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Abstract

We analyse the term structure implications of a small DSGE model with nominal
rigidities in which the laws of motion of the structural shocks are subject to stochastic
regime shifts. We first demonstrate that, to a second order approximation, switching
regimes generate time-varying risk premia. We then estimate the model using sequen-
tial Monte Carlo methods and relying on information from both macroeconomic and
term structure data. Our preliminary results, based on the linearised model, support
the specification with regime switching. Shifts in the variance of technology shocks
are clearly associated with the transition to the Great moderation; changes in the
variance of policy shock identify the so-called monetarist experiment; switches in the
variance of preference shocks have a cyclical nature.
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1 Introduction

The term structure of interest rates is a source of information for monetary policy. Many
central banks analyse it to derive estimates of, inter alia, markets’ expectations of future
policy moves and perceptions of inflation expectations at future horizons. Since micro-
founded general equilibrium models have traditionally had a hard time to match yield
data, these estimates are often derived from finance-type models, where the relationship
between interest rates, monetary policy and macroeconomic fundamentals is not explicitly
accounted for. This strategy prevents a full undertanding of the determinants of risk pre-
mia and of their possible comovement with other economic variables. A fully structural
explanation of the yield curve would be desirable.

At the same time, the yield curve plays implicitly a central role in macro (DSGE)
models, because the expectations channel is a fundamental component of their monetary
policy transmission mechanism. The central bank can often afford to react little, on
impact, to deviations of inflation from its target value, because at the same time it promises
— and private agents believe this promise — that it will keep reacting over a long time in
the future. This type of monetary policy rule — often described as "inertial," or including
a concern for "interest rate smoothing" — stabilises inflation because aggregate demand is
affected by the whole expected future path of policy interest rates, not just the current
rate. Given this central role of the yield curve in DSGE models, it would also be desirable
to include bond prices in the information set of the econometrician when the models are
taken to the data. Linearised DSGE models, however, appear to be inconsistent with
yield data at a basic level. They imply that the unconditional slope of the term structure
should be zero, contrary to the overwhelming evidence that the average term structure is
positively sloped.

Finally, from a purely empirical viewpoint it is well-known that DSGE models are
affected by partial and weak identification problems — see e.g. Canova and Sala (2006).
These problems are particularly visible for some parameters of the monetary policy rule,
which are often pinned down by the researcher’s prior. Including information from the
yield curve in the estimation process should help to mitigate these indentification problems.
It should also help to filter more reliably certain unobservable variables, such as a time
varying (perceived) inflation target.

In this paper, we explore the ability of a small microfounded model with nominal



rigidities to match both macroeconomic and term structure data using a full-information
estimation approach. However, we deviate from the DSGE literature in two respects.

First, we solve and estimate the second-order approximate solution of the model, rather
than its log-linearised version. More specifically, we rely on perturbation methods to solve
the model up to a second-order approximation. We then use a variant of the particle filter
to estimate the nonlinear reduced form (see Amisano and Tristani, 2007a). The nonlinear
solution has the advantage of being capable of generating non-negligible term-premia,
which can explain the average positive slope of the yield curve. Linearised DSGE models,
on the contrary, force the unconditional slope of the term structure to be zero, which is in
blatant contrast with the available evidence.

The second deviation we take from the standard empirical DSGE literature is to allow
for heteroskedasticity of macroeconomic shocks, due to the fact that selected parameters
are assumed to be subject to regime switches. In terms of matching the dynamic features of
the term structure, the assumption of heteroskedasiticy implies that the model is capable
of generating time-variation in risk premia. We assume that heteroskedasiticy takes the
specific form of regime switching, because this assumption has already been shown to
help fit yields in the finance literature — see Hamilton (1988), Naik and Lee (1997), Ang
and Bekaert (2002a,b), Bansal and Zhou (2002), Bansal, Tauchen and Zhou (2004), Ang,
Bekaert and Wei (2008), Dai, Singleton and Yang (2008), Bikbov and Chernov (2007) —
and is also increasingly used in macroeconomics following Sims and Zha (2007).

Our model is related to a growing literature exploring the term structure implications
of new-Keynesian models. The closest papers to ours is Doh (2006), which also estimates
a quadratic DSGE model of the term structure of interest rates with heteroskedastic
shocks. However, Doh (2006) allows for additional non-structural parameters to model the
unconditional slope of the yield curve, while our approach is fully theoretically consistent.
Another difference between the two papers is that heteroskedasticity in Doh (2006) is
modelled through ARCH shocks, while it is generated by regime switching in our case.
Bekaert, Cho and Moreno (2006) and De Graeve, Emiris and Wouters (2007) estimate
the loglinearised reduced form of DSGE models using both macroeconomic and term
structure data. As in Doh (2006), these papers do not impose theoretical restrictions
on the unconditional slope of the yield curve. In addition, they assume at the outset

that risk-premia are constant. A different approach to generate time variation in risk



premia, based on third order approximations, is pursued in Ravenna and Seppala (2007a,
b), Rudebusch, Sack and Swanson (2007) and Rudebusch and Swanson (2007). However,
these papers are purely theoretical: the estimation of DSGE models solved using third
order approximations appears to be infeasible at this point in time.

Our preliminary results, based on the estimation of the first order approximation of the
model, show considerable support for a specification with regime switches. The residuals
of a model with gaussian shocks show clear signs of heteroskedasticity and serial corre-
lation. Moreover, estimated regimes appear to bear an intuitively appealing structural
interpretation: monetary policy shocks are normally in the low-variance regime, except
for the so-called monetary experiment period at the beginning of the 1980s; technology
shocks are in the high-variance regime before the 1980s, and switch persistently to the
low-variance regime thereafter, consistently with the evidence of a Great moderation; fi-
nally, demand shocks have a cyclical connotation, with a variance which tends to be lower
during expansions.

At the same time, linearised models — even when they include heteroskedastic shocks —
display clear signs of mispecification when asked to match yields data. They can only do
so at the cost of bending the parameter estimates towards regions that are not intuitively
appealing from a macroeconomic viewpoint. For example, linearised models can explain
yields only when policy interest rates become extremely persistent, to the extent that the
real interest rate sensitivity of output must become negligible in order to avoid implausible
repercussions on real variables. This implies an extremely high estimate of the long-term
coefficient of relative risk aversion.

This problem should be mitigated when the model is estimated to a second order
approximation, because risk premia could account for some of the yields dynamics which
must otherwise be explained by expectations terms. We provide two pieces of evidence
supporting this conjecture. First, we present estimates of the quadratic version of our
model with homoskedastic shocks. While plagued by many of the problems relevant for
the linearised, model, the quadratic version shows signs of improvements in its ability to
explain yields dynamics wish a smaller degree of relative risk aversion. Its fitting errors are
also smaller in absolute value. The second piece of evidence is based on the posterior mean
of the paraters estimated with the linearised version of the heteroskedastic model. When

we plug these parameter values in the quadratic version of the same model, we demonstrate



that they are capable of generating non-negligible variability in yields premia.

The rest of the paper is organised as follows. Section 2 includes a brief description
of the theoretical model, which is of the standard new-Keynesian type. This section also
includes details on the solution method and on how a second order approximation of the
model can generate time-variability in yields premia. The estimation methodology is then
described in Section 3, which focuses on the problems introduces by non-normal shocks in
a structural model. Section 4 presents our estimation results. For illustrative purposes, we
estimate the model both with homoskedastic and heteroskedastic shocks. We draw some

tentative conclusions in Section 5.

2 The model

The model we employ is in the spirit of Yun (1996) and Woodford (2003). The central
feature is the assumption of nominal rigidities. Since the model features are quite standard,
we only sketch its properties briefly.

Consumers maximise the discounted sum of the period utility

Co—hCr) "t L
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where C' is a consumption index satisfying

Cz(/olC(z')%ldiyﬁl, 2)

workers provide L; hours of labor to firm ¢ and 52% is a demand shock whose properties
will be defined below. The presence of lagged consumption in utility captures households’
internal habits.

The households’ budget constraint is given by

1 1
P.C; + E; (Qt,t+1Wt+1) < / Wt (7,) L; (Z) di + / =t (Z) di + Wy (3)
0 0

where W; denotes the beginning-of-period value of a complete portfolio of state contingent
assets, Q¢ ¢+1 is their price, wy () is the nominal wage rate and = (i) are the profits received
from investment in firm 3.

The price level P, is defined as the minimal cost of buying one unit of C, hence equal

P, = </01p(i)1_0 di)lle. (4)
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The first order conditions w.r.t. labour supply and intertemporal aggregate consump-

tion allocation are
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where we define the marginal utility of consumption as
A¢ =2, (Cy — hCy_1) ™7 — BhE; [ed,,1 (Coipr — hCy) 7] (7)

The gross interest rate, I;, equals the conditional expectation of the stochastic discount

factor, i.e.
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The production function is given by
Y (i) = AL (8)" (9)

where A; is a technology shock.

We assume Calvo (1983) contracts, so that firms face a constant probability ¢ of being
unable to change their price at each time ¢. Firms will take this constraint into account
when trying to maximise expected profits, namely

max E; Z CS_tQt,s (PslysZ - TCS) ) (10)

t s=t

where T'C' denotes total costs. Firms not changing prices optimally are assumed to modify
them using a rule of thumb that indexes them partly to lagged inflation and partly to the
current inflation target II;. At time s, firms which set their price optimally at time ¢
and have not been able to change it optimally since, will find themselves with a price
1—
7 1 2 * L Ps—l ¢
P H—Zj]:[tﬂs Pt—l) , where 0 < ¢ < 1.

Under the assumption that firms are perfectly symmetric in all other respects than

the ability to change prices, all firms that do get to change their price will set it at the
same optimal level P. Furthermore, the average level of prices in the group that does not
change prices is partly indexed to the average price level from the last period so that
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where II; is the inflation rate defined as II; = P

Firms’ decisions can then be characterised as
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We close the model with the simple Taylor-type policy rule
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where Y; is aggregate output, IIf is a stochastic inflation target and 5,{ 11 is a serially
uncorrelated policy shock.

Some authors, notably Clarida, Gali and Gertler (2000) and Lubik and Schorfheide
(2004), have argued that the start of the Volcker era also signed a structural change in
US monetary policy, which resulted in a much stronger anti-inflation determination of
the Federal Reserve. The change allegedly manifests itself in an increase of the inflation

reaction coefficient (¢ in our notation above) in a simple Taylor rule characterisation

o
of monetary policy. Until 1979Q2, monetary policy was allegedly such as to induce an
indeterminate equilibrium.

Here, we propose a different interpretation of Federal Reserve behaviour. We maintain
fixed the Taylor rule parameters, but allow for the possibility of changes in the inflation
target IIy. A lower anti-inflationary determination would therefore be captured by an
upward drift of the target. This formulation allows us to abstract from issues of equilibrium
determinacy when estimating the model.

Market clearing requires

Y, = C,. (16)

Equilibrium dynamics are described by equations (6)-(8) and (11)-(16), plus the sto-

chastic processes governing the motion of Egt, Ay, 1If and 5{ . These are discussed below.



2.1 Solving the model

For all shocks other than the inflation target, we assume that variances are subject to

stochastic regime switches. More specifically

A
_ P e A ~
At—i—l = At@t+17 €1 N(O’007SY,t)
I
€ I ~
Ertp1 = €t i1 N (0,00s,,)

04 _ v \Pc &€ c ~
€oty1 = (ey)"¢ et g1 IV (O’UC:Sc,z)
where

Oasy, — Oa,LSYt + 0a,H (1 - SY,t)
Oisr, = 0irsig+oim(l—sry)

Ocsce — Oc¢LSCt +0cH (]— - SC,t)

and the variables sc¢, sy, sy, can assume the discrete values 0 and 1. For each variable
sjt (j = C,1,Y), the probabilities of remaining in state 0 and 1 are constant and equal to
pj,0 and pj 1, respectively.

We assume regime switches in these particular variances for the following reasons. The
literature on the "Great moderation" (see e.g. McDonnell and Perez-Quiros, 2000) has
emphasised the reduction in the volatility of real aggregate variables starting in the second
half of the 1980s. We conjecture that this phenomenon could be captured by a reduction
in the volatility of technology shocks in our structural setting. The heteroskedasticity
in policy shocks aims to capture the large increase in interest rate volatility in the early
1980s, the time of the so-called "monetarist experiment" of the Federal Reserve. Finally,
the finance literature has found a relationship between regimes identified in term-structure
models and the business cycle. In our model, this relationship could be accounted for by
regime switches of the volatility of preferences (demand) shocks.

Concerning the process followed by the inflation target, we assume that
* —x l_pw *\ P e™
t+1 = (H ) (IL})Pm et (17)

so that the inflation target is allowed to change smoothly over time. We also plan to

explore the alternative specification in which

I, =T sme + gy (1— smy) (18)



where sp; can assume the discrete values 0 and 1 and the probabilities of remaining in
state 0 and 1 are constant and equal to prp and pr 1, respectively. As discussed below,
specification (18) has the advantage of generating non-zero prices of regime-switching risk.

To solve the model, we exploit the recursive nature of bonds in equilibrium. We first
solve for all macroeconomic variables and then construct the prices of bonds of various
maturities.

We start by writing the macroeconomic system in compact form as

Yy = g(z,0) (19)

zer = hi(z,0) 4 C(2) olie (20)

where g (-), h(-), and C(-) are matrix functions and we define the vectors: z;, includ-
ing the lagged endogenous predetermined variables, the state variables with continu-
ous support and the state variables with discrete support; 3, collecting all jump vari-
ables (excluding bond yields); and u;, containing all innovations. In order to write
the law of motion of the discrete processes in the form implied in equation (20), we
rely on Hamilton (1994). The law of motion of state scy, for example, is written as
sci+1 = (L —pco) + (=1 +pc1 +pco) scr + Vo1, where voyqq is an innovation with
mean zero and heteroskedastic variance.

We then seek a second-order approximation to the functions g (z;,0) and h(z,0)
around the non-stochastic steady state z; = z and ¢ = 0. We define the non-stochastic
steady-state as vectors ¥ and z such that f (y,7,%,%).

For the continuous state variables, the non-stochastic steady state Z corresponds to the
value which they would eventually attain in the absence of further shocks. For the state
variables with discrete support, the non-stochastic steady state is instead the ergodic mean
of the Markov chain. Formally, when we take the limit as ¢ = 0 we shrink the support of
the regime-switching processes, so that their two realisations become closer and closer to
each other. Eventually, the two realisations coincide on the ergodic mean of the process.

Amisano and Tristani (2007b) show that the second-order approximate solution can
be represented as

~ ~ 1 ~
g(z,0)=Fz + 3 (Iny ® /Z\,ﬁ) Ez + k:y7502

and

N 1 R
h(z,0) = PZ + 3 (In. ® %) Gz + k. 02
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for vectors ky s, k. s and matrices I, I/, P and G to be determined. Note that k, ; and

k. s are vectors dependent on the realisation of the discrete states.

2.2 Regime switching and the variability of risk premia

Given the solution for inflation and the marginal utility of consumption, we compute bond
prices using the method in Hérdahl, Tristani and Vestin (2008). The building blocks are
the processes followed by the state vector and the approximate solutions for inflation and

the marginal utility of consumption, i.e.

~ 1 ~ ~ -
Ztt1 = Pz + 3 (In. ® 2)) GZ + k2 502 + € (2¢) OUg1
~ . 1 .
N = Pz + §/Z\£E>\Zt + ]43,\750'2
~ ~ 1 ~
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where I\ and F); are the appropriate rows of vector F' and F) and E, are appropriate sub-
matrices of matrix . In log-deviation from its deterministic steady state, the approximate

price of a bond of maturity n, /l;t’n, can then be written as

~ N 1 N
bt,n (Zta U) = Bz,nzt + 5/2\2Bzz,nzt + Bn,so'2

where B, ,,, B, and B, ; are defined through a recursion. B, s changes depending on
the realisation of the discrete states, but matrices B, ,, and B, , are state-independent.
The state-dependence of B,, s implies that bond risk premia will also become time-
varying. In order to see this, it is useful to derive expected excess holding period returns,
i.e. the expected return from holding a n-period bond for 1 period in excess of the return
on a 1-period bond. To a second order approximation, the expected excess holding period

return on an n-period bond can be written as
E\pT‘t,n — iy = Cov, [%t+la/b\t+1,nfl} — Cov; [Axt+17/b\t+1,nfl}
This expression can be evaluated using the model solution to obtain
hpryy — i = 02 Bo1,.CC (FL — FY) (21)

~~1
where (( is the conditional variance-covariance matrix of vector z;, which depends on
state s. In our model, therefore, risk premia change every time there is a switch in any of

the discrete state variables.
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Since the conditional variance of the price of a bond of maturity n can be written, to a
second order approximation, as E; |:/b\t+1,'n—1/b\£ +17n_1} = O'2Bz7n_1ZZ,B;,7n_l, it follows that
we can define the (microfounded) price of risk for unit of volatility, or the "market prices
of risk," in our model as

§=0C (F, - F) (22)

The market prices of risk are only affected by first-order terms in the reduced-form of
the model. All terms in equation (22) would be constant in a world with a single regime.
They becomes time-varying in our model due to the possibility of regime switches, because
the variance-covariance matrix ZEI is regime-dependent.

In the empirical finance literature, the market prices of risk are often postulated exoge-
nously using slightly different specifications. For example, Naik and Lee (1997), Bansal
and Zhou (2002) and Ang, Bekaert and Wei (2008) assume that the market prices of risk
are regime dependent, but the risk of a regime-change is not priced. On the contrary,
regime-switching risk is priced in Dai, Singleton and Yang (2008).

In our model, these specifications can arise endogenously depending on how the regime-
switching processes affect the model. Based on the definition 2, = [}, s}]', where vector
x; only includes the states with continuous support and vector s; includes the states with
discrete support, we can partition the matrix Z (recall that shocks with continuous and

discrete support are all independently distributed) and the vectors F; and F) conformably

~T
=_|¢ 0 B _ | X
C - [ 0 ZS ) F?T — F; ) F/\ — Ff
As a result, equation (22) can be split into the vectors & and &; such that & =

[(&7),(&))'] and

as

& = o () [F) — (1Y (23)

~S

& = o(O) [E - EY] (24)

Vector & in equation (23) includes the prices of risk associated with variables with
continuous support. These prices change across regimes. If, for example, technological
risk were not diversifiable, then the price of risk associated with technology shocks would
be higher in a high-variance regime for technology shocks (and lower in a low-variance
regime). This is the regime-dependence of market prices of risk which is present in all the

aforementioned finance models.

11



Vector £ in equation (24) includes instead the market prices of regime-switching risk,
i.e. the price of risk associated with the possibility of regime changes. These prices of risk
are also regime-dependent, because they will be affected by the conditional variance of the
discrete process, which depends on the regime prevailing at each point in time.

In our set-up, the prices of risk associated with variables with continuous support,
&7, will always be non-zero. Whether the prices of regime-switching risk are zero or not
depends instead on the exact way in which regime-switching affects the economy. When
only the variance of exogenous shocks is allowed to change regime stochastically, the
market price of regime-switching risk is zero. The reason is that, as in a model with
homoskedastic shocks, variances have no effect on the first order approximation of the
model. The possibility that variances may change is therefore also irrelevant, to first
order.

On the contrary, the prices of regime-switching risk are non-zero when regime-switching
affects other structural elements of the model, as in our specification of the inflation target
process in equation (18). In this case, a shift in the inflation target regime would have
direct implications on, for example, inflation expectations. As a result, the possibility of
such a regime-shift would also command a non-zero market price.

Our set-up can therefore offer a microfoundation for the different assumptions adopted
in the finance literature. It should be emphasised, however, that papers in the finance
literature also allow the prices of risk to be affine functions of the continuous states of the

model. This would only be possible in our set-up if we solved the model to third order.

3 Estimation methodology

Looking at the system of equations (??7) and (?7), given that discrete state variables
appear linearly and in a quadratic way, the system can be re-written as quadratic in
the continuous state variables with interercept and linear terms changing according to
the discrete state variables This alternative representation is particularly convenient for

describing the estimation methodology. It is straigthforward to show that the model can
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be rewritten as

i1 = ¢+ Cijxep1 + Covech(X41Xi4 1) + Dvigs (25)
Xi41 = a; + Aqxe + Aguech(xx)) + Biwi i1 (26)
st «~ Markov switching (27)

where the vector y? includes all observable variables, vector x; only includes the states
with continuous support, vector s; includes the states with discrete support, and vy
and w1 are measurement and structural shocks, respectively. In this representation, the
regime switching variables affect the system by changing the intercepts a; and c;, the slope
coefficients A;; and Cy j, and the loadings for the of the structural innovations B;.(we
indicate here with ¢ the value of the discrete state variables at ¢ and with j the value of
the discrete state variables at ¢ + 1).

If the approximation of the state space form is truncated to the linear terms, then the

system becomes

viri = ¢+ Cixep1 +Dvyyg (28)
Xer1 = a; + Aixe +Biwig (29)
s; « Markov switching (30)

i.e. a linear system with (conditionally) Gaussian innovations and intercepts and loading
factors which depend on the value of the discrete state variables. We describe how to
obtain the likelihood of the model separately for the linear and the quadratic cases. With
the likelihood in hand and a choice for prior specification, estimation is carried out by

posterior simulation.

3.1 The linear case

In the linear case, we have a linear state space model with Markov switching. See Kim
(1994), Kim and Nelson (1999) and Schorfheide (2005). The likelihood cannot be obtained
by recursive methods and it is approximated using a discrete mixture approach. Things are
easier when the number of continuous shocks (measurement and structural) is equal to the

number of observables. In such a case the continuous latent variables can be obtained via
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inversion and the system can be written as a Markov Switching VAR. The likelihood can

be obtained by using Hamilton’s filter i.e. by integrating out the discrete latent variables

3.2 The quadratic case

In the quadratic case the likelihood cannot be obtained in closed form by using recursive
methods. We therefore use sequential Monte Carlo techniques. See Amisano and Tristani
(2007a) and the reference therein. We construct the likelihood using the conditional
particle filter, as in Amisano and Tristani (2007a).. At each point in time ¢, this involves

the following steps:
1. linearise the measurement equation around X;1; = E(x¢11]y?, 0);
2. use the linearised measurement equation to obtain 5(X?+1|Xfa St+1 = J, Y Xt, 0);
3. draw sy41 from its marginal distribution (ie independently of x;11);
4. draw x;11 from the distribution conditional on s;y1
5. assign the resampling weight

m
wi1 < P(yiy|xe, 0) = Zﬁ(yg+1|xt, St+1 = J, 0) X pij
i=1

The sample mean of the weights approximates the conditional likelihood.

To initialise the system, we proceed differently for discrete and continuous states.

For sy, we draw from the ergodic distribution 7r, which is simple to compute state by
state, given that each variable can only assume two values. For xg the ergodic distribution
is unknown. We approximate it with a Gaussian distribution matching the (analytically
available) first and second moments of its ergodic distribution obtained by using the linear

approximation.

4 Data and prior distributions

We estimate the model on quarterly US data over the sample period from 1966Q1 to
2006Q2. Our estimation sample starts in 1966, because this is often argued to be the date

after which a Taylor rule provides a reasonable characterisation of Federal Reserve policy.!

! According to Fuhrer (1996), "since 1966, understanding the behaviour of the short rate has been

equivalent to understanding the behaviour of the Fed, which has since that time essentially set the federal
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The data included in the information set are real GDP, the GDP deflator, the 3-
month nominal interest rate and yields on 3-year and 10-year zero-coupon bonds. Prior
to estimation, GDP is de-meaned and detrended using a linear trend.

For most model parameters, we assume prior distributions broadly in line with the
literature (see Tables 1-3). We only discuss here the priors for the parameters related to
the regime switching processes. More specifically, we set the prior means for the standard
deviations of policy, preference and technology shocks so as to induce an ordering in which
state 0 is the high-volatility state.

Concerning transition probabilities, we assume beta priors such that the probabilities
of persistence in each state are symmetric. We assume that they have relatively high
means for regimes associated to monetary policy and technology shocks, a bit less high for
preference shocks. This is consistent with the aforementioned conjecture that monetary
policy shocks and technology shocks should be associated with highly persistent states,
while preference shocks should be associated with an indicator of the business cycle. The
variances of these prior distributions are relatively large, so as to extract as much infor-

mation as possible from the data.

5 Empirical results

We have estimated our model under the simplifying assumption of absence of regime-
switching and introducing incrementally regime switching in s7;, sc; and sy;. We refer
to the model with a single regime as M0 and to the other models as M1, M2 and M3,
where the digit refers to the number of discrete processes included in the specification.
We denote the estimates of the first order (or linear) approximation of these models with
MOL, M1L, M2L and M3L; M0Q will denote estimates of the second-order (or quadratic)
approximation of the homoskedastic model MO.

Since M 3L dominates M 1L and M2L in terms of marginal likelihood, we focus here
on the comparison between MOL, M0Q and M3L.

Funds rate at a target level, in response to movements in inflation and real activity". Goodfriend (1991)
argues that even under the period of official reserves targeting, the Federal Reserve had in mind an implicit

target for the Funds rate.
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5.1 Posterior distributions and goodness of fit

Tables 1-3 also report statistics on the posterior distributions of parameter estimates. The
results highlight that all models find it hard to replicate macro and yields data at the same
time.

The first sign of strain arises from the marked increase, compared to the prior mean,
of the posterior mean of the standard deviations of almost all shocks. For example, com-
pared to a prior mean around 1%, the standard deviation of preference shocks increase
to 18% in MOL, to 24% in M0Q and to between 15% and 26% in M3L. Large standard
deviations tend to be necessary in order to produce movements in 10-year yields, which
would otherwise tend to stay close to their long-run mean in an environment where the
expectations hypothesis holds (see also Giirkaynak, Sack and Swanson, 2005).2

The increase is particularly large (more than 10-fold) for the standard deviation of the
target shock. This increase must be interpreted jointly with the estimates of the posterior
means of the policy rule coefficients. In all models, the policy rule becomes very aggressive
against inflation deviations from target, with short-term reaction coeffients around 1.0 and
a degree of interest rate smoothing which also hovers around 1. These coefficients imply
that inflation is almost always kept on target by the central bank. All models are therefore
forced to explain the inflation rates observed in our sample as induced by the central bank
through a sequence of target shocks. This feature also explains the low posterior mean of
the inflation indexation parameter.

In turn, the aggressiveness of the policy rule is related to the need of generating
sufficient movements at the long-end of the yield curve. Very inertial (even superinertial,
for the model with regime-switches) rules obviously help in this sense. At the same time,
inertial rules tend to be associated with gradualism in interest rate setting. A large
inflation response coefficient counters this tendency and induces sufficient volatility in the
short-term rate.

Turning to the structural parameters, the most striking result is the large increase in
the posterior mean of the coefficient of relative risk aversion. In the linear models MOL
and M3L this is obviously not due to a standard, equity-premium-puzzle type of reason:

these models explain observed variables entirely through expectations effects. The reason

2Even in model M0Q a weak version of the expectations hypothesis holds because risk-premia are

constant.
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for the high coefficient risk aversion is rather related to the link between this parameter
and the elasticity of intertemporal substitution (1/7). To a first order approximation, the
elasticity of intertemporal substitution shapes the sensitivity of output to changes in the
real interest rate. Given the aforementioned estimates of the policy rule coefficients, ~
must be high to shield output from the volatililty of the short-term.

Overall, the posterior distribution have unreasonable implications. For example, they
would imply implausibly high values of the unconditional variances of all observed vari-
ables.

Nevertheless, there are two signals that the quadratic model with regime-switching
could have a better performance. The first is that, in the low-variance state, the regime-
switching standard deviations of the exogenous shocks tend to be smaller than the corre-
sponding standard deviations of the M0 models. At the same time, the posterior estimates
of the transition probabilities suggest that the low-variance states are more persistent than
the high-variance ones. Overall, this implies that the ergodic variance of the shocks is not
necessarily higher than in the homoskedastic case, even if, at the same time, the model
with regime-switching would be able to occasionally generate bursts in volatility, hence in
risk premia.

The second signal is that, while remaining high, the coefficient of relative risk-aversion
estimated in the M0Q model is lower than in the other models. This suggests that the
additional restrictions imposed by the quadratic model, e.g. the influence of v on risk
premia, help to discipline its estimates. There are no signals that this worsens the model’s
ability to fit the data.

Turning to goodness of fit measures, there are clear signals that the model with regime-
switches is superior to the homoskedastic models.

Table 4 reports estimates of the marginal likelihood of the three models discussed so
far. The model with regime-switching is, to different extents, clearly superior to the two
alternatives. This suggests that the need to introduce sources of heteroskedasticity in
economic models is not linked to the desire to fit financial data, but rather necessary for
a satisfactory explanation of macroeconomic data.

Figures 1-3 display 1-step-ahead forecasts and realised variables for each of the three
models. The striking feature emerging from these figures is that all models are capable of

fitting the data to a surprisingly good extent. What is particularly noticeable is that the

17



level of yields can be matched by the linear models. Within linearised models, Bekaert,
Cho and Moreno (2006) and De Graeve, Emiris and Wouters (2007) fit yields only by
introducing exogenous parameters to explain their unconditional slope. In our case, how-
ever, the unconditional slope is zero. Nevertheless the models manage to replicate it in
sample, thanks to the high persistence of the exogenous shocks.

The residuals from the M0 model are significantly smaller in absolute value than in
the other models. This also reflects this model’s ability to generate a non-zero uncondi-
tional slope of the term structure, which helps to match yields. Even in this case, however,
residuals display clear signs of serial correlation.

A second feature which emerges from Figures 1-3 is the clear heteroskedasticity of the
residuals. This is problematic for the M0L and the MO0Q models, while it is explained
by the model with regime-switching. A particularly visible increase in the variance of
residuals is observed in the linear models for all interest rates at the beginning of the
1980s, the time of the so-called monetarist experiment of the Federal Reserve. Similarly,
a reduction in the volatility of output shocks is clearly visible as of the mid-1980s, as

highlighted in the literature on the Great moderation.

5.2 Implications of regime switching

Figure 4 displays smoothed and filtered estimates of the discrete states in model M3L,
together with the official NBER recession dates. In all cases, 1 denotes the low-variance
state, 0 the high-variance state.

The regimes associated with the policy shock clearly identify the Fed’s monetarist
experiment. This state jumps abruptly to the value 0 in 1980 and remains there until
1983; it then returns to the low-variance state over the rest of the sample (with a marginal
exception around 1985). The identification of the two states is quite precise in real time.
There are only small revisions noticeable in the smoothed estimates, compared to the
filtered ones.

The regimes associated with preference shocks displays some association with the eco-
nomic cycle. More specifically, it tends to move towards the low-variance state during
prolonged expansions — e.g. at the end of the 1990s or around 2005. Overall, however, the
association with the cycle is not strong.

Finally, the regimes associated with technology shocks clearly identifies the Great
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moderation period started in the mid-1980s. The switch to a low-variance regime occurs
gradually over the 1980s and it is quite clearly identified also in real time. In previous
years, however, only smoothed estimates confim that the economy was in a high-variance
regime for technology shocks. Filtered estimates are much more volatile and tend to
repeatedly move away towards the low-variance regime.

The various states can be composed to define 8 possible combinations of regimes. This
is done to construct Figure 5, which displays excess holding period returns derived from
the model. More precisely, the figure is based on the posterior means and on the filtered
estimates of the regimes obtained from the estimation of the linearised M 3L model. These
results are then used in the second order approximation of the same model to compute
excess holding period returns. In so doing, we exploit the properties of these measures of
risk premia highlighted in the discussion of equation (21). These premia vary over time
only as a result of regime changes. They can therefore be computed without the need to
filter the states with a continuous support.

Two notable features emerge from Figure 5. The first one is that the quadratic model
is capable of generating sizable risk-premia. Premia are strictly increasing in the maturity
of bonds and reach an average of 3-4 percentage points at the 10-year horizon. This value
should obviously not be interpreted as a term premium, but it gives an indication that
the model can go quite far in generating sizable premia. Some reduction in the variance of
structural shocks appears to be possible when estimating the second order approximation
of the model, without necessarily loosing much in terms of the model’s ability to explain
yields.

The second feature emerging from Figure 5 is that the premia are significantly variable
over time, which is a desirable feature to explain observed deviations of the data from
features consistent with the expectations hypothesis (see e.g. Dai and Singleton, 2002). A
clear peak in risk-premia (up to over 5 percentage points at the 10-year horizon) is visible
at the time of the monetarist experiment in the early 1980s. This is encouraging, because
deviations of yields from values consistent with the expectations hypothesis are known to
be particularly marked around this period. For example, Rudebusch and Wu (2006) note
that the performance of the expectations hypothesis improves in the 1988-2002 period.
At the 10-year maturity, premia tend to be more volatile in the first half of the sample

than in the most recent half, consistently with the reduction in the variance of technology
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shocks.

In this model, variations in risk premia are associated with variations in the amount
of uncertainty in the economy. Figure 6 displays a measure of such uncertainty: the
conditional standard error of one-step-ahead forecasts for each observable series. This
figure complements the information in Figure 5. It shows that the short-term rate and
the 3-year yield are particularly difficult to forecast at the beginning of the 1980s. For
10-year bonds, however, volatility is also quite high during the recessions of the 1970s and

the recession at the turn of the century.

6 Conclusions

Our preliminary results on the estimation of the first order approximation of a macro-
yield curve model with regime switches show considerable support for this specification,
compared to a model with homoskedastic shocks. Different regimes clearly help fitting
macroeconomic variables, notably the heteroskedasticity of the model’s residuals. More-
over, estimated regimes bear an intuitively appealing structural interpretation.

At the same time, the linearised model displays clear signs of mispecification when
asked to match yields data. It can only do so at the cost of bending the parameter
estimates towards implausible regions from a macroeconomic viewpoint. This problem

should be mitigated when the model is estimated to a second order approximation.
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