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Abstract

We develop a theory of equilibrium in asset markets with adverse selection. Traders
can buy and sell an asset at any price. Sellers recognize that their trades may be
rationed if they ask for a high price, while buyers recognize that they can only get a
high quality good by paying a high price. These beliefs are consistent with rational
behavior by the traders on the other side of the market. In the resulting equilibrium,
the existence of low-quality assets reduces the liquidity and price-dividend ratio in the
market for high quality assets. A larger player who purchases and destroys all the
low quality assets will improve the liquidity and raise the price-dividend ratio for the

remaining assets.

1 Introduction

This paper develops a dynamic equilibrium model of asset markets with adverse selection.
Sellers can attempt to sell a durable asset at any price. Buyers must form rational expec-
tations about the type of asset that is available at each price. In equilibrium, sellers are
rationed by a shortage of buyers at all prices except the lowest one, and it is increasingly
difficult to sell an asset at higher prices. This keeps the owners of low quality assets from
trying to sell them at high prices. On the other hand, the owners of high quality assets are
willing to set a high price despite the low sale probability because the asset is worth more
to them if they fail to sell it.

*This paper is an outgrowth of research with Randall Wright; we are grateful to him for many discussions
and insights on this project. We also thank seminar audiences at the Aarhus University, the American
Economic Association Annual Meetings, the University of Essex, and the Federal Reserve Bank of Chicago
on previous versions of this paper. Shimer is grateful to the National Science Foundation for research support.



Our model offers an abstract view of an illiquid asset market, for example the market
for asset-backed securities during the 2007-2008 financial crisis. Prior to the crisis, market
participants viewed AAA securities as a safe investment, indistinguishable from Treasuries;
indeed, they were treated as such by banking regulators. In the early stages of the crisis,
investors started to recognize that some of these securities were likely to pay less than face
value. Moreover, it was difficult to determine the exact assets that backed each individual
security. Anticipating that she might later have to sell it, at this point it started to pay for
the owner of an asset to learn its quality. On the other hand, it did not pay potential buyers
to investigate the quality of all possible assets because they did not know which assets would
later be for sale. This created an adverse selection problem, where sellers have superior
information than buyers, as in the classic market for lemons (Akerlof, 1970).!

We predict that within an asset class, such as AAA-rated mortgage backed securities, a
seller should always be able to sell an asset at a sufficiently low price. However, the owners of
good quality assets will choose to hold out for a higher price, recognizing that there will be a
shortage of buyers at that price and so it will take time to sell the asset. Moreover, the price
that buyers are willing to pay for a high quality asset will be depressed because the market is
less liquid. That is, even if a buyer somehow understood that a particular mortgage-backed
security would pay the promised dividends with certainty, he would pay less for it than for a
Treasury because he would anticipate having trouble reselling the MBS to future buyers who
don’t have his information. Illiquidity therefore serves to further depress asset prices. In
particular, the ability of sellers to learn the quality of their assets will depress the liquidity
and may depress the value of all securities even if the average the quality is unchanged.

An obvious solution to this problem is to have a third party evaluate the quality of the
assets. Indeed, this is the role that the rating agencies were supposed to play. But the rating
agencies lost their credibility during the crisis and there was no one with the reputation and
capability to take their place. We find instead that there may have been a role for an investor
with deep pockets, such as a government, to purchase low quality assets and alleviate the
illiquidity of high quality ones. In particular, suppose the government stood ready to buy
all assets at a moderate price. Any asset which the seller believed was worth less than that
price, even if fully liquid, would be sold to the government, which in turn would take a
loss on its purchases. The elimination of trade in low quality assets moderates the adverse
selection problem. This makes all other assets more liquid and more expensive. Thus asset
purchases can potentially alleviate both illiquidity and insolvency.

Our model is deliberately stylized. Assets are perfectly durable and pay a constant

'For a detailed description of the first phase of the crisis and an analysis of the source of the adverse
selection problem, see Gorton (2008).



dividend, a nondurable consumption good. Better quality assets pay a higher dividend. In-
dividuals are risk-neutral and have a discount factor that shifts randomly over time, creating
a reason for trade. The only permissible trades are between the consumption good and the
asset. Still, we believe this framework is useful for capturing our main idea that illiquidity
may serve to separate high and low quality assets. In particular, it is a dynamic general
equilibrium model in which the distribution of asset holdings evolves endogenously over time
as individuals trade and experience preference shocks. We define a competitive equilibrium
in this environment and prove that it is unique. In equilibrium, higher quality assets trade
at a higher price but with a lower probability. Indeed, the expected revenue from selling a
an asset, the product of its price and trading probability, is decreasing in the quality of the
asset.

We also show that the trading frictions in this environment do not depend on any as-
sumptions about the frequency of trading opportunities. Even with continuous trading
opportunities, there are not enough buyers in the market for high quality assets and so it
takes a real amount of calendar time to sell at a high price. This is in contrast to models that
emphasize illiquidity in asset markets due to search frictions, such as Duffie, Garleanu and
Pedersen (2005), Weill (2008), and Lagos and Rocheteau (2009), where the economy con-
verges to the frictionless outcome when the time between trading opportunities goes to zero.
In our adverse selection economy, real trading delays are essential for separating the good
assets from the bad ones. Of course, in reality adverse selection and search frictions may
coexist in a market, and it is indeed straightforward to introduce search into our framework
(Guerrieri, Shimer and Wright, 2010; Chang, 2010).

There is a large literature on dynamic adverse selection models. In many cases, the
authors implicitly assume that all trades must take place at one price, so there is necessar-
ily a pooling equilibrium (e.g. Eisfeldt, 2004; Kurlat, 2009; Daley and Green, 2010; Chari,
Shourideh and Zetlin-Jones, 2010). This implies that sellers choose not to sell some assets
because the price is too low, and so in a sense these models also deliver illiquidity. In our
model, in contrast, sellers try to sell all their assets, but most only sell with some probability
between 0 and 1. Moreover, our model allows for the possibility that a seller can demand a
high price for her asset, something that models which impose a uniform price cannot address.
At the end of our paper, we compare our notion of equilibrium to an environment in which
we impose that all trades must take place at a common price. A number of substantive re-
sults differ. For example, our equilibrium is unique while equilibrium is generally not unique
in the pooling environment. In addition, public asset purchases, a policy intervention that
is important in practice, are more effective in our environment than in the economy with

pooling.



This paper builds on our previous work with Randall Wright, Guerrieri, Shimer and
Wright (2010). It also complements a contemporaneous paper by Chang (2010). There are
a number of small differences between that paper and this one. For example, we look at an
environment in which individuals may later want to resell assets that they purchase today.
This means that buyers care about the liquidity of the asset and so liquidity affects the
equilibrium price-dividend ratio. It follows that interventions in the market which boost
liquidity may also raise asset prices. We allow individuals to hold multiple assets, although
that turns out to be inessential for our analysis. We also focus more explicitly on general
equilibrium, allowing for the possibility that buyers may be driven to a corner in which they
do not consume anything. Still, both papers leverage our earlier research to study separating
equilibria in a dynamic adverse selection environment.

This paper proceeds as follows. Section 2 describes our basic model. Section 3 describes
the individual’s problem and shows how to express it recursively. Section 4 defines equilib-
rium and establishes existence and uniqueness. Section 5 provides closed-form solutions for
a version of the model with a continuum of assets. Section 6 extends the model to have
persistent preference shocks and then shows that the frictions survive in the continuous time
limit. Section 7 discusses how our model can generate fire sales following the revelation
of some information and how illiquidity and insolvency can be alleviated through an asset
purchase program, although the program necessarily loses money. Section 8 compares the
implications of our equilibrium concept to an environment in which a pooling equilibrium is

imposed.

2 Model

There is a unit measure of risk-neutral individuals. In each period ¢, they can be in one of
two states, s; € {l, h}, which determines their discount factor 3, between periods ¢t and ¢+ 1.
We assume 0 < 3; < 8, < 1. The preference shock is independent across individuals and for
now we assume that it is also independent over time. Thus 7, denotes the probability that
an individual is in state s € {l, h} in any period, and it is also the fraction of individuals who
are in state s in any period. Let 8 = m 8, + 7,0, denote the expected discount factor. For
any particular individual, let s* = {so, ..., s;} denote the history of states through period ¢.

There is a finite number of different types of assets, distinguished by their type j €
{1,...,J}. Assets are perfectly durable and so their supply is fixed; let K; denote the
measure of type j assets in the economy. Each type j asset produces d; units of a homoge-
neous, nondurable consumption good each period, and so aggregate consumption Z}le 0, K;

is fixed. Without loss of generality, assume that higher type assets produce more of the



consumption good, 0 < d; < --- < d;. The assumption that there is a finite number of asset
types simplifies our notation, but in Section 5, we discuss the limiting case with a continuum
of assets.

We are interested in how a market economy allocates consumption across individuals.
For the remainder of the paper, we refer to the assets as “trees” and the consumption good

as “fruit.” The timing of events within period ¢ is as follows:
1. each individual = owns a vector {k,-J}}-]:l of trees which produce fruit;
2. each individual’s discount factor between periods ¢t and ¢t + 1 is realized;
3. individuals trade trees for fruit in a competitive market;
4. individuals consume the fruit that they hold.

We require that each individual’s consumption is nonnegative in every period and we
do not allow any other trades, e.g. contingent claims against shocks to the discount factor.
In addition, we assume that only the owner of a tree can observe its quality, creating an
adverse selection problem. Key to our equilibrium concept, which we discuss below, is that
the buyer of a tree may be able to infer its quality from the price at which it is sold. Finally,
we impose that only individuals with low discount factors may sell trees and henceforth call
them “sellers.” For symmetry, we refer to individuals with high discount factors as buyers.
This configuration is reasonable in the sense that, absent an adverse selection problem,
individuals with high discount factors would buy trees from individuals with low discount
factors, transferring consumption from those with a high intertemporal marginal rate of
substitution to those with a low one.

We now describe the competitive fruit market more precisely. After trees have borne fruit,
a continuum of markets distinguished by their positive price p € R, open up. Each buyer
may take his fruit to any market (or combination of markets), attempting to purchase trees
in that market. Each seller may take his trees to any market (or combination of markets)
attempting to sell trees in that market.

All individuals have rational beliefs about the ratio of buyers to sellers in all markets. Let
O(p) denote the ratio of the amount of fruit brought by buyers to a market p, relative to the
cost of purchasing all the trees in that market at a price p. In other words, if ©(p) < 1, there
is not enough fruit to purchase all the trees offered for sale in the market, while if ©(p) > 1,
there is more than enough. A seller believes that if he brings a tree to a market p, it will
sell with probability min{©(p),1}. That is, if there are excess trees in the market, the seller
believes that he will succeed in selling it only probabilistically. Likewise, a buyer who brings

p units of fruit to market p believes that he will buy a tree with probability min{©(p)~!, 1}.
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If there is excess fruit in the market, he will be rationed. A seller who is rationed keeps his
tree until the following period, while a buyer who is rationed must eat his fruit.

Individuals also have rational beliefs about the types of tree sold in each market. Let
I'(p) = {7;(p)}/=, € A7 denote the probability distribution over trees available for sale in a
market p, where A” is the J-dimensional unit simplex.? Buyers expect that, conditional on
buying a tree at a price p, it will be a type j tree with probability v;(p). Buyers only learn
the quality of the tree that they have purchased after giving up their fruit. They have no
recourse if unsatisfied with the quality.

Although trade does not happen at every price p, the functions © and I" are not arbitrary.
Instead, if ©(p) < oo (the buyer-seller ratio is finite) and ~,(p) > 0 (a positive fraction of
the trees for sale are of type j), sellers must find it weakly optimal to sell type j trees at
price p. Without this restriction on beliefs, there would be equilibria in which, for example,
no one pays a high price for a tree because everyone believes that they will only purchase

low quality trees at that price.

3 Individual’s Problem

We start by writing down the problem faced by an individual in an environment with ar-
bitrary functions © and I'. The individual recognizes that he can in principle trade at any
positive price p. However, he may be rationed at some prices and the price may affect the
quality of tree that he buys.

For any period ¢, history s, and type j € {1,...,J}, let k; ;,(s'!) denote individual
’s beginning-of-period t holdings of type j trees. For any period ¢, history s, type j €
{1,...,J}, and set P C Ry, let g; j+(P; s') denote his net purchase in period ¢ of type j trees
at a price p € P. The individual chooses a history-contingent sequence for consumption
¢;+(s') and measures of tree holdings k; ;++1(s") and net tree purchases ¢; ; :(P; s') to maximize

his expected lifetime utility
o0 t—1
S5 (v ) ra
t=0 st 7=0

This simply states that the individual maximizes the expected discounted value of consump-

tion, given the stochastic process for the discount factor. The individual faces a standard

2That is, vj(p) > 0 for all j and ijl v;(p) = 1.



budget constraint,

7 - 7
D 0kia(s'Th) = cialsh) + / p <Z gi,:({p}; St)) dp,
Jj=1 0 j=1

for all t and s'. The left hand side is the fruit produced by the trees he owns at the start of
period t. The right hand side is consumption plus the net purchase of trees at nonnegative

prices p. He also faces a law of motion for his tree holdings,
ki (s') = km,t(st_l) + Gijp(Ryss"),

for all j € {1,...,J}. This states that the increase in his tree holdings is given by his net
purchase of that type of tree. Finally, the individual faces a set of constraints that depends
on whether his discount factor is high or low.

If the individual has a high discount factor, s; = h, he is a buyer, which implies ¢; j :(P; s")
is nonnegative for all j € {1,...,J} and P C R,. In addition, he must have enough fruit to

purchase trees,

Z(Sjki,j,t(st_1> > /0"0 max{O(p), 1}p (Z ¢+ ({p}: 3t)> dp.

If the individual wishes to purchase ¢ trees at a price p and ©(p) > 1, he will be rationed
and so must bring O(p)pq fruit to the market to make this purchase. This constrains his
ability to buy trees in markets with excess demand. Together with the budget constraint,
this also ensures consumption is nonnegative. Finally, he can only purchase type j trees at

a price p if individuals are selling them at that price, that is

Gijr(P;s') = /P 75(p) (Z Qi,j’,t({p}§5t)) dp

for all j € {1,...,J} and P C R,. The left hand side is the quantity of type j trees
purchased at a price p € P. The integrand on the right hand side is the product of quantity
of trees purchased at price p and the share of those trees that are of type j.

If the individual has a low discount factor, s; = I, he is a seller, which implies ¢; j(P; s")
is nonpositive for all j € {1,...,J} and P C R,. In addition, he may not try to sell more

trees than he owns:
bisels™) 2 = [ max(O() ! Da({p): )b
0
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for all j € {1,...,J}. Each tree only sells with probability min{©(p),1} at price p, so if
O(p) < 1, an individual must bring ©(p)~! trees to the market to sell one of them. Sellers
are not restricted from selling trees in the wrong market. Instead, in equilibrium they will
be induced not to do so.

Let V*({k;}) be the supremum of the individuals’ expected lifetime utility over feasible
policies, given initial tree holding vector {k;}. We prove in Proposition 1 that the function

V* satisfies the following functional equation:
V({k;}) = mVi({ks}) + mVi({k;}), (1)

where

Vi({k}) = max (Zak / °°p<ij<{p}>> dpmm{k;})) @

subject to kj = k; + ¢;(Ry) for all j € {1,...,J}

Sk = [ max(e(). 1y (Z qj<{p}>> .

J
q;(P) = / 7i(p) (Z qg-({p})> dp for all j € {1,...,J} and P C R,
P =
¢g;j(P)>0forall je{l,...,J} and P C Ry,

and

Vi({hy)) = max (Za b= [ (Z qj<{p}>> i+ @mk;-})) ®)
subject to &} = k; + ¢;(R,) for all j € {1,...,J}
— /000 max{O(p) ™', 1}q;({p})dp for all j € {1,...,J},

¢;(P)<Oforallje{l,...,J} and P C Ry,

From now on, we work with the recursive version of the individuals’ problem.

Given the linearity of the problem, it is not surprising that the value functions are linear
in tree holdings. That is, V,({k;}) = Z}]:1 vs ;k; for s € {I,h} and V({k;}) = Z}]=1 v, jk;,
where v, ; denotes the expected value of a tree of type j tree for an agent with discount
factor 35 and v = mpvn ; + MUy is the expected value of a type j tree before the agent learns

her discount factor.



These marginal value functions satisfy relatively simple recursive problems. A seller

solves
v =0 + max (min{O(p), 1}p+ (1 — min{O(p), 1})47;). (4)

The individual earns a dividend 4, from the tree and also gets p units of fruit if he manages
to sell the tree at the chosen price p. Otherwise he keeps the tree until the following period.
Note that an individual with a low discount factor never strictly prefers to hold onto a tree
rather than try to sell it, since he can always offer it at a high price p > £;v;. Of course, at
such a high price, he may be unable to sell it, ©(p) = 0, in which case the outcome is the
same as holding onto the tree.

For a buyer, a type j tree delivers d; units of fruit, each of which may either be consumed
or used to purchase trees. A key result is that the value of fruit to a buyer is independent
of the type of tree that produced that fruit. Define 1+ A to be the value of a unit of fruit to
a buyer. If A = 0, the individual finds it weakly optimal to eat the fruit, while if A > 0 he

strictly prefers to purchase trees. Then
Uh,j = 5j(]. + )\) + 6h@j (5)

In addition, the value of a unit of fruit in excess of its consumption utility satisfies

A = max (min{@(p)_l, 1} (ﬁh 21 0P)Y — 1)) : (6)

p=>0 p

with A = 0 if the maximum value is negative. The buyer uses the fruit to attempt to purchase
1/p trees at an optimally chosen price p. If he succeeds, with probability ©(p)~! if O(p) > 1
and probability 1 otherwise, he enjoys the expected value of the tree next period but gives

up a unit of fruit.

Proposition 1 Let {v,;} and X\ be positive-valued numbers that solve the Bellman equa-
tions (4), (5), and (6) for s = I,h. Then V*({k;}) = Z;’Zl vik; for all k, where v; =

ThUh,j + U5 -

All proofs are in the appendix. Note that for some choices of of the functions © and I', there
is no positive-valued solution to the Bellman equation. In this case, the price of trees is so
low that it is possible for an individual to obtain unbounded utility and there is no solution

to the individual’s problem. Not surprisingly, this cannot be the case in equilibrium.



4 Equilibrium

4.1 Partial Equilibrium

We are now ready to define equilibrium. We do so in two steps, first focusing on a partial

equilibrium where the buyer’s value of fruit A is fixed:

Definition 1 A partial equilibrium with adverse selection for fived A > 0 is a pair of vectors
{vn;} € RY and {v,;} € R, functions © : Ry — [0,00] and I : Ry — A’ a set of prices

P C Ry, and a measure pu defined on subsets of P satisfying the following conditions:

1. consistency of the value functions: for all j € {1,...,J},

Ung = 0;(1 + A) + Buy,
w1 = 0+ max {0, max (min{®(p), 1H(p - A4175)) } + 615,
where v; = TRV + T,
2. sellers’ optimality: for allp € Ry and j € {1,...,J},
vy 2 0+ min{O(p), 1}(p — Bi7;) + Aivy,

with equality if ©(p) < oo and v;(p) > 0. Moreover, if p < (v}, either O(p) = oo or
v;(p) = 0 or both.

3. buyers’ optimality: for all p € Ry,

J _
\ > min(O(p)1. 1) (ﬁh > )y 1) |

p

with equality if p € P.

4. all trees are offered for sale at some price p € P:
w; = [ )y for allj € {1,....J),
P

The first condition simply repeats the value functions (4) and (5), but recognizes that sellers
can only sell trees at a price p if there is trade at that price, p € P. The second and
third conditions mimic the definition of equilibrium in Guerrieri, Shimer and Wright (2010).

Sellers’ optimality requires that for every type of tree j, the value of selling it at an arbitrary
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price p (possibly with p ¢ P) cannot exceed v; ;. Moreover, if the buyer-seller ratio at p is
finite and buyers expect to be able to purchase type j trees with positive probability, then
this must be a best price for selling that type of tree. Buyers’ optimality requires that the
value of a unit of fruit in excess of its consumption value cannot exceed A and must be equal
to A if there is trade at that price in equilibrium. The fourth condition imposes that the
quantity of type j trees held by sellers—the left hand side of the equation—is equal to the
quantity of those trees offered for sale at some price p € P—the right hand side.

For fixed A\, we find the partial equilibrium as the solution to a sequence of optimization

problems:
v =0j + n;%x( min{#, 1}p + (1 — min{0, 1})5@]-) (P-7)
s.t. A <min{f07' 1} (% - 1) :
v > 0y +min{6, 1}p+ (1 — min{6, 1})B,0; for all j' < j
where

_ m0;(1+ X) + muy

a L — 7 0n '
To solve these problems, start with type 1 trees. The last constraint disappears from Problem
(P-1), and so we can solve directly for v;; and 0y, as well as the optimal policy p; and 6.
Standard arguments ensure that the solution is unique if A > 0. In general, for Problem
(P-7), the first constraint and the constraint of excluding type j — 1 trees binds, which
determines p; and 0; as well as v; ; and vy, j. The following Lemma states this claim formally,

focusing on the determination of the expected marginal value of a type j tree, v;.

Lemma 1 For fized A € [0, B,/ — 1], the solution to the sequence of Problems (P-j) is as
follows: If X\ =0, 60, > 1. If \=B,/5 — 1, 0, € [0,1]. Otherwise 6, = 1. In any case,

0B+ mRA)
1+ A= Bl +mA)

w5y = DN+ )

h A= BT+

Forje{2,...,J},6; <0;_1, pj > pj_1, and v; > v;_1 are uniquely defined by the following

recursive system of equations:

_ By
p] - 1 +)\>
5 — 5j(1+7Th)\)—|—7T19jpj
T l—mBy —mB(1—6;)

0;(pj — Bivj—1) = min{0;_1, 1}(pj—1 — Bivj—1).

11



We focus on values of A between 0 and (/0 — 1 because these are the relevant ones for

equilibrium. One could, however, also characterize the partial equilibrium for A > g,/5,— 1.

Proposition 2 Fiz A € [0,5,/8, — 1]. There exists a partial equilibrium and any partial

equilibrium is given by the solution to the Problems (P-j). More precisely:

o Euzistence: Take any{p;}, {0;}, {vn;}, and {v;} that solve the set of problems {(P-j)}.
Then there exists a partial equilibrium (v, v, ©,1, P, ) where ©(p;) = 60;, v;(p;) = 1,
vp = {vng}, v = {v;}, P={p;}, and u({p;}) = m K.

o Uniqueness: Take any partial equilibrium (vy, v, ©,1,P, p). If p; € P and v;(p;) > 0,
then (p;, ©(p;)) solves Problem (P-j).

The proof gives a complete characterization of the partial equilibrium and proves that any
allocation that does not solve Problem (P-j) is not a partial equilibrium. Since we proved
in Lemma 1 that the solution to problems (P-j) is unique, except possibly for the value of

01, this essentially proves uniqueness of the partial equilibrium.

4.2 Competitive Equilibrium

We now turn to a full competitive equilibrium in which X is endogenous:

Definition 2 A competitive equilibrium with adverse selection is a number X € [0, B,/ 5,—1],
a pair of vectors {vy, ;} € R] and {v,;} € Ry, functions © : Ry + [0,00] and T : Ry — A7,
a set of prices P C Ry, and a measure p defined on subsets of P satisfying the following

conditions:

1. ({vn;},{v;}, 0,1, P, ) is a partial equilibrium with fixed X; and

J
2. markets clear: m, Z 0, K; = /@(p)p,u({p})dp.
P

j=1
A competitive equilibrium is a partial equilibrium plus the market clearing condition that
states that the fruit brought to market by buyers is equal to the value of trees brought to
the market by sellers. Recall from Proposition 2 that p({p;}) = m K in partial equilibrium,
where p; is the equilibrium price of type j trees. Then the market clearing condition reduces

to
J J
Th, Z 5]'Kj = M Z @(pj)ijj.
j=1 i=1

The left hand side is the fruit held by buyers at the start of the period, while each term in
the right hand side is the equilibrium cost of purchasing a particular type of tree multiplied

by the buyer-seller ratio for that tree.
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Proposition 3 A competitive equilibrium (X, vy, v, ©, 1P, 1) exists and is unique.

The proof (to be completed)® shows that an increase in the value of fruit to a buyer A drives
down the price of type j trees, i.e. p; such that pu(p;) > 0, 6(p;) < oo, and v;(p;) > 0. In
addition, it makes it more difficult for sellers of good quality trees to separate themselves
from those selling bad trees, reducing O(p;) as well. Indeed, in the limit when A = 3,/ — 1,
O(pj) = 0 for all j > 1, and so trade breaks down in all but the worst type of tree. At the
opposite limit of A = 0, buyers are indifferent about purchasing trees and so ©(p;) > 1 and

buyers are rationed. By varying A, we find the unique value at which the market clear.

5 Continuous Types of Trees

We have assumed for notational convenience that there are only a finite number of types of
trees. It is conceptually straightforward to extend our analysis to an environment with a
continuum of trees. This is useful because it shows that the behavior of the economy is not
particularly sensitive to the number of types of trees, but rather it depends on the support
of the tree distribution.

Instead of redoing all our work, we take the limit as the tree distribution becomes dense
but atomless on some interval of the real line [§,5]. We let x(5) denote the density of trees
on this support. The key to our analysis is that for a fixed value of A, the partial equilibrium
prices and values characterized in Proposition 2 depend only on the support of the tree

distribution. In particular, the price and expected value of the lowest quality tree is

P(s) = IBn(1 + )

o 0N+ N
TN = Bu(1 4+ ) and o(2)

Sl A= B+ )

In addition, since the distribution of trees is atomless, we may simply assume O(P(4)) = 1.4
For p < P(4), ©(p) = oo and I'(p) is defined arbitrarily. These results are unchanged from
the model with a finite number of types of trees.

To analyze higher values of p, start with the condition that the seller of a type 7 — 1 tree

must be indifferent about representing it as a type j tree:

O(p;)(pj — Bivj—1) = min{O(p;_1), 1}(pj—1 — Bivj—1).

3We have a proof of this result for the economy with a continuum of types of trees in Section 5, available
upon request.

4One important difference between the economy with a continuum of trees and the economy with finitely
many types of trees is the market clearing condition when A = 0. In the economy with finitely many types
of trees, we used ©(p1) > 1 to ensure that buyers brought all their trees to the market even when A = 0.
Here it is easier to allow buyers to consume some of their fruit and impose O(P(4)) = 1.

13



When the types of trees are dense, we can rewrite this as a differential equation. That is,

differentiate the right hand side with respect to p;_; and evaluate at p;_1 = p; and v, = v;:

©'(p;)(p; — Biv;) + ©(p;) = 0.
Also eliminate 7; using the buyer’s indifference condition ©; = p;(1 + A)/S). This gives

Br — Bi(1+ X)
B

If A\ = 6,/p, — 1, this implies O(p) = 0 for all p > P(§). Otherwise, solve this differential

equation using the terminal condition ©(P(J)) =1 to get

o) - (712) e 7)

p

o' (p)p ( ) +0(p) =0.

for p > P(§). Finally, we compute the type of tree offered at a price p. We do this by
eliminating ¥; from the Bellman equation again using the buyer’s indifference condition
0; = pj(1 + X)/By. This gives v;(p) = 1 if and only if 4, = D(p) where

(8)

D) = p (1 A+ (B -1+ NB)(A=0E)(L —m) 1) |

5h(1 —+ )\ﬂ'h)

so buyers anticipate buying type D(p) trees (and only type D(p) trees) at a price p.

These equations hold as long as § > D(p). For higher prices, ©(p) is pinned down by the
indifference curve of the seller of the best type of tree.

One can of course also define a competitive equilibrium with adverse selection in this
environment, so market clearing determines \. One can prove that there is never an equi-
librium with A = /6, — 1. In such an equilibrium, buyers would only purchase the worst
type of tree, but since the tree distribution is atomless, this would not use any of their fruit.

Equilibrium then imposes

5 5
Wh/§ 5/{(5)d527rl/§ O(P(9))P(0)k(d)do,

with equality if A\ > 0. Using the functional forms of © and P, one can prove directly that
an increase in A reduces the right hand side of this inequality, ensuring that the equilibrium

is unique. The proof is available from the authors upon request.
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6 Persistent Shocks and Continuous Time

Our model explains how adverse selection can generate liquidity frictions, in the sense that
a tree only sells with a certain probability each period. But suppose that the time between
periods is negligible. Will the trading frictions become negligible as well? We argue in
this section that they will not. Instead, a separating equilibrium requires a real amount of
calendar time before a high quality tree is sold.

To address this concern, we consider the limiting behavior of the economy when the
number of periods per unit of calendar time becomes very large. That is, we take the limit
as the discount factors converge to 1, holding fixed the ratio of discount rates (1—2;,)/(1—2,).
But as we take this limit, we also want to avoid changing the stochastic process of shocks.
With i.i.d. shocks and very short time periods, there is almost no difference in preferences
between high and low types of individuals and so the gains from trade become negligible. We
therefore also introduce persistent shocks into the basic model. We prove that as the period
length shortens, the probability of sale in a given period falls to zero, while the probability
of sale per unit of calendar time converges to a well-behaved number.

We start by introducing persistent shocks into the discrete time model. Assume that
s; € {l,h} follows a first order stochastic Markov process; let 7,y denote the probability
that the state next period is s’ given that the current state is s. A partial equilibrium with
a fixed value of A > 0 is still characterized by a pair of value functions {v,;} € R that
represent the value of a type s individual holding a type j tree, a function © : R, — [0, oo],
a function I' : Ry — A’ a set of prices P C R,, and a measure p defined on subsets of P.
In partial equilibrium, buyers and sellers optimize and beliefs are rational. A competitive
equilibrium fixes a value of A such that markets clear.

To simplify the exposition, we focus on parameters such that in equilibrium A = 0, so
buyers are indifferent between buying trees and consuming. In this case, problem (P-j)

becomes

v =0; + max (min{6, 1}p+ (1 — min{6, 1})By(myvr; + mnvn;)))

s.t. p < Br(mv; + Thavn,;),

V1,5 Z 5]'/ + min{@, l}p + (1 — min{@, 1})5l(7rll'ul,j’ + mhvh,j/)) for all j, < ]

and Uh,j; = (5j + Bh(ﬂ'hlvl,j + Whhvh,j).
As before, the worst type of tree can be sold with probability 1 at a price that leaves

buyers’ indifferent about purchasing the tree. We focus for analytical convenience on the
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case where the trees are dense and denote the worst type of tree by its dividend §. Then

) )
P(9) = 1%‘& and vy = v = . _‘5h.

For p < P(§), ©(p) = oo and I'(p) is defined arbitrarily. For higher types of trees, the price

and sale probabilities are pinned down by the relevant constraints and Bellman equations:

vy = 0;+ O(p;)p; + (1 — O(p))) Bi(myvr; + mnvn,;)))
U = 0j + Br(Thvr; + Thitn,j)
p; = 5h(7Tthz,j + Whhvh,j)a

O(p;)(p; — Bi(myvrj—1 + minvnj-1)) = O(pj—1)(Pj—1 — Bi(Tuvij—1 + TrVhj—1))

Focusing on the limit where trees are dense, the last constraint reduces to

©'(p;)(p; — Bi(myvry + mnvny)) +O(ps) =0

Solve the first three constraints for v ;, vy j, and 6; to get an expression for m;v; ; + mpvs, ;-
Then solving the differential equation gives

1= B(1—mp — )
O(p) = BB (-1 —7n1)) € [0,1]

(%) =i — Bi(1 — mp — )

for p > P(J). Also solve those same equations for D(p), the type of tree sold at price
p > P(d):

(1= (81 = mn) = Brmw) (1 — O(p)) _
Dl =» ( Bu(1 = A1 = OP)(1 — mn — m)) 1) |

These are natural generalizations of equations (7) and (8), which obtains when 7y, = m, =
1 — .

We now take the continuous time limit of this model. Define discount rates p, and
transition rates gp; and ¢, as

:1_68 q — T and ¢ _ Tin
Ps A hl A h A

We think of 1/A as the number of periods within a unit of calendar time. Also assume a
type 0 tree produces ¢ fruit per unit of time, or dA fruit per period. With fixed values of
Ps, qni, and qyp,, the limit as A — 0 (and so S, — 1 and m,; and 7, — 0) then corresponds
to the continuous time limit of the model. We find that in this limit, ©(p) — 0 but the sale
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rate per unit of time does not:

. O(p) qn + Qin + P
= = >
Oé(p) ili% A ( 1?6)) th;zlﬁ:pl B 1 = O

for all p > P(9) = §/(Aps), where §/A is the minimum dividend per unit of time. From the
perspective of a seller, a(p) is the arrival rate of a Poisson process that permits her to sell
at a price p. Equivalently, the probability that she fails to sell at a price p > P(d) during
a unit of elapsed time is exp(—a(p)), an increasing function of p that converges to 1 as p
converges to infinity and is well-behaved in the limiting economy.

We can also simplify the expression for the type of tree sold at price p. In the continuous

time limit,
» _ 9ni+anter
D(p) = pn + e — pn) <1 _ (@) e )
qn + Qin + P

For the lowest type of tree, this confirms that the price-dividend per unit of time ratio is
1/pn, while it is lower for higher priced trees, reflecting their illiquidity. Only in the special
case where g,; = 0, so buyers never anticipate needing to sell their trees, is the price-dividend
ratio constant at 1/p,. We can also define the inverse of D, the price of a type 0 tree, P(9).

To close the model, we can compute the share of type j trees held by individuals with

discount factor fs, ws(d). Equating inflows and outflows, we obtain that in steady state
(a0 + (P(8)))(8) = guan(8). 9)

The left had side is the rate at which type ¢ trees get transferred from low to high types,
either because of a preference shock or because of a sale. The right hand side is the rate that
they are transferred in the other direction. Finally, using these steady state values, we can

check the market clearing condition. In the case with A = 0, this is an inequality constraint:

5 &
/ wn(6)3k(8)ds > / wi(8)a( P(6))P(5)k(5)dS.
g [

The left hand side is the fruit available to individuals with a high discount factor. The right
hand side is the fruit required to purchase the trees sold by individuals with low discount

factors. Eliminating wy(9) using wp(0) 4+ w;(6) = 1 and equation (9), this reduces to

’ (th + Oé(P((S)))(S s thOé(P((S))P((S)
/5 Gr =+ Gin + O‘(P(é))ﬂ(é)dé - /§ qm + qn + a(P(é))K(a)dd
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If this inequality is violated, we would instead look for an equilibrium with A € (0, 5,/6,—1),
with little conceptual change in the outcome.

Superficially, the economy in the continuous time limit looks different than the discrete
time model. We can again imagine a continuum of marketplaces, each distinguished by its
price p. Sellers try to sell their trees in the appropriate market, while buyers bring some of
their fruit to all of the markets and consume the rest (since we are focusing on the partial
equilibrium with A = 0). In all but the worst market, there is always too little fruit to
purchase all of the trees. That is, a stock of trees always remains in the market to be
purchased by the gradual inflow of new fruit from buyers. Buyers are able to purchase trees
immediately, but sellers are rationed and get rid of their trees only at a Poisson rate. Of
course, a seller could immediately sell her trees for the low price P(d), but she chooses not
to do so.

More broadly, the point of this section is that the frictions generated by adverse selection
do not disappear when the period length is short. Intuitively, it must take a real amount
of calendar time to sell a tree at a high price or the owners of low quality trees would
misrepresent them as being of high quality. This is in contrast to models where trading is
slow because of search frictions.® In such a framework, the extent of search frictions governs
the speed of trading and as the number of trading opportunities per unit of calendar time

increases, the relevant frictions naturally disappear.

7 Discussion

Our model shows how prices and illiquidity can be used to separate trees with different
qualities. High quality trees trade at a higher price but the market is less liquid. A seller
could always choose to sell them at a lower price, but in equilibrium she prefers not to
do so. In closing, we consider how our model can be used to understand a financial crisis
characterized by widespread illiquidity and how outside intervention may increase liquidity
in such markets.

Imagine that we start from a situation in which everybody thinks that all the trees are
valued dy. Still focusing on the case with lots of buyers, A = 0, the price is pg = 0o/ (1—5p)-
Suddenly everyone learns that there is dispersion in the quality of trees. To be concrete,
suppose that the average quality of trees is still g, but the support of the quality distribution
is now some interval [, 6]. Information is valuable in this environment, and so assuming it is

costless, all individuals would choose to learn the quality of their trees. But once sellers have

5See, for example, Duffie, Garleanu and Pedersen (2005), Weill (2008), or Lagos and Rocheteau (2009)
for models where trees are illiquid because of search frictions.
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learned this, there is an adverse selection problem. Naturally the price of trees with 6 < dq
falls; these trees are known to be of lower quality than before. Interestingly, the price of
better trees may fall as well. This happens because in the new equilibrium, trees with 6 > §
only sell probabilistically, reducing their liquidity and driving down the price that buyers are
willing to pay for those trees. Thus the revelation of information generates an event that is
qualitatively consistent with a fire sale. The price of all trees can decline and the liquidity
of the market dries up. Meanwhile, buyers wait on the sidelines, possibly consuming their
fruit, despite the decline in price of all types of trees.

Our model also suggests that asset purchase programs, such as the original vision of the
Troubled Asset Relief Program in 2008, may alleviate adverse selection problems. Suppose a
player with substantial fruit holdings, the “government” to be concrete, announces that it is
willing to purchase any asset at a price p. All sellers with trees that would sell for less that p,
ie. withd < 4§ = p(1 — Br)/Pr, take them to the government, which then destroys the trees.
Assuming § < 9, so the program is not irrelevant, the government suffers a loss, but it has
the desired effect on prices and liquidity. After the government intervention, it is common
knowledge that the worst type of tree produces dividend § > 8. This tree sells for sure at
price p, while the liquidity and price of all better trees both jump up. Indeed, there are
trees that sold for less than p before the government announced its program which are not
sold to the government but instead become more liquid and experience an increase in price
to something in excess of p. This was exactly the original intent of the TARP; however, the
program was never implemented as planned and so we do not know whether it would have

successfully moderated adverse selection problems in the market for asset-backed securities.

8 Pooling Environment

Much of the literature on adverse selection in financial markets assumes that all trades occur
at a common price p, so the equilibrium is pooling (see, for example, Eisfeldt, 2004; Kurlat,
2009; Daley and Green, 2010; Chari, Shourideh and Zetlin-Jones, 2010). In contrast, we find
that different types of trees never trade at the same price, so the equilibrium is separating.
The source of the difference in results lies in the definitions of equilibrium. In models with
pooling, the environment is set up in such a way that a seller cannot even consider selling
his trees at a price different than p. In contrast, this thought experiment is central to our
definition of equilibrium. In this section, we consider an alternative definition of equilibrium

where we restrict all trades to occur at a common price p. The rest of the environment is
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exactly as in our benchmark model, but the equilibrium is necessarily pooling.® We show that
this significantly affects several important outcomes, including the cross-sectional behavior
of prices, dividends, and liquidity; the nature of fire sales; and the efficacy of asset purchase
programs. Thus our notion of equilibrium is central to our results.

We look for an equilibrium in which all trades occur at a price p. Sellers (individuals
with low discount factors) are able to choose whether to sell their trees at that price and
buyers (individuals with high discount factors) are able to choose whether to buy trees at
that price. This implies that the price must leave the marginal seller indifferent about selling
his tree and it must leave the buyer indifferent about buying the average tree offered for sale.
Our definition of a pooling equilibrium embodies these requirements.

We look at a simple version of our model with i.i.d. preference shocks and a continuum
of types of trees.” As before, we let v,(d) denote the marginal value of a type § tree to an
individual with discount factor B, and A\ denote the value of a unit of fruit to a buyer in
excess of its consumption value. We assume that all trades occur at a common price p. Let
((0) denote the fraction of type 0 trees that sellers attempt to sell at price p. This is equal
to 0if p < Bo(9) and 1 if p > [;0(d). Buyers purchase trees only if the expected value of a
purchased tree is equal to the value of the foregone fruit, p(1 + A). More formally,

Definition 3 A pooling equilibrium with adverse selection is a triple of functions vy, : [§, 8]
R,, v :[8,0] = Ry, and ¢ : [§,8] = [0,1], a price p € Ry, and a number X € [0, B,/5 — 1]

satisfying the following conditions:

1. consistency of the value functions: for all § € [6,6],
vp(0) = 6(1L+ A) + Bro(d) and v (d) = 6 + max{p, 50(9)},

where U(0) = mpop(0) + mui(0).

L ifp> Bo(d)

2. sellers’ optimality: for all § € [4,6], ((0) = , B
0 if p<pBo(d).

3. buyers’ optimality: p(1+ \) = B, 5

5 5
4. market clearing: 7Th/ 0k(9)do = mp/ C(0)k(6)dd & X = 0
s s Bu/Br — 1.

6We stress that the model we have analyzed thus far in the paper has a unique equilibrium. There is no
pooling equilibrium in our model.
"Working directly with a continuum of trees allows us to avoid a tedious treatment of tie-breaking.
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The definition of a pooling equilibrium consists of four parts. First is the value functions,
which state that an individual with a high discount factor values his trees based on the
possibility of using the fruit to purchase more trees, while an individual with a low discount
factor values them both for their fruit and potentially for their resale value. This immediately
implies that trees that produce more fruit are more valuable, v(J) is increasing,.

The second part of the definition of equilibrium states that a seller will sell a tree for
sure if the price exceeds the discounted value of the tree and won’t sell it if the inequality is
reversed. If p = 3,9(9), the sale probability is some arbitrary (). This implies that all trees
below some threshold are sold whenever they are held by a consumer with a low discount
factor.

The third part of the definition states that in equilibrium, buyers pay a fair price for
trees, given their valuation of a unit of fruit at 1 + A. The left hand side is the value of the
fruit used to purchase a tree, while the right hand side is the expected discounted value of
the tree that the buyer obtains.

Finally, the market clearing condition states that if the amount of fruit held by buyers
at the beginning of the period exceeds the cost of purchase the trees sold by sellers, then the
value of fruit must be equal to its consumption value (since some buyers eat fruit). If it is
smaller, then the value of fruit must be so high that sellers must keep some of their worst
trees and the value of fruit is driven up to ,/f;. Otherwise, 1+ X takes on an intermediate
value and buyers do not consume any fruit.

One can prove the existence of equilibrium in this environment. We are more interested

in how liquid markets are in this environment. The following proposition is key:

Proposition 4 In any pooling equilibrium, only trees with 6 < 0* are sold in the market,

where 5
suop _fmon

Bi(1 = B+ A1 — 7)) f5

0 = (10)

Note that in general there is no guarantee that the pooling equilibrium is unique. For-
mally, there can be multiple solutions to equation (10). This is because both the left and
right hand sides of equation (10) are increasing in 6* for fixed A, and the slope of the right
hand side may be arbitrarily large, for example when the density  is large in a neighborhood
of 0*. In that case, there can be an equilibrium with a low price in which sellers are only
willing to sell bad trees and buyers pay a low price anticipating that they will purchase only
bad trees. There can be another equilibrium in which more trees sell and so buyers are

willing to pay more for a tree. Chari, Shourideh and Zetlin-Jones (2010) propose a slightly
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modified definition of equilibrium which selects the outcome with the highest price, and so
we do not view this nonuniqueness as an essential feature of a pooling environment.®

Like the competitive equilibrium with adverse selection, some trees are illiquid in the
pooling equilibrium, namely those with 6 > 0*. In fact, the distinction between liquid and
illiquid trees is dichotomous in this environment. Trees that are more productive than the
critical value are never sold, while trees that are less productive sell whenever they are held
by an individual with a low discount factor. Moreover, a seller could always sell an illiquid
asset for the market price p, but he chooses not to do so. In this sense the nature of illiquidity
is similar in the two models, although it is more extreme in the pooling environment.

Still, there are important qualitative differences between the two environments. First, in
the competitive equilibrium with adverse selection, we predict that higher quality trees will
sell at a higher price but take longer to sell. This prediction can be tested empirically. For
example, we predict that within a class of securities that look outwardly similar, those that
sell for a higher price will take longer to sell but will generate higher dividends on average.”
In the pooling equilibrium, any two trees within the same class should sell at the same time
and should sell as soon as they are offered in the market. The model therefore predicts no
correlation between price, time to sell, and dividend.

Second, consider a fire sale. Again, suppose the pooling economy starts from an initial
condition in which everyone believes that all trees produce dividend dy and there are lots of
buyers, so A = 0. A small amount of dispersion in tree quality will not affect the equilibrium,
since even a seller with the best tree § would be willing to sell it for the price of the average
tree dg. But if the dispersion in tree quality continues to grow, adverse selection will be a
problem and so the average quality of trees sold and the equilibrium price will fall. This
again looks different than in the competitive equilibrium with adverse selection. In that
case, the price of a high quality tree may be higher or lower in the presence of adverse
selection than in the initial condition where everyone views the trees as homogeneous. In
any case, the market for high quality trees will continue to exist, although it may be thin.
In the pooling equilibrium, the price of a high quality tree is unchanged by a small amount
of adverse selection, while sellers withdraw it completely from the market when the adverse
selection problem is too severe.

Finally, we consider the impact of an asset purchase program. Suppose the “government”
stands ready to purchase as many trees as people want to sell at price p > p*. In the pooling

environment, if there is any more trade in the private market, the private market price has

8In addition, modest regularity conditions on  like log-concavity are enough to eliminate this source of
multiple equilibrium.

9We include the caveat “on average” because dividends may follow a stochastic process in reality. In that
case, assets are distinguished based on the expected present value of future dividends.
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to equal p. Sellers’ indifference condition p = [F9(0*) then pins down the quality of the
marginal tree in the market, while buyers’ indifference condition p(1+ \) = 5 Es<s-0(0) pins
down the average quality. But there is no condition to pin down the amount of trees left in
the private market. That is, if there is an equilibrium of the model in which the density of
assets with 6 < 0* is given by k after the intervention, there is another equilibrium in which
it is given by nk for any n < 1. In particular, there is always a solution in which arbitrarily
few assets are left in the private market.

This might not be a desirable outcome, and so one can imagine the government attempt-
ing to avoid this by capping the amount of assets it is willing to purchase for p. In this
case, the asset purchase program will be oversubscribed and the government will have to
ration its purchases, presumably without knowing the quality of the assets it is buying. It
follows that the private market price after the intervention is simply bounded above by p.
If, for example, the government is equally likely to buy any asset that sellers value at less
than p, one can prove that this intervention will not affect the private market price p* but
will instead simply reduce the volume of assets in circulation. If the government is somehow
able to screen out the worst assets from the purchase program, perhaps by requiring sellers
to hold onto the asset for some time before announcing which assets it will purchase, then
the intervention will lower the private market price. In contrast, the asset purchase program
appears to be a much more promising intervention if our notion of competitive equilibrium

with adverse selection is the relevant one.

A Proofs

Proof of Proposition 1. Throughout this proof, let ©(p) = max{O(p),1} and O(p) =
min{O(p),1}. Fix © and I' and take any positive-valued numbers {v; ;}, and A that solve
the Bellman equations (4), (5), and (6) for s = [, h. Let p, be an optimal price for buying

Pn € arg max (9(]9)_1 (ﬁh 25212 P); — 1)) .

trees,

p

Similarly let p; ; be an optimal price for selling type j trees,
Py = argmax O(p) (p — A7)

for all §. We seek to prove that V*({k;}) = Z;.Izl vjk; where v; = mpup 5 + muy ;.
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If A =0, equations (4) and (5) imply

v = (0; + Bn;) + m(0; + O(pry)prs + (1= O(pey)) Bivj)-
for all 9. Equivalently,

_ 0; +mO(pr;)pL
1 =m0, —mbBi(1 —O(pij))

v >0,

Alternatively, if A > 0, the same equations imply

J . fD.,
v; = T, <5j ((1 —O(pn)") + é(Ph)_lﬁh 2= ()% ) + Bm‘g)

Phr
+m(8; + O(p)puy + (1 — O(pi,)) i)

for all 6. Since v;; and vy, ; are positive by assumption so is v;, and equivalently we can write

NN
T)j (1 — Whﬁh - 71-lﬁl(]. - (_—)(pl7j)) - Whﬁh(:)(ph)_l 5] Z] 17 (ph)/U] )

PrY;

=05 (1= O(pp)™") + m(0; + O(pij)p1s)-

The right hand side of this expression is positive for all 7. Once again since v; > 0, with
A > 0, this holds if and only if

J _
105D 5=y Vi (Pn) Uy

DhU;

1— 7B — mBi(1 — O(p1z)) > O (pn) (11)
If this restriction fails at any prices p, and p;j, it is possible for an individual to obtain
unbounded expected utility by buying and selling trees at the appropriate prices. We are
interested in cases in which it is satisfied.

Next, let V({k;}) = S27_, 0,k; and Vi({k;}) = S7_, vs;k; for s = I, h. Tt is straightfor-

j=1 j=1
ward to prove that V and V solve equations (1), (2), and (3) and that the same policy is
optimal. (Include proof?)

Finally, we adapt Theorem 4.3 from Werning (2009), which states the following: suppose

V' (k) for all k satisfies the recursive equations (1), (2), and (3) and there exists a plan that is

*

optimal given this value function which gives rise to a sequence of tree holdings {k;, ,(s'"')}
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satisfying

t—o0

lim <1:[ 7T37537> V({l{;:’m(st—l)}) —0. (12)

Then, V*=V.

If A =0, an optimal plan is to sell type j trees at price p; ; when impatient and not to
purchase trees when patient. This gives rise to a non-increasing sequence for tree holdings.
Given the linearity of V', condition (12) holds trivially.

If A > 0, it is still optimal to sell type j trees at price p;; when impatient, but patient

individuals purchase trees at price p; and do not consume. Thus

J
D=1 05rky
Pn

Using linearity of the value function, the expected discounted value next period of an indi-

vidual with tree holdings {k;} this period is

vj (ﬂ'hﬂhk‘;m + W[ﬁlk‘g’j)
=1

> ik

Ph

= Z vj (whﬁh (k:j +O(pn) ™" (pn)

Jj=1

) +mB(1 - @(pl,j))kj>
L0 <ph>@-/>

PrU;

J
= vk <7rhﬁh +mBi (1 = O(pry)) + mn3rO (1)
j=1

where the second equality simply rearranges terms in the summation. Equation (11) implies
that each term of this sum is strictly smaller than v;k;. This implies that there exists an
1 < 1 such that

3271 0 (Tt + mbiky)  mBnV (K, ) + mBY (ki)
ST ok V({k;}) ’

n >
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and so condition (12) holds. m

Proof of Lemma 1. Write Problem (P-1) as

v =01 + maéx( min{6, 1}p + (1 — min{0,1})5,01)
D,

st. A <min{6 ! 1} (ﬁhvl - 1) :
p

Raising p increases the objective function and tightens the constraint, which ensures the con-
straint binds. Substituting the binding constraint into the objective function and eliminating

the price gives

_ _ . B min{@‘l, 1} _
v, =01+ Bior + max (mm{@, 1} (}\ 6] B ) o

If A\ =0, any 6, > 1 attains the maximum. If A = (,/8, — 1, any 6, € [0, 1] attains the
maximum. For intermediate values of A, the unique maximizer is #; = 1. In any case,

combining this equation with equation (5) and the definition v, = mpvp1 + muvy1 gives

0181 (1 + mp )

- e BN+ )
1+ A= Bu(1+mA) !

A= BT )

b1

This is the unique solution to Problem (P-1).

We now proceed by induction. Fix j > 2 and assume for all j* € {2,...,7 — 1}, we
have established the characterization of p;/, 6, and v; in the statement of the lemma. We
establish the result for j. Setting (0, p) = (6,_1,p;—1) is feasible but not generally optimal.
Indeed, it delivers a value v; > v;_; and leaves the constraint A < min{6~*,1}(8,0;/p — 1)
slack. So consider reducing 6 and increasing p while keeping min{6, 1}(p — 5,v;_1) constant.
This raises the value of the objective function, leaves the constraints for j* < j— 1 slack, and
tightens the constraint A < min{6~*,1}(8,9;/p—1). The optimal policy is therefore achieved
when \ = min{@;l, 1}(Brv;/pj—1) and min{;_y, 1}(p;—1 — 10;-1) = min{b;, 1}(p; — 5i0;-1)-
Moreover, even if 0, > 1, it is always the case that 6; < 1 at this solution, allowing a further
simplification of these expressions.

Finally, we need to prove that there is a unique value of ¥; > v,_; that solves these

equations. Eliminate p; and 6; from the Bellman equation for v; with the binding constraints:

(ﬁh — Bi(1+ )\))2@'—1@]’

(= i = mb)oy = 0501+ md) - mmindfyon U g e ) (1 )

(13)
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If A = f/6,—1, the last term is zero and so this pins down v, uniquely. Otherwise we prove
that there is a unique solution to equation (13) with ©; > ©;_;. In particular, the left hand
side is a linearly increasing function of v;, while the right hand side is an increasing, concave
function, and so there are at most two solutions to the equation. As ©; — oo, the left hand
side exceeds the right hand side, and so we simply need to prove that as v; — v;_1, the right
hand side exceeds the left hand side.

First assume j = 2 so 0;_; = 0; > 1. Then we seek to prove that

(B — Bi(1 + /\))?71'

(1 = 7By — mBr)01 < 2(1 4 mpA) + T

. — (14N (14T
Since U1 = 7575,

case, in the limit with ©; — v,_4, the right hand side of (13) converges to

and d; < 02, we can confirm this directly. Next take 7 > 3. In this

(Br = Bi(1 + X)) 0j1
(I+X)

0;(1 +mpA) + mmin{6,_4, 1}

(5h - Bi(1+ )\))2173'—217]'—1

> 6;_1(1+ mA\) + mmin{6;_5, 1} (Bt 1 — B(L+ N 2) (1 + A)
j— I

where the inequality uses the indifference condition
min{0; 2, 1}(pj—2 — Aivj—2) = min{6; 1, 1}(pj—1 — fi7j-2)
and the assumption 0,1 < 0;. Rewriting equation (13) for type j — 1,

(Br = Bi(1+ X)) 55504

(=m0 = m)0s1 = 0j-1 (1 + md) + mmindf;—, 1} (ﬁhfi' 1— Bi(1+ N, 2) 1+ X))
J— J=

it follows that

(Br = Bi(1+ X)) vj_1

(1 — ThBn — W[ﬁl)@j_l < 5]'(1 + Wh)\) + m min{ej—la 1} (1 T )\) )

which completes the step.

Finally, set pj = ﬁh@j/(l —F)\) > Pj-1 and 9]' = min{Qj_l, 1}(pj_1 —61@]'_1)/(])]' —61@]'_1) <
¢;_1, completing the proof. m

Proof of Proposition 2.

We first prove that the solution to Problems (P-j) describe a partial equilibrium and
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then prove that there is no other equilibrium.

Existence. As described in the statement of the proposition, we look for a partial equi-
librium where P = {p;}, ©(p;) = 6;, v;(p;) = 1, p({p,;}) = mK;, and v, ; solves Problem
(P-j). Also for notational convenience define p;,; = oco. To complete the characterization,
we define © and I' on their full support R,. For p < p;, ©(p) = 0o and I'(p) can be chosen
arbitrarily, for example v, (p) = 1. For j € {1,...,J} and p € (p;, pj+1), ©(p) satisfies sellers’
indifference condition v, ; = 0, + £10; +O(p)(p— £0;) and 7;(p) = 1. To prove that this is an
equilibrium, we simply verify that under these beliefs, the four conditions in the definition
of partial equilibrium hold.

The first condition, consistency of the value functions, holds by construction.

The second condition is sellers’ optimality. By construction, for all j € {1,...,J} and
p > p1, vy = 9; + Biv; + O(p)(p — Biv;) if v;(p) = 1. We must only show that v ; >
d; + Biv; + O(p)(p — Biv;) for all other p.

To prove this, first take any j € {2,...,J}, 7/ < j, and p € (p;, pj+1). By construction,
O(p;)(p; — Biv;) = O(p)(p — Biv;) which implies that ©(p) < ©O(p;), given that p > p,.
Since v is increasing in j, it follows that ©(p;)(p; — Biv;) > O(p)(p — Bivy). Also by the
construction in Problem (P-7), ©(p;/)(p;s — £ivj) > ©(p;)(p; — Fiv;7). Combining inequalities
gives O(p;/)(pjs — Bivj) > O(p)(p — Bivy) for all p € (p;, pj+1) and j' < j.

Similarly, take any j € {1,...,J — 1}, j/ > j, and p € (p;,pj+1). By construction,
O(pj+1)(pj+1 — Biv;) = O(p)(p — 51Y;), since type j is indifferent about the price p;1;. Since
P < Dj41, this implies that ©(p) > O(p;41). Moreover, since v is increasing in j, it follows
that ©(p;41)(pj+1—Fivj) > O(p)(p— B1v;7). Also by the construction in Problem (P-(j+1)),
©(pj)(pj — Bivy) =2 O(pjs1)(pj+1 — Fivy). Combining inequalities gives O (p;)(py — fivy) >
O(p)(p — By ) for all p € (p;,pjy1) and 7' > j.

Third we turn to buyers’ optimality condition. By construction, the inequality binds at
all p € P. For p < py, it is satisfied because O(p)~! = 0. If A = 0, the inequality holds
for all p € (pj,pj—1) because 5,v;/p; = 1 and so fpv;/p < 1. If A > 0, Lemma 1 implies
min{O(p)~',1} = 1 for all p > p; and B,v;/p; > Buv;/p for all p € (p;,pj—1), and so the
inequality again holds for all p > p;.

Finally, the requirement that all trees are offered for sale at some price holds by con-

struction.
Uniqueness. Now take any partial equilibrium {vy,,v;, ©, ', P, u}. We first claim that v is

increasing in j. This follows immediately from part 1 of the definition of equilibrium: Let p;

denote the price offered by j'. For j > j’, it is feasible to offer the same price p;/, and since
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d; > 0;r, this gives a higher value v; > v;;. Behaving optimally gives a still higher value.

Next, the fourth piece of the definition of equilibrium implies that for each j € {1, ..., J},
there exists a price p; € P with v;(p;) > 0.

In the remainder of the proof, we take any j € {1,...,J} and p; € P with ~;(p;) > 0.
Let 6; = O(p;). First we prove that the constraint A < min{6;", 1}(8,0;/p; — 1) is satisfied.
Second we prove that the constraint v, > &; + 50, + min{6;, 1}(p; — £iv;) is satisfied for
all 7/ < 7. Third we prove that the pair (6;,p,) delivers value v;; to sellers of type j trees.
Fourth we prove that (6;,p;) solves (P-j).

Step 1. To derive a contradiction, assume A\ > min{@;l, 1}(Brvj/p; — 1). Equilibrium
condition (iii) implies that there is a j with v,/(p;) > 0 and A < min{@;l, 1}(Brvj /p; — 1).
If 6; = oo, min{@;l, 1} =0 < A, which is impossible; therefore 6; < co. Then for all p’ > p;
and 0" = ©(p'),

min{0’, 1} (p — Bv;7) < min{0;, 1}(p; — Bovy) < min{6;, 1}(p" — Bioy1).

The weak inequality holds from type j’ sellers’ optimality condition, since p; is an optimal
price for type j sellers, while the strict inequality uses p’ > p,. This implies §' < ;. Next
observe that for all j” < j,

min{(?/, 1}(]9/ — 5[’(_]]‘”) < min{ﬁj, 1}(])] — 5[’(_]]‘”) S Uj// — (Sj// — Bl’(_JjH,

where the first inequality follows because 6’ < #; and v;» < ¥;; and the second follows from
type j” sellers’ optimality condition. This implies that v;~(p’) = 0. Thus any p’ > p; only
attracts type j sellers or higher and so delivers value at least equal to min{#' ™", 1}(Broj [p'—
1) to buyers. For p’ sufficiently close to p;, this exceeds A, contradicting buyers’ optimality.

Step 2. Sellers’ optimality implies v ;» > 6; + ;05 +min{6;, 1}(p; — Bv;) for all j/, and
so the second constraint is satisfied.

Step 3. Sellers’ optimality implies v, ; = d; + £,0; + min{6;, 1}(p; — Bv;) for all j, and so
the policy delivers value v; ;.

Step 4. Suppose there is a policy (6, p) that satisfies the constraints of problem (P-7) and
delivers a higher payoff. That is,

Uy, 4 < (Sj —+ 5[’(_]]' + min{H, 1}(]9 — 5[’(_]]')
A< min{@‘l, 1}(Broj/p — 1)
vy > 0y + By + min{, 1} (p — io;) for all j < j.

If these inequalities hold with € > 1, then the same set of inequalities holds with § = 1, and
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so we may assume 6 < 1 without loss of generality. Choose p’ < p such that

V5 < 5]' + ﬁl@j + ‘9(]9/ — 511_1]') (14)
A< By Jp — 1 (15)
(R > 5j’ + ﬁﬂ_)j/ + H(p’ - 5[’(_]]'/) for all j/ < j (16)

Now sellers” optimality condition v;; > d; + 5;0; + min{©(p’), 1}(p — £iv;), together with
equation (14), implies ©(p’) < 0. This together with equation (16) implies that

vy > 0y + By + O — Bioy) for all §' < 4,

and so in particular v, (p’) = 0 for all j* < j. But then, using equation (15), we obtain

A\ < min{@(p’)_l, 1} (@ i 1) < min{@(p’)_l, 1} <Bh Zj’:l f)/j'(p )T_Jj' . 1) ’

4 4

a violation of buyers’ optimality condition. This completes the proof. m

Proof of Proposition 3. We prove that there exists a unique A € [0, 5,/6; — 1] such that

the market clearing condition holds. To be completed. =

Proof of Proposition 4. The first part of the definition of a pooling equilibrium implies
0(0) is increasing. Then the second part implies ((§) = 1 if § < §* and ((6) = 0 if § > §*,
with no restriction on ((d) if § = &*.

Next, for 6 < ¢§*, the value functions imply v, () = §(1 + \) + 8,0(d) and v, (§) = § + p.

Summing these and solving for v(d) gives

5(1 +7Th)\) —|-7Tlp
1—mBn

Then p > ;0(0) if and only if § < ¢* defined by

v(0) =

. (5*(1+7Th>\)

Substituting this back into the previous equation gives

((1 — B)é + W[ﬁl(s*)(l + 7Th)\)
(1 —mB)(1 = B) .

5(8) = (18)
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This holds if 6 < ¢*; otherwise, the value is reduced by the fact that the asset is never resold.
Next, eliminate p from the buyer’s indifference condition, the third part of the definition
of equilibrium, using equation (17). Also eliminate ©(J) using equation (18). Solving for §*
gives
_ 5
Br(1—B) Js <

6*
Bi(1 = Br+ A1 —m5)) f (o

Imposing that ((0) = 1 if 6 < §* and ((0) = 0 if 6 > §* gives the expression in the statement

of the Proposition. m
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