangible capital is more
productive, because of a strong misallocation effect in which too many resources are absorbed
by low productivity firms. An empirically verifiable consequence of this misallocation is a rise in
the dispersion of productivity. Figure 9 shows the dispersion in marginal productivity of capital
(MPK, left panel) and total factor productivity (TFP, right panel). This dispersion is virtually
constant when household sector developments happen in isolation (blue line). Misallocation
does not change because both high-productivity and low-productivity firms expand in roughly
equal measure. However when the drop in r is accompanied by the rise in intangibles (red line),
there is a strong increase in misallocation. This is especially noticeable in the left panel. High-
productivity firms shrink, and their MPK rises, while low-productivity ones expand to absorb
the excess capital, and their MPK falls. Figure 9 is consistent with the empirical evidence shown

in Figures 1 and 2, which documents that the positive trend in the productivity dispersion within
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MISALLOCATION
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Figure 9: Misallocation the different simulation exercises.

sectors is entirely driven by the sectors with above-median usage of intangible capital.

Finally, figure 10 displays output growth in the simulated economies. The blue line is a
counterfactual simulation where there is no increase in misallocation of resources as the share
of intangibles increases. The line shows that the higher productivity of intangible capital de-
termines a positive growth rate of output around 0.32%. We interpret this value as potential
output growth in excess of the unmodelled long run trend. The green line is aggregate output
growth in case of the actual simulation with increase in intangibles intensity. It is initially pos-
itive, but the misallocation problems illustrated above quickly reduce it to around zero in the
1980-2010 period. The red line includes also the increase in households demands for savings,
and shows a more pronounced decline. OQutput growth is initially positive and larger than 0.2%,

but becomes negative and around -0.13% in the 1990-2010 period.

8 Sensitivity and Robustness Analysis

[to be completed]

38



0.004 -

0.003 -

\ === Counterfactual no misallocation
0.002 - o \ = = |ntangibles increase

\\ \ == |ntangibles increase and HH savings
S\
0.001 - \Q\
S
0 T T T T T T Aé* T T T T T T T T T T T T -

1970 1977 A\19A§i~ 1990 199 e e = =003

-0.001 - “A

~ A
A~ pmpm g a s s A=A

-0.002 -

Figure 10: Aggregate output growth in the different simulation exercises.
9 Conclusion

This paper highlights a novel misallocation effect of endogenously low interest rates which
has important policy implications. From a quantitative standpoint, our results are consistent
with several developments that have taken place in the last 40 years: i) net corporate savings
increased as a fraction of GDP; ii) household leverage increased as a fraction of GDP; iii) the real
interest rate fell; iv) intra industry dispersion in productivity has increased; and v) output and
productivity progressively declined relative to their previous trends. Interestingly, the model
shows that even though the shift to intangible technologies was already taking place in the 1970s,
its net negative effects on output growth only started to gather pace from mid 1980s onwards.
This is consistent with studies that show a decline in dynamism of U.S. businesses starting in
the mid 1980s and gathering speed especially from 2000 onwards (Haltiwanger (2015)).

More broadly, our results suggest that the changes in firms’ financing behavior brought
about by technological evolution might help explain the subpar growth experienced in recent
years, because they have occurred during a period of low interest rates. Our insights could be
extended to develop interesting policy implications. On one hand, the mechanisms described in
this paper, operating mostly through the endogenous reaction of interest rates, suggest that the
rise in intangibles might have important implications for monetary policy. On the other hand,

the negative externality in households’ and firms’ excessive saving decisions might introduce a
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role for a fiscal policy that discourages such saving.

40



References

1]

[2]

Altinkili¢, Oya, and Robert S. Hansen. "Are there economies of scale in underwriting fees? Evidence
of rising external financing costs." Review of financial Studies 13.1 (2000): 191-218.

Armenter, Roc, and Viktoria Hnatkovska. "Taxes and Capital Structure: Understanding Firms’
Savings." (2016).

Bacchetta, Philippe, Kenza Benhima, and Yannick Kalantzis, 2015. "Liquidity trap and secular
stagnation." Working Paper

Bates, Thomas W., Kathleen M. Kahle, and René M. Stulz, 2009. "Why do US firms hold so much
more cash than they used to?." The Journal of Finance 64.5 (2009): 1985-2021.

Belo, Frederico, Xiaoji Lin, and Fan Yang. External equity financing shocks, financial flows, and
asset prices. Working paper, 2016.

Benigno, Gianluca, and Luca Fornaro, 2015. "Stagnation traps." Working Paper

Brown, J.R., Fazzari, S.M., Petersen, B.C, 2009. Financing innovation and growth: Cash flow,
external equity, and the 1990s R&D boom. The Journal of Finance 64 (1): 151-185.

Caballero, Ricardo, 1999. Aggregate investment. Handbook of Macroeconomics (North Holland),
813-862.

Chen, Peter, Karabarbounis, Loukas, and Brent Neiman. "The global rise of corporate saving".
Working paper, 2016.

Corrado, Carol A. and Charles R. Hulten, 2010a, How do you measure a "technological revolution"?
American Economic Review, 100(2):99-104

Déttling, R., E Perotti, 2015, Technological Change and the Evolution of Finance, Working paper.

Eichengreen, Barry. 2015. "Secular Stagnation: The Long View." American Economic Review,
105(5): 66-70.

Eggertsson, Gauti B., and Neil R. Mehrotra. A model of secular stagnation. No. w20574. National
Bureau of Economic Research, 2014.

Falato, A., D. Kadyrzhanova, and J. Sim. 2013. Rising intangible capital, shrinking debt capacity,
and the US corporate savings glut. Working Paper, University of Maryland.

Giglio, Stefano, and Tiago Severo. "Intangible capital, relative asset shortages and bubbles." Journal
of Monetary Economics 59.3 (2012): 303-317.

Gomes, Joao F. "Financing investment." American Economic Review (2001): 1263-1285.

Haltiwanger, John. "Top Ten Signs of Declining Business Dynamism and Entrepreneurship in the
USs.". 2015.

Kehrig, M., 2015, "The Cyclical Nature of the Productivity Distribution", Working Paper.

Kiyotaki, Nobuhiro and John Moore, 2012, Liquidity, Business Cycles, and Monetary Policy NBER
Working Paper No. 17934

Kothari, S. P., Jonathan Lewellen, and Jerold B. Warner. "The behavior of aggregate corporate
investment." (2015): 5112-14.

41



Quadrini, Vincenzo. "Bank liabilities channel." (2016). Working paper.

Rachel, Lukasz, and Thomas D. Smith. "Secular drivers of the global real interest rate." (2015).
Bank of England Staff Working Paper No. 571

Shourideh, Ali, and Ariel Zetlin-Jones. "External financing and the role of financial frictions over
the business cycle: Measurement and theory." (2016).

Summers, Lawrence H. 2015. "Demand Side Secular Stagnation." American Economic Review,
105(5): 60-65.

Thwaites, Gregory. "Why are real interest rates so low? Secular stagnation and the relative price
of investment goods." (2015). Bank of England Staff Working Paper No. 564

42



10 Appendix A - Derivation of the Simple Model

This appendix solves a simple partial equilibrium model that delivers the equations introduced
in Section 3. Consider an infinite-horizon, discrete-time model of the final good-producing
sector of an economy. Firms use capital, which is in constant aggregate supply K, to produce
a homogeneous consumption good. There are two types of firms, high-productivity and low-
productivity, each composed of a continuum of mass 1. High-productivity firms live for 2 periods,
and there are overlapping generations of these types of firms. Efficiency in this economy is
determined by the share of K allocated to high-productivity firms. Our main interest is studying
how exogenous interest rate variations affect the allocation of capital and aggregate output
depending on the degree of tangibility of capital. This framework is extended in Section 4 in a
full-fledged general equilibrium setup that can be used for realistic quantitative analysis.

10.1 High-productivity Firms

Technology and Financing

High-productivity firms live for two periods, which we denote with y (young) and o (old). An
old firm which dies in period t—1 leaves a a financial endowment or liability a® (—oo < a® < 00),
which translates into net worth a®(1 + r4) for the newborn young firm in period ¢. The young
firm is able to produce y© units of the final good in period ¢, and has access to a technology to
produce the final good in period ¢ + 1 using the following linear production function:

Yor1 = Zt41ker1, (59)

where k;y1 represents capital purchased in ¢ that produces output in ¢ + 1, and 2441 is a
productivity parameter. The firm can borrow b;41 to purchase capital, subject to a constraint:

(14 7441) by < Ogpiakisa, (60)

where 0 < 6 < 1. The collateral value of capital # is the parameter in this stylized model that
captures capital tangibility. A shift towards a stronger reliance on intangible capital will be
captured as a decrease in 6. '? Firms cannot issue equity.

The budget constraint for a high-productivity young firm is:

qtkt_H = ae(l + T’t) -+ bt+1 -+ ye. (61)

A mature firm realizes output, pays back any debts, sells its holdings of capital, and pays the
residual, net of the endowment for the next generation a®, as a dividend d;y1 to its shareholders:

diy1 +a° = yp oy + Gk — b (14 741)

Optimal Solution
Productive young firms in ¢ = 0 maximize the present value of the dividend d;y1. We claim,

12Note that a standard collateral constraint of the form

0qs+1kiq1

bip1 < ,
= 14741

would not work when Wy < 0. This is because in that case the firm would have to be assumed to borrow more
than ¢: per unit of capital:

0qs+1
14741’
to be able to purchase capital and pay down the debt, and by making the collateral constraint a function of ki1,
it would make the firm financially unconstrained, and the problem would not have a solution.

qr <
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and later verify, that their marginal product of capital is greater than its user cost:

qt+1
- — 62
2t > qt T+ (62)

firms are credit constrained ((60) is binding), so that

a(1+ 1) + y°
T ) _Qt+1

(63)
g — 0 14+ri41

ki1 =

in which investment is equal to the total wealth available to invest divided by the downpay-
ment necessary to purchase one unit of capital.

10.2 Unproductive Firms

There is a mass 1 of identical firms in the unproductive sector that produce the same homoge-
neous final good as the high-productivity firms using a linear production function:

U

yi' = 2 kg, (64)

where k, ; represents capital installed in period ¢ — 1 that produces output in period ¢, and 2}
is a productivity parameter. This sector is assumed to be financially unconstrained, and to pay
out all profits as dividends:

£ =y —a (ki — k) (65)

to their shareholders every period.

10.3 Aggregation
From (63) it follows that the aggregate stock of capital held by the high productivity firms is

A1+ 1) +Y°

_ gi4+1
at 91+Tt+1

Kit1 =

and aggregate output is
Vi =Y/ +Y"+Y®=2K + 2z (F_Kt)-

Under the assumption that the high-productivity firms have the highest return on capital
(2t > 2), but their resources are insufficient to absorb all the capital, K;11 < K , it follows
that the low-productivity firms are willing to absorb all the capital not demanded by the high-
productivity firms at a price equal to their marginal return on capital. the price of capital
is:

1
N
1+71t+1+§

u

q =z gi+1, (66)

which, together with the assumption that z; > z{*, proves the claim (62). £ > 0 is a wedge
that reduces the sensitivity of the price of capital to the interest rate, and summarizes the effect
of factors included in the full model developed later, such as capital depreciation.
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10.4 Steady State

We consider a steady state equilibrium and drop reference to the time subscript t. Total output

18
Y=YP+Y"+Y*=2K+2"(K—-K). (67)

Aggregate capital holdings of the high-productivity firms in the steady state are:
A¢(1+7r)+Ye©

0
0(1-1%)

u

K= (68)

where
z

r+&
Equations (1), (2), and (3) in the steady state equilibrium of Section 3 correspond to equa-
tions (67), (68) and (69) in this section.

q= (69)
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11 Appendix B - Households

We derive below the solution of the households’ optimization problem under the steady state,
so that wages, dividends and interest rate are constant. Households have log utility. A repre-
sentative old household still living at time ¢ maximizes the following objective function:

V2 (b9) = max ¥ (1 — o) log (cr4)) (70)
b7 j=0

subject to
(1+7)

(1-o)
Working backwards, we next consider the optimization problem of a young agent of age N
in period t, who will become old in period ¢ + 1:13

¢t = b1 + (1= 7)de — by

Vin (b%,N) = max u (C?,N) + 81— o)V (b741) (71)
¢ nobT
subject to
of y = 7d+w" T — (14 )b\ + b7 (72)

where w97 is defined as:
wTOT =w4+ wu[ + qu

Then we consider the optimization problem for a young household of age j < N :
Vij (bgﬂ') B (CZJ) + 0V <b?+17j+1> (73)
t,50t+1,5+1
subject to
¢l ;=~d+ w7 — (1 + rIb + 0 (74)
11.1 Individual Problem of Old Households

The first order condition with respect to bf, ; is
cta1 = AL +r)ef (75)

We guess a consumption policy rule:

¢ = Ad + O,

and by using a guess and verify method on (75) we determine the value of the coefficients A
and © and obtain:

o __ _ _ (1_V)(1+7') _(1+T) 0
¢ =01-(1-0p8) (o+7) d (1—Q)bt. (76)

Moreover, we can use the policy function to derive the evolution of the wealth of old house-

holds:
(1-0)[1-B1+1)
(o+7)

3We assume that an agent can also die with probability ¢ in the transition between young and old.

(1 —~)d+ (1+7)pb7 (77)

o —
bt+1 -
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which says that old households slowly consume savings if 3(1 + r) < 1, and do so at a faster
rate the higher the dividends. In our simulations typically 3(1 +r) < 1.14

11.1.1 Derivation of Old Households’ Consumption Rule
We guess a consumption policy rule:
¢} = Ad+ Ob,

and plug it into the FOC

Ad+@c§—ﬂ—7ﬁﬂ%u+T%4 = B(1+7)(Ad+6b)

(1-0)
1 A A 1
@ = AL va--glaraens- 5w
and then solve for the unknown coefficients

Bl +r)A A

A = — +(1—7) - )

1

0 = 0eni- 5]

BA A
A = +(1—7) -
5~ (140 [ - g

A =

The policy rule is:

@ = Ad+ O

_ -y 0+r),  (A+r),
- [1_6(1_9)] o+r d_(l—g)bt

11.2 Individual Problem of Young Households

We first consider the optimization problem of an agent of age IV in period ¢, who will become
old in period ¢ + 11°:

Y Y — Y
Vi (b)) = max w (el y) + 80— 0V (1) (78)
¢ nobTy
14T see this more clearly, denote a = —b as savings, and write
(1-0[=-p1+r)]

a1 = (L+7)Bai — (1—7)d

(o+7)

15We assume that an agent can also die with probability o in the transition between young and old.
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such that:
cféN =~vd +w°T — (1 +r)b§N+bf+1. (79)

The first order condition implies that

L 13 (avt?i—l (b711) + Vg (b711) 8b?+2) =0.

cfi N by 4 oby, ., Ob7 4

And applying the envelope theorem we obtain:

=01 +7)c]y

We substitute ¢f,; using (76) and we obtain:

1 (1 —d P11
Y — - 1 o o —+
= (5-0-0) (7 025 0
Then we consider the optimization problem for a young household of age j<N :
Vi (b ,J) =, max o u (%‘) + BV m <b?+1,j+1> (81)
Ct,j7bt+1,j+1
such that:
ctj vd 4+ wTOT — (1 + T)by + th 1 (82)

Which yields the standard Euler equation:

ci; =B+ r)) CLy NN (83)

Equations (80) and (83) fully characterize the lifecycle path of consumption of an household
as a function of its assets when entering old age in period ¢ + 1, b7, ;.

11.3 Value of Savings of Oldest Young: b7,

We use the above equations, the budget constraint 74, and the assumption that newborn
households have no endowment (bfil = 0) to determine the value of savings for retirement
by = b§+1,N+1
We use the budget constraint for j = 1 (a young of age=1), in which the debt brought over,
b}, is zero:
(v + w"T) — ¢y + b1

by p— 2 2 p—
t,1 (1+47) 0,

and we solve forward:

B — (vd +w9T) — cly | (vd+ wT) — 112+ b03
bl (1+7) (1 +r)2
N
= (yd + w"OT) Ct+] 1,] t+N N+1
j:l 1 + T 1+ 7")
Making use of the FOC:
=B+ Ny (84)



we get,

CZj = [p(1+ T)]i(N ) Ct+N 4N
C%l,l = [B(1+7)]” (N1 ey N LN
¢lia = [BA+1)] ~=2) lirin_on = B+ )]~ N 1IN
¢liag = [BO+ ]V e Cliorn_an = [BA+1)]" (N=8) ey NN
clinan = BA+]T (N=N) CLN 1 N-NN = NN
and plug in and simplify
XN: C?—&-]——lg _ Czl Cty+172 C%+2,3 Cf+N—1,N
= (1+ry (I+r)  (1+r)? (1+7)° (14N
Ct+N lN vy BN -
Z g1 | o :

Q+n)N V(B -1)
We substitute back in and keep simplifying

1
(1 +7’)N

Y N Yy
_ Gyn—in BT -1 iy N N+1

14+r)N Nt -1 a+n)V

by = (vd +w"T) % [1 -

N — —
0= b+ L [wen 1] - (5-0-0) g Gy

+ [(% —(1- 9)) a i 2 ﬁNﬁiV(;i 5 + 1] W vt
(3 0-0) s e e wron e
N _
- [(% - (1= Q>> (1 i 0) BNﬁl (- . 0 + 1} b N N1

(hd+wOT) L{(1+1)Y 1] - Wi
= +1

Equation (85) is very intuitive. Savings for retirement —bf,; increase in the difference
between income before and after retirement. Moreover an increase in life expectancy (a drop in
0) reduces the value of the term ¥ and therefore increases —b7, ;.

Solve:

_by _
t+N,N+1 —

11.4 Aggregate savings of the young

The previous section determines a sequence of optimal consumption at every age, cfl, ey C'th N
and applying the budget constraint (74) we can determine a sequence of assets for every age
bf 210y b? ~» Which is constant for every period t. In equilibrium there is a measure 1 of house-

holds, a fraction ¢T old, and a fraction ﬁ young. Moreover there is a measure ¢T_ of
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young households for each age. Therefore, after dropping the subscript ¢, we can define aggre-
gate savings of the young households as:

=N Z F (86)
Savings of a young household are:
0oy = —yd— w4+ (14 r)bY (87)
We solve for b (from now on for simplicity omit the superscript y) :
by = 1 (1 + wTOT) = ey + b, (58)

where both byi1 and cy are determined by (80) and (85) above. At age N — 1 (we use
et = [B(L+7)] " erpa):

bn—1 = . (yd+w"OT) - . CN-1+ ! [ (vd+w"") - . cN + LbN+1]

1+r 147 147 [1+7 147 1+
(89)
1 TOT 1 - 1 1 TOT 1 1
4 = — - ——[B(1 - —
1 1 1 1
= d +w?oT) + d+wOT) — —— [B(1+7r)] ten — cN + b
1+7“(7 ) (1+T)2 (’7 ) 1+T[5( )] N (1—|—7“)2 N (1—|—7")2 N+1

_ 1 1 rory (1 CN 1
B <1+r+(1+r)2)(vd+w ) (ﬁ+1>(1+7°)2+(1+7’)2b]v+1

therefore at age N —2:

N rory _ _1 | 1

by—2 = 1+r(7d+w ) T N2+1+ by_1
_ 1 rory 1 _ 1
= 155 0+ - =[BT B+ )] ew

| 1 1 ror | 1 1
+1+r<<1+r+(1+r)2>(7d+w ) (5(1+7’)2+(1+7’)2>CN+(1+7')2bN+1>
1 1 | vory (1 .1 en 1
= <1+r+(1+r)2+<1+r)3>(7d+w ) <52+6+1> TP T

and at a generic age N —t:

vd + w7 bN+1
bNt_Z A4t 1+rt+1z RS (90)

o] t t
We use general formulas: ij = % and Zl‘j = (1—:1:”1)% or Z L =

—x

=0 =0 =0
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(1 W) % Z y+1 = ( W) % , so that

7=0

’yd + wTOT (1 1 ) vd 4+ wTOT
r

— (1+ry*h (L)t

_en 1 e 1 B
(Hrf“%ﬁj I <1 ﬁ”l)ﬁ—l
hence:

b - (1_ 1 ) "}/d—i-’wTOT_ CN (1_ 1 ) [3 I bNJr]_ (91)
N—t (1 _H,)tﬂ r (1 +r)t+1 Bt+1 B—1 (1 +r)t+1

Now we add up the savings/borrowing over all ages from bs to by

~vd 4 wTOT T2 1 g = 1 1
o B ) B e )

=0 t=0
+bN+1 Z ( t+1>

the value of each summation term is:

N-2

sz(l_ﬁ> = %(r—(r—i—l) NH—Nr—i-l)

t=0

N—-2 1 N—-2 N-2
;(urt“ (1_6t+1>> - Z 1+rt+1 ;( )
1—<1+ DA S ()

(I+r)—1 (1+7r)p]—1

=2 1 (14
; ((H—r)t“) - (I+r)-1

Substituting them back:

N-2 TOT
yd + w 1 1
by_; = - N-1)—-1]|-
Z Nt r r<(1+r)N_1+r( )

1— (14~ M
(14+r)—1

+bny1

LB [1—(1+T)—N+l 1—[(1+7)8 Nt

51N T a+n-1 ~ (Q+np-1

ol



we rename terms:

N-2
d+ TOT
bn—t = PP Asen + Azbn i
t=
1 1
Al = -|————+7r(N-1) -1
! r<(1+r)Nl ( ) )
W = B 1-(1+n) ™ 1-ja4+na M
2 B—1| (Q+nrn-1 I+r)B—1
_ ~N+1
Ay = 1—(1+7)
(1+7r)—1

11.5 Aggregate savings of the old

In equilibrium there are ﬁ% households that become old every period, and ﬁ%(l — o)

households that survived for j periods . Therefore aggregate savings of the old households are:

1 .
B° = LN (1 - 0)'t? (92a)

also note that b9 is the initial savings from young age as defined in (85)
Recall that (from (77)):

b2, = A+ B(1+7)H8 (93)
_ (-9 [1-=pBQA+r)]
4= (o+7) (=)
hence:

9 =A+B(1+r)b] (94)
§=A+B(1+r)by=A+pB(L+r)A+B*(1+71)%H (95)
b = A+B(L+r)A+ ..+ B 721+ ) 2A+ 8711+ )88 (96)

t—2
by = A [Z /(1 + r)ﬂ} + B8+ ) (97)

§=0

B+t -1
B(1+r) —1

by = A+ B+ e (98)
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= Faio 1 fr) — > (-0 [(6 (r+ 1)t = 1] +58 S (1= o) [B(1L+ )]
t=1 =1

= [ﬁ + b‘i} (1—0) (B(r+1)"— ﬁ > (-0

t=1 t=1

4 N A X
= ¥ 7 2 0= a8 = gomem ) (-0

B 1 B (1-0)B01+r1)
D e T Ay w g ey
S L _1-o¢
;1_9) 1-1+40p 1= 0
hence:
= o [ A1 (-9 A 1-¢
E(l_g)bt[ﬁwﬁ—ﬁbl}l—(l—@)mlw) i1

11.6 Summing up aggregate household borrowing

aggregate household borrowing is:
B=DB°+BY (99)

Where savings of the old is:

1 A ; 1-— -
B° = Y il |:< 4 bretzrement) ( Q) o A 1 ; Q:| (100&)

¢p+oN [\B+rf—1 1-(1-90)pB1+r) B+rs—1
1-— 1—-(1
AE(( @)((Q+£)+T)B)>(1_7)d
(1—)d
bretirement = v (9_:;) (’}/d + wTOT) [(1 + T) -1 (101)

1Tg+1

And savings of the young is:

N-2 o

o 1 o 1 vd + wT y ;

By = — — b = — A _— A C + A bT’e 1remen
b+ Nzt_ONt ¢+QN|:1 r 26N T8
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- L v-n-
A = T<(1+T)N1+ (N-1) 1)
T B B O RS e () e
P T A1 den-1 +n)f-1
1= (14N
e G g

And

ov= () (U ey
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